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Bernstein’s Three Pillars of Education

Basil Bernstein (1924 — 2000)! was a British sociologist of education. He posited that there are
three pillars of education: 1) curriculum; 2) pedagogy; and 3) assessment; and that all
communication involves the transmission of sociolinguistic codes, which are associated with the
languages that people use. This book of lesson plans is heavily influenced by Basil Bernstein’s
sociolinguistic theory of language codes and seeks to illuminate the hidden codes of the
Common Core mathematics curriculum for teachers and students. The methodology focuses on
the three pillars of education.

CURRICULUM
Curriculum in public education in New York is defined by the state, so each lesson plan begins a
crosswalk between New York’s current Common Core State Standards and the revised Next
Generation State Standards that will be effective in 2020. These standards constitute New York
State’s definition of what is to be taught in Algebra I courses in public schools.

PEDAGOGY
Pedagogy in public education is defined by how teachers frame and deliver curriculum to their
students. The lesson plans that follow include vocabulary and big ideas associated with the
curriculum standards. This information is provided to assist the classroom teacher with ideas
and tools that may be useful in the classroom. However, in the final analysis, teachers must
adapt any lesson plan to their own teaching styles and to the needs of their students. To facilitate
customization, every lesson plan in this book is available in Microsoft Word document format at
www.jmap.org for free. Just Google IMAP and the name of the lesson, then customize at will.

ASSESSMENT
Assessment of the Algebra I curriculum in New York occurs through the Regents Examination
System. Every lesson plan in this book contains every associated Algebra I Regents examination
problem administered through June 2018, a total of 504 problems. By studying the entire lesson
plan, teachers will gain insights into how the standards are assessed. By aligning curriculum,
pedagogy, and assessment practices, teachers will assist their students in their quests to acquire
the knowledge required to sustain the examinations. By working the Regents examination
problems at the end of each lesson, students will become familiar with Regents assessment
practices and become prepared for their own examination.
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A - Numbers, Operations, and Properties, Lesson 1, Identifying Properties (r. 2018)

NUMBERS, OPERATIONS AND PROPERTIES
Identifying Properties

CC Standard NG Standard

A-REI.1 Explain each step in solving a simple equa- | Al-A.REIl.1a Explain each step when solving a linear or
tion as following from the equality of numbers as- guadratic equation as following from the equality of
serted at the previous step, starting from the assump- | numbers asserted at the previous step, starting from the
tion that the original equation has a solution. Con- assumption that the original equation has a solution. Con-

struct a viable argument to justify a solution method. | struct a viable argument to justify a solution method.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

LEARNING OBJECTIVES

Students will be able to:
1) Use academic language to describe each step in solving an equation.

2) Use a four column strategy to show and explain each step in solving an equation.

VOCABULARY

Commutative Properties of Addition and Multiplication
Associative Properties of Addition and Multiplication
Distributive Properties of Addition and Multiplication
Addition Property of Equality

Multiplication Property of Equality

Identity Elements of Addition and Multiplication
Inverse Properties of Addition and Multiplication

BIG IDEAS
PROPERTIES

Commutative Properties of Addition and Multiplication
For all real numbers a and b:
a+b=b+a a-b=b-a
Associative Properties of Addition and Multiplication
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For all real numbers a, b, and c:

(a+b)+c=a+(b+c) (a-b)-c=a-(b-c)
Distributive Properties of Addition and Multiplication
a(b+c)=ab+ac a(b—c)=ab—-ac
(b+c)a=ba+ca (b—c)a=ba--ca

Addition Property of Equality
The addition of the same number or expression to both sides of an equation is permitted.
Multiplication Property of Equality
The multiplication of both sides of an equation by the same number or expression is permitted.

IDENTITY ELEMENTS
Identity Element: The_identity element is always associated with an operation. The identity element

for a given operation is the element that preserves the identity of other elements under the given

operation.
Addition

The identity element for addition is the number 0
a+0=aand O+a=a

The number 0 does not change the value of other numbers under addition.

Multiplication
The_identity element for multiplication is the number 1
al=aandl-a=a

The number 1 does not change the value of other numbers under multiplication.

Inverse Properties of Addition and Multiplication
Inverse: The_inverse of a number or expression under a given operation will result in the identity
element for that operation. ~ Therefore, it is necessary to know what the_identity element of an
operation is before finding the inverse of a given number or expression.
Addition
The additive inverse of a number or expression results in O under addition.
ag+(—a=0) and —a)+a=10

[x+yj + [—x—y] =0 and (—x—y] + (x+y:| =10
Multiplication

The multiplicative inverse of a number or expression results in 1 under multiplication.

lJr:c:.r=1
]

c:rxl=1 andlnrm':l
o o

(x+yj[(xjy)]= ! and [[xiy)][x+y) -1
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Four Column Strategy
The four column strategy focuses on organizing and documenting each step in solving an equation or
inequality. Emphasis is given to explaining each step and keeping the equal signs (or inequality signs)
aligned in a vertical column. The vertical and horizontal lines are simply scaffolds that can be removed
as students acquire understanding and skills in solving equations.

Notes Left Hand Expression Sign Right Hand Expression
Given 2x—6 = 2
Add (6) L h +6
(Addition
Property of
Equality)
2x+10 = 8
Divide (2) 2x 8
(Multiplication 2 = 2
Property of
Equality)
Answer X = 4
Check 2(4)-6 = 2
8-6 = 2
2 = 2

DEVELOPING ESSENTIAL SKILLS

Use the four column method with academic language to solve the following equations.

A 2x+8=18
B
Ex—7=2
4
C 3x+5=2x+10
D 4(x+5)-12=2x+4

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.A.1: Identifying Properties

1) When solving the equation 4{3x* + 21— 9 = 8x* + 7, Emily wrote 4{3x” + 2) = &x* + 16 as her first step. Which
property justifies Emily's first step?
1) addition property of equality

3) multiplication property of equality
2) commutative property of addition

4) distributive property of multiplication over
addition

2) When solving the equation 12x% — 7x = 6 — 2(x® — 1}, Evan wrote 12x* —7x=fi— 2x° + 2 as his first step. Which
property justifies this step?

1) subtraction property of equality 3) associative property of multiplication
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1)

2) multiplication property of equality 4) distributive property of multiplication over
subtraction

3) A part of Jennifer's work to solve the equation 2(6x* — 3) = 112° - x is shown below.

2)

3)

Given: 2(fx* - 3= 11x* —x

Step 1: 12x° —fi=11x*-x
Which property justifies her first step?
1) identity property of multiplication 3) commutative property of multiplication
2) multiplication property of equality 4) distributive property of multiplication over
subtraction

SOLUTIONS

ANS: 1
Strategy: ldentify what changed during Emily’s first step, then identify the property associated with what
changed..

4%+ ) -9=38x"+7
403x% + D) = 8x* + 16

Emily moved the -9 term from the left expression of the equation to the right expression of the equation by adding

+9 to both the left and right expressions.

Adding an equal amount to both sides of an equation is associated with the addition property of equality.

PTS: 2 NAT: A.REILA.1l  TOP: Identifying Properties
ANS: 4
Evan’s first step was to remove the parentheses from the right expression.
1228 = Tr= 6-2(x* -1
12x° - Tx= 6-2x"+2
He removed the parentheses by using the distributive property.
PTS: 2 NAT: A.REILA.1l  TOP: Identifying Properties
ANS: 4
2(6x° - 3)

= 2062+ 2(-3)

= 12x° -6
This is the distributive property of multiplication over subtraction.

PTS: 2 NAT: A.REILA.1l  TOP: Identifying Properties
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B — Graphs and Statistics, Lesson 2, Central Tendency and Dispersion (r. 2018)

GRAPHS AND STATISTICS
Central Tendency and Dispersion

Common Core Standards Next Generation Standards

Al-S.1D.2 Use statistics appropriate to the shape of the
data distribution to compare center (median, mean) and
spread (inter-quartile range, sample standard deviation) of
two or more different data sets.

Note: Values in the given data sets will represent
samples of larger populations. The calculation of standard
deviation will be based on the sample standard deviation

n J—
deviation calculation will be used to make a statement
about the population standard deviation from which the
sample was drawn.

S-1D.A.2 Use statistics appropriate to the shape of
the data distribution to compare center (median,
mean) and spread (inter-quartile range, standard de-
viation) of two or more different data sets.

formula s = . The sample standard

Al-S.ID.3 Interpret differences in shape, center, and
spread in the context of the data sets, accounting for pos-
sible effects of extreme data points (outliers).

S-1D.A.3 Interpret differences in shape, center, and
spread in the context of the data sets, accounting for
possible effects of extreme data points (outliers).

LEARNING OBJECTIVES

Students will be able to:

1) Calculate measures of central tendency and dispersion for one variable data sets from a graphic
representation of the data set, a table, or a context.
2) Compare measures of central tendency and dispersion for two or more one variable data sets.

Overview of Lesson
Student Centered Activities

Teacher Centered Introduction
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)

- modeling

VOCABULARY

Center (measures of central tendency)
Mean
Median

Mode
Spread (measures of dispersion)
Interquartile Range
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Standard Deviation Outliers (extreme data points)
Normal Curve

BIG IDEAS

Measures of Central Tendency
A measure of central tendency is a summary statistic that indicates the typical value or center of an organized
data set. The three most common measures of central tendency are the mean, median, and mode.

Mean A measure of central tendency denoted by X , read “x bar”, that is calculated by adding the data values
and then dividing the sum by the number of values. Also known as the arithmetic mean or arithmetic average.
The algebraic formula for the mean is:

Sum of items X, + X, + Xg+..+X,

Mean =
Count n

Median A measure of central tendency that is, or indicates, the middle of a data set when the data values are
arranged in ascending or descending order. If there is no middle number, the median is the average of the two
middle numbers.

Examples:

The median of the set of numbers: {2, 4,5, 6,7, 10,13} is6

The_median of the set of numbers: {6, 7, 9, 10, 11,17} is 9.5

Quartiles:
Q1, the first quartile, is the middle of the lower half of the data set.

Q2, the second guartile, is also known as the median.
Q3, the third guatrtile, is the middle of the upper half of the data set.

NOTE: To computer Q1 and Q2, find the middle numbers in the lower and upper halves of the data set. The
median itself is not included in either the upper or the lower halves of the data set. When the data set contains an
even number of elements, the median is the average of the two middle numbers and is excluded from the lower and
upper halves of the data set.

Mode A measure of central tendency that is given by the data value(s) that occur(s) most frequently in the data
set.

Examples:

The mode of the set of numbers {5, 6, 8, 6, 5, 3, 5, 4} is 5.

The modes of the set of numbers {4, 6,7,4,3,7,9,1,10}are 4 and 7.

The mode of the set of numbers {0, 5, 7, 12, 15, 3} is none or there is no mode.

Measures of Spread

Measures of Spread indicate how the data is spread around the center of the data set. The two most
common measures of spread are interquartile range and standard deviation.
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Interquartile Range: The difference between the first and third quartiles; a measure of variability resistant
to outliers.
IOR =03-01

Outlier An observed value that is distant from other observations. Outliers in a distribution are 1.5 interquartile
ranges (IQRs) or more below the first quartile or above the third quartile.

An outlier can significantly influence the measures of central tendency and/or spread in a data set.

IQR=4

Min Q1 Q2 Q3 Max
I 25% 25% |

| | | | | | | | | | |
2 4 6 8 10 12 14 16 18 20 22

A

Y

Outliers Outliers

1.5times IQR =6

15timesIQR =6

Example

In the above example, outliers would be any observed values less than or equal to 4 and/or any observed values
greater than or equal to 20.

NOTE: Box plots, like the one above, are useful graphical representations of dispersion.

Standard Deviation: A measure of variability. Standard deviation measures the average distance of a
data element from the mean. Typically, 98.8% of any set of univariate data can be divided into a total of six
standard deviation units: three standard deviation units above the mean and three standard deviation units below
the mean.

Standard Deviations and the Normal Curve
Normal Curve

Standard Deviation

7T\
\

15.0% 15.0%

19.1%|19.1%

0.1%

-1 05 0 05 1 1.5 2 2.5 3
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e When a data set is normally distributed, there are more elements closer to the mean and fewer
elements further away from the mean.

The normal curve shows the distribution of elements based on their distance from the mean.

Three standard deviation units above the mean and three standard deviation units below the mean

will include approximately 98.8% of all elements in a normally distributed data set.
e Each standard deviation above or below the mean corresponds to a specific value in the data set.

o In the above example, the distance associated with each standard deviation unit corresponds

2
to a distance of approximately2§ units on the scale below the curve.

e Many things in nature, such as height, weight, and intelligence, are normally distributed.

There are two types of standard deviations: population and sample.

Population Standard Deviation: If data is taken from the entire population, divide by 7 when

averaging the squared deviations. The following is the formula for population standard deviation:

_ [Ee-%

NOTE: Population standard deviation not included in Next Generation Standards.

Sample Standard Deviation: If data is taken from a sample instead of the entire population,

divide by 7—1 when averaging the squared deviations. This results in a larger standard deviation. The

following is the formula for sample standard deviation:
—\2
§= Z(xi _x)
V' n-1

Tips for Computing Measures of Central Tendency and Dispersion:
Use the STATS function of a graphing calculator to calculate measures of central tendency and dispersion.
INPUT VALUES: {4,8,5,12,3,9,5, 2}
1. Use STATS EDIT to input the data set.
2. Use STATS CALC 1%'/ar Stats to calculate standard deviations.

Lz Lz 1
" I 1-Yar Stats
B s 2-War Stats
ix : Med-HMed
% :LinkEe3 ax+hl
g : HuadReg
3 :Cubicked
L ={4,.3:5: 12,3 |f+BuartE=a
L - o stats
] = Th=%
Lx=4 Minsa=2
Lxe=3ald 1=3.5
Sx=3.388517A19 | Med=5
Tx=3. 16227 7EE Lz=3.5
1= Maxn=12
The outputs include:
X', which is the mean (average), 2ox , Which is the sum of the data set.
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minX, which is the minimum value

Q1, which is the first quartile

Med, which is the median (second quartile)
Q3, which is the third quartile

maxX, which is the maximum value

]
Zx , which is the sum of the squares of the data
set.
5x, which is the sample standard deviation.
o, which is the population standard deviation.
n, which is the number of elements in the data set

DEVELOPING ESSENTIAL SKILLS
Use a graphing calculator to calculate one variable statistics for the following data sets:
Set A

0.5 0.5 0.6 0.7 [ 075 ] 0.8
1.0 1.0 1.1 | 125 | 1.3 1.4
1.4 1.8 25 3.7 3.8 4
4.2 4.6 5:1 6 6.3 7.2

Set B

Number of Candy Bars Sold
0 35 38 41 43
45 50 53 53 55
68 68 68 72 120

Sets Cand D

*T T T T 1 1T 1"
6 011 12

=
[ =}
[=]
—

Soccer Players’ Ages

L I
. & & @B

*T T T T T T 1
6 7 B 9 10 11 12

Basketball Players® Ages

REGENTS EXAM QUESTIONS

S.ID.A.2-3: Central Tendency and Dispersion
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4) Christopher looked at his quiz scores shown below for the first and second semester of his Algebra class.
Semester 1: 78, 91, 88, 83, 94
Semester 2: 91, 96, 80, 77, 88, 85, 92
Which statement about Christopher's performance is correct?
1) The interquartile range for semester 1is  3) The mean score for semester 2 is greater

greater than the interquartile range for than the mean score for semester 1.
semester 2.

2) The median score for semester 1 is greater 4) The third quartile for semester 2 is greater
than the median score for semester 2. than the third quartile for semester 1.

5) Corinne is planning a beach vacation in July and is analyzing the daily high temperatures for her potential
destination. She would like to choose a destination with a high median temperature and a small interquartile
range. She constructed box plots shown in the diagram below.

QOcean Beach Serene Shores
—1T —T
Whispering Palms Pelican Beach
s I — 1T

70 75 80 85 90 95 100 70 75 80 85 90 95 100

Which destination has a median temperature above 80 degrees and the smallest interquartile range?
1) Ocean Beach 3) Serene Shores
2) Whispering Palms 4) Pelican Beach

6) Noah conducted a survey on sports participation. He created the following two dot plots to represent the number
of students participating, by age, in soccer and basketball.

.

. e .

LI s & & @

- * 8 & @

! I [ I I I =
7 8 9 10 1 12

Soccer Players’ Ages

L
L

| | I I

& 7 8 9 1IGI 1|1 1|2—
Basketball Playars® Ages
Which statement about the given data sets is correct?
1) The data for soccer players are skewed 3) The data for basketball players have the

right. same median as the data for soccer
players.
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2) The data for soccer players have less 4) The data for basketball players have a
spread than the data for basketball players. greater mean than the data for soccer
players.

7) The two sets of data below represent the number of runs scored by two different youth baseball teams over the
course of a season.
Team 4: 4,8,5,12,3,9,5,2
Team B: 5,9, 11,4,6,11,2,7
Which set of statements about the mean and standard deviation is true?

1) mean A <mean B 3) mean A <mean B
standard deviation A > standard deviation B standard deviation A < standard deviation B

2) mean A >mean B 4) mean A > mean B
standard deviation A < standard deviation B standard deviation A > standard deviation B

8) Isaiah collects data from two different companies, each with four employees. The results of the study, based on
each worker’s age and salary, are listed in the tables below.

Company 1
Worker’s Salary
Age in in
Years Dollars
25 30,000
27 32,000
28 35,000
33 38,000
Company 2
Worker’s Salary
Age in in
Years Dollars
25 29,000
28 35,500
29 37,000
31 65,000

Which statement is true about these data?
1) The median salaries in both companies are 3) The salary range in company 2 is greater

greater than $37,000. than the salary range in company 1.
2) The mean salary in company 1 is greater 4) The mean age of workers at company 1 is
than the mean salary in company 2. greater than the mean age of workers at
company 2.

9) The table below shows the annual salaries for the 24 members of a professional sports team in terms of millions of
dollars.

Page 11



10)

11)

0.5 0.5 0.6 0.7 [ 075 ] 0.8
1.0 1.0 1.1 | 125 | 1.3 1.4
1.4 1.8 25 3.7 3.8 4
4.2 4.6 5:1 6 6.3 7.2

The team signs an additional player to a contract worth 10 million dollars per year. Which statement about the
median and mean is true?

1) Both will increase. 3) Only the mean will increase.

2) Only the median will increase. 4) Neither will change.

The heights, in inches, of 12 students are listed below.
61,67,72,62,65,59,60,79,60,61,64,63
Which statement best describes the spread of these data?

1) The set of data is evenly spread. 3) The set of data is skewed because 59 is the
only value below 60.
2) The median of the data is 59.5. 4) 79 is an outlier, which would affect the

standard deviation of these data.

The 15 members of the French Club sold candy bars to help fund their trip to Quebec. The table below shows the
number of candy bars each member sold.

Number of Candy Bars Sold
0 35 38 41 43
45 50 53 53 55
68 68 68 72 120

When referring to the data, which statement is false?

1) The mode is the best measure of central ~ 3) The median is 53.
tendency for the data.

2) The data have two outliers. 4) The range is 120.

SOLUTIONS

4)ANS: 3

5)

Strategy: Compute the mean, Q1, Q2, Q3, and interquartile range for each semester, then choose the correct
answer based on the data.

Mean Q1 Median (Q2) Q3 IQR
Semester 1 86.8 80.5 88 92.5 12
Semester 2 87 80 88 92 12
PTS: 2 NAT: S.ID.A.2 TOP: Central Tendency and Dispersion
ANS: 4

Strategy: Eliminate wrong answers based on daily high temperatures, then eliminate wrong answers based on size
of interquartile ranges.

Ocean Breeze and Serene Shores can be eliminated because they do not have median high temperatures above 80

degrees. Whispering Palms and Pelican Beach do have median high temperatures above 80 degrees, so the correct
answer must be either Whispering Palms or Pelican Beach.
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6)

7)

The interquartile range is defined as the difference between the first and third quartiles.

smaller interquartile range than Whispering Palms, so Pelican Beach is the correct choice.

PTS: 2
ANS: 4

Strategy: Determine the skew, spread, median, and mean for both data sets, then eliminate wrong answers.

NAT: S.ID.A.2

Soccer Players | Basketball Players
Skew 277 Left Skewed
Spread 12-6=4¢ 12-fi=6
Median 8.5 10
Mean 156 178
18 18

TOP: Central Tendency and Dispersion

Pelican Beach has a much

a) The data for soccer players are skewed right. ~ Uncertain

b} The data for soccer players have-less-spread than the data for basketball players.
sets have the same spread.

<) The data for basketball players have the same-median as the data for soccer players.

Not True. Both data

Not True 8.5= 10

d) The data for basketball players have a greater mean than the data for soccer players. Definitely True
178 156
la 18
PTS: 2 NAT: S.ID.A.2 TOP: Central Tendency and Dispersion
ANS: 1

Strategy: Compute the mean and standard deviations for both teams, then select the correct answer.

STEP 1. Enter the two sets of data into the STAT function of a graphing calculator, then select the first list (Team
A) and run 1-Variable statistics, as shown below:

Lz L= 1EDT wa—m
y c | ______ 1-Mar Stats e =)
;| g s 2-War Stats =w=d5
Ez ﬁi : Med-Med Ewi=365
o & iLinkeglax+ha Sx=h.aolGlVALD
) 11 : Quadkea ax=3. 162277500
= £ :CubickEea =
L1 =44.58,5,12: 5 [/|uartReg .
STEP 2. Repeat STEP 1 for the second list (Team B).
L1 H
y c | ______ 1-Mar Stats e =P =T
;| g s 2-War Stats =x=05
Ez ﬁi : Med-Med =xi=dq53
e & iLinkegCax+ha Sx=h. 2raai349:
q 11 : AuadkEed Tx=3. AS93095563
= £ :CubicRea =
L ={5.9, 114,65 [ )uartRegd -

STEP 3. Use the data from the graphing calculator to choose the correct answer.
Choicea: mean & <teanB

6= 6. 875
standard dewmation A = standard dewiation B

316227786 = 3.059309543

Page 13



8)

9

10)

Both statements in choice A are true.

A x=6 o,=316 Bx=6875 g =306

PTS: 2
ANS: 3

NAT: S.ID.A.2

TOP: Central Tendency and Dispersion

Strategy: Compute the median salary, mean salary, salary range, and mean age of employees for both companies,
then select the correct answer.

Company 1 Company 2
1 median salary 33,500 36,250
2 mean salary 33,750 44,125
3 salary range 8,000 36,000
4 mean age 28.25 28.25
PTS: 2 NAT: S.ID.A.2 TOP: Central Tendency and Dispersion
ANS: 3

Median remains at 1.4.

Strategy:
Compare the current median and mean to the new median and mean:

STEP 1. Compare the medians:

The data are already in ascending order, so the median is the middle number. In this case, the data set contains 24

elements - an even number of elements. This means there are two middle numbers, both of which are 1.4. When

the data set contains an even number of elements, the median is the average of the two middle numbers, which in
l4+14

= 14

this case is

The new data set will contain 10 as an additional element, which brings the total number of elements to 25. The
new median will be the 13th element, which is 1.4.

The current median and the new median are the same, so we can eliminate answer choices a and b.
STEP 2. Compare the means:

The mean will increase because the additional element (10) is bigger than any current element.
to do the calculations. We can eliminate answer choice d.

It is not necessary

DIMS? Does it make sense that the answer is choice c?
Yes. The median will stay and 1.4 and only the mean will increase.

PTS: 2

ANS: 4
Input the data in a graphing calculator and obtain single variable statistics, then create a boxplot.

NAT: S.ID.A.3 TOP: Central Tendency and Dispersion
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L1 L2 L3 L4 Ls 1

NORHMAL FLOAT AUTD REAL RADIAN HF I:I

e
b2
1
t9
60
(&)
(1]
6l
64
b3

L1(13)=

1-Var Stats
x=64.41666667

NORMAL FLOAT AUTOD REAL RADIAN HMFP I:I

NORHAL FLOAT AUTO REAL RADIAN HP I:I

EDIT [ TESTS
fH1-var Stats
:Z2-Var Stats

: Med—Med
:LinRes(ax+b)
: QuadRes
:CubicRes
:QuartRes
:LinReg(a+bx)
9lLnRes

NORMAL FLOAT AUTO

1-Var Stats
1Sx=5.853644294

DD"-JU‘-LH-PLU.H\J

REAL RADIAN HMP

0

2x=773 ox=5.604437726
Zx2=5@171 n=12
Sx=5.853644,94 minX=59
ox=5.604437726 Q1=60.5
n=12 Med=62.5
minX=59 Qz=66

JQ1=60.5 .maxX=?9

(1) The set of data is evenly spread. \Wrong. The data is not evenly spread.
(2) The median of the data is 59.5. Wrong. The median of the data is 62.5.
(3) The set of data is skewed because 59 is the only value below 60. Wrong. The data is skewed, but the reason
for skewdness is that the mean does not equal the median.

(4) 79 is an outlier, which would affect the standard deviation of these. True. Any value greater than Q3 plus 1.5

times the interquartile range is an outlier.
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11)

23+ I.S(I QR) = Uper Outlier Fence

i + 1.5(06 — 60.571 = Lpper Outlier Fence
fifi + 150557 = Lipper Outlier Fence
fifi + .25 = Uoper Qutlier Fence

T4.25 = Uppar Outlier Fence
79 is beyond the upper outlier fence.

PTS: 2 NAT: S.ID.A.3 TOP: Central Tendency and Dispersion
ANS: 1

STEP 1. Insert the data into the stats editor of a graphing calculator and calculate 1 variable statistics.
NORMAL FLOAT AUTO REAL RADIAN MP [] NORMAL FLOAT AUTO REAL RADIAN HP T

(PR S (*-S R T
35 """"""""" 1Sx=25.62216303
32 ox=24.75336116
yz n=15
Y5 minx=@
2o Q1=41
c£3 Med=53
gg Q3=68
maxx=12e
Latl)= [ ]

Step 2. Construct a box plot.

) '/ ﬂ.
", G Mo 2 L
JI e{’_";r |
T 0t L
STEP 3: Eliminate true answer choices.
It is trued that the data have two outliers. These are 0 and 120.
It is true that the median is 53.
It is true that the range is 120
PTS: 2 NAT: S.ID.A.3 TOP: Central Tendency and Dispersion
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B — Graphs and Statistics, Lesson 2, Frequency Tables (r. 2018)

GRAPHS AND STATISTICS
Frequency Tables

Common Core Standard Next Generation Standard

S-1D.B.5 Summarize categorical data for two catego- AI-S.1D.5 Summarize categorical data for two catego-
ries in two-way frequency tables. Interpret relative fre- | ries in two-way frequency tables. Interpret relative fre-
quencies in the context of the data (including joint, quencies in the context of the data (including joint,
marginal, and conditional relative frequencies). Recog- | marginal, and conditional relative frequencies). Recog-
nize possible associations and trends in the data. nize possible associations and trends in the data.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

LEARNING OBJECTIVES

Students will be able to:

1) Complete a two-way frequency table.
2) Calculate the percentage of data elements in a cell, row, or column of a two-way frequency table.

VOCABULARY
univariate two-way frequency table
bivariate percentage
frequency table percent
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BIG IDEAS

frequency table: A table that shows the observed two-way frequency table: A table that shows the
number or frequency for a single number or range of observed number or frequency for two variables in a
numbers in a set of univariate data. set of bivariate data, the rows indicating one category
Example: and the columns indicating the other category.
Interval Tally Frequency Example:
1-5 }117/ I 6 What is your favorite sport to watch on
television?
6-10 /M I 7 Football Baskeatball Baseball
11-15 Jii 2 Males 40 22 15
Females 12 16 45
Total 52 38 60

Calculating Percents

To calculate what percent A is of B, you simply divide A by B, then take that number and move the
decimal place two spaces to the right.

Example: To find what percent 3 is of 4, simply divided 3 by 4, then take .75 and move the decimal two
spaces to the right. The answer is 75%.

You can also use proportions. To find what percent 3 is of 4, set up the proportion

g _x%
4 100%
300 =4x%

75% = x

DEVELOPING ESSENTIAL SKILLS

1) Organize Data

The senior spirit committee sold hot dogs, pizza, water, and soda at soccer games to raise money for the
prom. 400 sales were made. They sold 200 sodas, 150 bottles of water, 158 hot dogs, and 182 pizzas.
50 students who bought hot dogs also bought sodas, and 58 students who bought pizzas also bought
bottles of water. 30 students bought soda, but no food; and 46 students bought hot dogs, but no drink.
Organize this data in a two-way frequency table.

Concession Stand Sales
Soda Water No Drink Total
Hot Dog 50 62 46 158
Pizza 120 58 4 182
No Food 30 30 0 60
Total 200 150 50 400

2) Calculate Percentages
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Calculate the percent of sales in each cell of your two-way frequency table to the nearest tenth of a

percent.
Concession Stand Sales
Soda Water No Drink Total
Hot Dog 12.5% 15.5% 11.5% 39.5%
Pizza 30% 14.5% 1% 45.5%
No Food 7.5% 7.5% 0% 15%
Total 50% 37.5% 12.5% 100%

REGENTS EXAM QUESTIONS

S.ID.B.5: Frequency Tables

12) The school newspaper surveyed the student body for an article about club membership. The table below shows
the number of students in each grade level who belong to one or more clubs.

1Club | 2Clubs | 3or More Clubs
9th 90 33 12
10th 125 12 15
11th 87 22 18
12th 75 27 23

If there are 180 students in ninth grade, what percentage of the ninth grade students belong to more than one club?

13) A survey of 100 students was taken. It was found that 60 students watched sports, and 34 of these students did not
like pop music. Of the students who did not watch sports, 70% liked pop music. Complete the two-way

frequency table.

Watch Sports Don’t Watch Sports Total

Like Pop

Don’t Like Pop

Total

14) A statistics class surveyed some students during one lunch period to obtain opinions about television programming
preferences. The results of the survey are summarized in the table below.

Programming Preferences

Based on the sample, predict how many of the school's 351 males would prefer comedy. Justify your answer.

Comedy | Drama
Male 70 35
Female 48 42




15) A public opinion poll was taken to explore the relationship between age and support for a candidate in an election.

16)

17)

12)

The results of the poll are summarized in the table below.

Age For Against |No Opinion

21-40 30 12 8
41-60 20 40 15
Over 60 25 a5 15

What percent of the 21-40 age group was for the candidate?
1) 15 3) 40
2) 25 4) 60

A radio station did a survey to determine what kind of music to play by taking a sample of middle school, high
school, and college students. They were asked which of three different types of music they prefer on the radio:
hip-hop, alternative, or classic rock. The results are summarized in the table below.

Hip-Hop | Alternative | Classic Rock
Middle School 28 18 4
High School 22 22 6
College 16 20 14

What percentage of college students prefer classic rock?
1) 14% 3) 33%
2) 28% 4) 58%

Students were asked to name their favorite sport from a list of basketball, soccer, or tennis. The results are shown
in the table below.

Basketball | Soccer | Tennis

Girls 42 58 20
Boys 84 41 5
What percentage of the students chose soccer as their favorite sport?
1) 39.6% 3) 50.4%
2) 41.4% 4) 58.6%
SOLUTIONS
ANS:
25%

Strategy: Use data from the table and information from the problem to calculate a percentage.

STEP 1. Determine the total number of students in the ninth grade who are in 2 or more clubs (33+12).
STEP 2. Divide by the total number of students in the ninth grade (180).

STEP 3. Convert the decimal to a percentage
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13)

14)

15)

33+12 45

130 120 =2
25 =25%
PTS: 2 NAT: S.ID.B.5 TOP: Frequency Histograms, Bar Graphs and Tables
ANS:
Step 1. Fill in the known information from the problem.
Watch Sports | Dont Watch Sports Total
Like Pop
Don't Like Pop 34
Total 60 100
Step 2. Complete additional cells using given information.
Watch Sports | Dont Watch Sports Total
Like Pop 26
Don't Like Pop 34
Total 60 40 100

Step 3. Complete the “Don’t Watch Sports - Like Pop” cell using information from the problem that states “Of
the students who did nor watch sports, 70% liked pop music.” Compute 40 x 70% = 25.

Watch Sports | Dont Watch Sports Total
Like Pop 26 28
Don't Like Pop 34
Total 60 40 100
Step 4. Complete the reamining cells.
Watch Sports | Dont Watch Sports Total
Like Pop 26 28 54
Don't Like Pop 34 12 46
Total 60 40 100
PTS: 2 NAT: S.ID.B.5 TOP: Frequency Tables

ANS:

234 of the school’s 351 males prefer comedy based on the sample.

Step 1. Understand that the table is only a sample of the population, and the population of males is 351. Assume
that the sample was not biased.

Step 2. Strategy. Determine the percent (or fraction) of the males in the sample that prefer comedy, then apply
that percent to the total population.

Step 3. Execution of strategy.

70+ 35 = 105 males were surveyed.

Based on the sample, % = % = 66.67% of the males preferred comedy.
P dx 351 702
ER A T B s

Step 4. Does it make sense. Yes, if % of the males in the sample prefer comedy, we can predict that % of the

males in the population will prefer comedy.

PTS: 2 NAT: S.ID.B.5 TOP: Frequency Tables

ANS: 4
Step 1. Understand that the problem is only interested in the percent for the candidate in the 21-40 age group.
The bottom two rows of the table are not relevant to the problem.
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16)

17)

Step 2. Strategy. Determine the total number of poll responses in the 21-40 age group and what percentage of
these responses were for the candidate.
Step 3. Execute the strategy.
for 30 30 Al

total | 30+ 12+8 50 100
Step 4. Does it make sense? Yes. We know that 30 responses were for the candidate. Choices a), b), and c)
are wrong because: a) 15% of 50 is .15 x 50 = 7.5; b) 25% of 50 is .25 x 50 = 12.5; and c) 40% of 50 is
40 50=20. Choice d) is the only correct answer because 60% of 50 is .50 x il = 30.

PTS: 2 NAT: S.ID.B.5 TOP: Frequency Tables

ANS: 2

Understand the Problem:

The questions asks what percentage of college students prefer classic rock. The information in the table about
middle school and high school students is not important.

The total number of college students is 16 + 20 + 14 = 50.
14 out of 50 college students prefer classic rock.

Strategy: Write and solve a proportion to convert 14 out of 50 to a percentage.

4 x
50 100
1400 = 50x
di=x
PTS: 2 NAT: S.ID.B.5 TOP: Frequency Tables
ANS: 1
Strategy:

STEP 1. Find the total numbers of students who like each sport.

Basketball: A total of 126 boys and girls chose basketball.

Soccer: A total of 99 boys and girls chose soccer.

Tennis: A total of 25 boys and girls chose tennis.

STEP 2. Find the total number of students in the entire table.

Total basketball plus total soccer plus total tennis = 250

STEP 3. Write a proportion to find the percentage of students who chose soccer.

chose soccer ¥ of students who chose soccoer 89 x
total students 100 250 100
STEP 4. Solve the proportion for x
8
250 100
99 % 100 = 250x
9900 = 250x
9500 _
250
IDh=x
PTS: 2 NAT: S.ID.B.5 TOP: Frequency Tables
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B — Graphs and Statistics, Lesson 3, Frequency Histograms, Box Plots and Dot Plots
(r. 2018)

GRAPHS AND STATISTICS
Frequency Histograms, Box Plots and Dot Plots

Common Core Standard Next Generation Standard
S-1D.A.1 Represent data with plots on the real Al-S.1D.1 Represent data with plots on the real number
number line (dot plots, histograms, and box line (dot plots, histograms, and box plots).
plots).
Overview of Lesson
Teacher Centered Introduction Student Centered Activities
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

LEARNING OBJECTIVES

Students will be able to:

1) Construct and label dot plots, histograms, and box plots above a number line to represent
univariate data sets.

VOCABULARY
univariate histogram
bivariate box plot
dot plot quartile

BIG IDEAS

Dot Plots
A dot plot consists of data points plotted on a simple scale. Dot plots are used for continuous, quantitative,

univariate data. Data points may be labelled if there are few of them. The horizontal axis is a number line that
displays the data in equal intervals. The frequency of each bar is shown by the number of dots on the vertical axis.
Example: This dot plot shows how many hours students exercise each week. Fifteen students were asked how

many hours they exercise in one week.
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To create a dot plot, draw and number line, then draw one dot above the number line to represent each value in the data set.

Histograms

A histogram is a frequency distribution for continuous, quantitative, univariate data. The horizontal axis is a
number line that displays the data in equal intervals. The frequency of each bar is shown on the vertical axis.
Example: This histogram shows the number of students in Simpson’s class that are in each interval. The students
were asked how many hours they spent playing video games in one week.

Video Time for Simpson's Class

10

Number
5

of
Students

0 4 g 12 16

Hours Playing Video Games
Key: n=36
Class width: 0 <hours <4
To create a histogram, first complete a frequency table to show the number of values in intervals of equal size. Then draw a
number line with equal intervals. Then, plot the frequency for each interval on the vertical axis.

Interval Tally Frequency
0-4 )18l 8
4.01-8 i 4

8.01-12 JHT T 111 13
12.01-16 JHT JHT | 11

Box Plots

A box plot, also known as a box and whiskers chart, is a visual display of a set of data showing the five number
summary: minimum, first quartile, median, third quartile, and maximum. A box plot shows the range of scores
within each quarter of the data. It is useful for examining the variation in a set of data and comparing the
variation of more than one set of data.

Example:
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Annual food expenditures per household in the U.S. in 2005

median
$5630
|
[
0 ) 0
minimum 1st quartile 3rd quartile
$3101 $2827 $6431

I
0

maximum
$10520

To create a box plot, use one-variable stats in a graphing calculator and plot the minimum, Q1, Q2, Q3,
and maximum values on a number line. Draw boxes around the middle two quartiles. Connect the

boxes to the minimum and maximum using lines.

DEVELOPING ESSENTIAL SKILLS

1. Create a dot plot to represent the following information.

Robert, a sixth grader at Roosevelt Middle School, usually goes to bed around 10:00 p.m. and
gets up around 6:00 a.m. to get ready for school. That means he gets about 8 hours of sleep on a
school night. He decided to investigate the statistical question: How many hours per night do

sixth graders usually sleep when they have school the next day?

Robert took a survey of 29 sixth graders and collected the following data to answer the question.
785999771010119888126111088999810998

Robert decided to make a dot plot of the data to help him answer his statistical question. Robert

first drew a number line and labeled it from 5 to 12 to match the lowest and highest number of

hours slept. Robert’s datum is not included.

Dot Plot of Number of Hours Slept

5 6 7 8 9 10
Number of Hours Slept

Dot Plot of Number of Hours Slept

(A X R R LN ]
seseReee

11 12

°
@
Nieeoe

8 9 10 11
Number of Hours Slept

2. Create a histogram to represent the following data table.

12

SOURCE: Engage New York

The Fahrenheit temperature readings on 30 April mornings in Stormville, New York, are shown below.
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41°,58° 61°, 54°, 49°, 46°, 52°, 58°, 67°, 43°,

47°,60°, 52°, 58°, 48°, 44°, 59°, 66°, 62°, 55°,

44°,49°, 62°, 61°, 59°, 54°, 57°, 58°, 63°, 60°
Using the data, complete the frequency table below.

Interval Tally Frequency
4044
45-49
50-54
55-59
6064
6569

On the grid below, construct and label a frequency histogram based on the table.

3. Create a box plot to represent the following data.

The test scores from Mrs. Gray’s math class are shown below.
72,73, 66, 71, 82, 85, 95, 85, 86, 89, 91, 92
Construct a box-and-whisker plot to display these data.

l l l l l l l
65 70 75 80 85 90 95 100

Hi-:se —
68 70 75 BO B85 90 95 100

-+

r

Y
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REGENTS EXAM QUESTIONS

S.ID.A.l: Frequency Histograms, Box Plots and Dot Plots

18) The heights, in feet, of former New York Knicks basketball players are listed below.
6.46.96.36.26.36.06.16.36.86.2
6.57.1646.3656.56.47.06.46.3
6.26.37.06.46.56.56.56.06.2

Using the heights given, complete the frequency table below.

Interval Frequency
6.0-6.1
6.2-6.3
6.4-6.5
6.6-6.7
6.8-6.9
7.0-7.1

Based on the frequency table created, draw and label a frequency histogram on the grid below.

Determine and state which interval contains the upper quartile. Justify your response.

19) Robin collected data on the number of hours she watched television on Sunday through Thursday nights for a
period of 3 weeks. The data are shown in the table below.
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Sun Mon Tues Wed Thurs
Week 1 4 3 35 2 2
Week 2 4.5 5 25 3 1.5
Week 3 4 3 1 1.5 2.5

Using an appropriate scale on the number line below, construct a box plot for the 15 values.

20) Which statistic can not be determined from a box plot representing the scores on a math test in Mrs. DeRidder’s
algebra class?
1) the lowest score 3) the highest score
2) the median score 4) the score that occurs most frequently

21) The dot plot shown below represents the number of pets owned by students in a class.

@ °
® @
® ° ®
® ® @ ° ) ®
® ® @ ° ® ® ®
T T T T I T T
0 1 2 3 4 5 6
Which statement about the data is not true?
1) The median is 3. 3) Themeanis 3.
2) The interquartile range is 2. 4) The data contain no outliers.

22) The box plot below summarizes the data for the average monthly high temperatures in degrees Fahrenheit for
Orlando, Florida.

The third quartile is

1) 92 3) 83
2) 90 4) 71
SOLUTIONS
18) ANS:

Page 28



e | _ Froauaney gty (e
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Each quartile contains 1 or 25% of the data values. There are a total of 29 data values in the data set, so

4

each quartile will contain % =7.25 values. The upper quartile will begin 7.25 values from the

maximum, which places the upper quartile in the 6.4-6.5 interval.

PTS: 4 NAT: S.ID.A.1 TOP: Frequency Histograms
KEY: frequency histograms
19) ANS:
M Q1 Med @2 M

0 1 2 3 4 5 6 7

Strategy #1: Input all the numbers from the table in a T1 83+ graphing calculator, then calculate 1 variable stats,
then use the calculator output to construct the box and whiskers plot.

Strategy #2 Follow these step-by-step procedures for creating a box and whiskers plot.

STEP 1. Organize the data set in ascending order, as follows. Be sure to include all the data.:
1, 15, 15, 2, 2, 25, 25, 3, 3, 3, 35, 4, 4, 45 5

STEP 2. Plot a scale on the number line. In this case, the scale is 0 to five in equal intervals of .5
units.

STEP 3. Plot the minimum and maximum values: minimum = 1 and maximum = 2.

STEP 4. Identify the median. In this problem, there are fifteen numbers and the median is the middle number,
which is 3. There are seven numbers to the left of 3 and seven numbers to the right of 3.

STEP 5. Plot and label the median = 3 (also known as Q2 or the second quartile).
STEP 6. Identify Q1, which is the median of the bottom half of the organized data set. The bottom half of the
data includes all numbers below the median, which in this problem, includes the following numbers

1, 15, 15, 2, 2, 25, 25
The middle number in an organized list of seven numbers is the fourth number, which in this case is a 2.
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STEP 7. Plot and label Q1 = 2.

STEP 8. Identify Q3, which is the median of the top half of the organized data set. The top half of the data
includes all numbers above the median, which in this problem, includes the following numbers

3, 3, 35 4, 4 45, 5
Again, the middle number in an organized list of seven numbers is the fourth number, which in this case is a 4.

STEP 9. Plot and label Q3 = 4.
STEP 10. Finish the box plot by drawing boxes between the plotted points for Q1, Q2, and Q3.

PTS: 2 NAT: S.ID.A.1 TOP: Box Plots
20) ANS: 4
A box plot is also known as a box and whiskers chart and shows the following five statistics:
1. The minimum score.
2. Q1, which is the top of the first quartile.
3. Q2, which is also the median score and the top of the second quartile.
4. Q3, which is the top of the third quartile.
5. The maximum score.
The interquartile range can be determined by subtracting Q1 from Q2.

PTS: 2 NAT: S.ID.A.1
21) ANS: 3
Step 1. Understand that the problem is asking you to apply different statistical measures to the data in the dot plot
and find the one answer choice that is not true.
Step 2. Strategy: Evaluate each answer choice and eliminate wrong answers.
Step 3. Execution of Strategy
a) To evaluate this answer choice, the median (middle) of the ordered data elements must be identified. There
are 20 dots, so the middle is somewhere between the 10th and 11th dots. Counting 10 dots from either end, the
median will occur in the 3 column. The median is 3, so answer a) must be eliminated.
b) To evaluate this answer, the interquartile range must be calculated. The interquartile range is defined as the
distance between the first and third quartiles in an ordered distribution. The dot plot has 20 dots. Since each
guartile contains 25% of the dots, each quartile will contain 25% of 20 dots, which equals 5 dots.
QL1 ends after five dots, so Q1=2.
Q2 ends after 10 dots, so Q2=10.
Q3 ends after 15 dots, so Q3=4.
The interquartile range is computed as Q3-Q2. In this dot plot, the interquartile range is 2, so answer b) is true
and must be eliminated.
¢) The mean for this data plot can be calculated as follows:
= D+0+1+1+24+2+2+2+2+34+3+3+3+3+4+4+4+5+5+06

x-= 20
= 55
=%
X =275
Answer c) is not true, because the mean of this data set is 2.75. Therefore, answer choice c) is the correct

answer.
d) The data has no outliers. This is true by inspection. All the data is close together and there are no large gaps
between the data. Hence, there are no outliers and choice d) must be eliminated.

Page 30



22)

23)

24)

Step 4. Does it make sense? Yes. Three answer choices have been shown to be true and one answer choice has
been shown to be false. The statement that is not true is choice c).

tmedian = 3, IQR=4-2= 2, x = 2.75. Anoutlier is outside the interval (D) = LAIORLE; + LAIOR)].
[2-1.5(214 + 1.5(2)]

[-1.7]

PTS: 2 NAT: S.ID.A.1 TOP: Dot Plots

ANS: 2
Strategy: Label the five statisitcs shown by a box plot.

Q Med.an

t\\.\“ 5 ‘\’\0-1'

— —

-t : : : | s

70 75 80 85 95

PTS: 2 NAT: S.ID.A.1 TOP: Box Plots KEY: interpret
ANS: 2
The number of pages a paper will have does not depend on how fast the student types.
PTS: 2 NAT: S.ID.C.9 TOP: Analysis of Data
ANS: 2

Strategy: Eliminate wrong answers.

Observe: Both variables (numer of pages and amount of ink) increase together, so the correlation is positve.
Eliminate answer choices with negative correlation.

Reason: Printing causes ink to be used, so the relationship is causal. Eliminate answer choices with non-causal.
a) positive correlation, but-ret-causal

b) positive correlation, and causal

) negative correlation, but not causal

& negative correlation, and causal

PTS: 2 NAT: S.ID.C.9 TOP: Analysis of Data
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B — Graphs and Statistics, Lesson 4, Analysis of Data (r. 2018)

GRAPHS AND STATISTICS

Analysis of Data
Common Core Standard Next Generation Standard
S-1D.C.9 Distinguish between correlation and Al-S.1D.9 Distinguish between correlation and
causation. causation.

LEARNING OBJECTIVES

Students will be able to:

1) Distinguish between correlation and causation in context.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
correlation causal relationship
causation
BIG IDEAS

Correlation: Event A is related to, but does not necessarily cause event B.

Causation: Event A causes event B.

Example: In the summer, ice cream sales are higher. This is an example of correlation, but not
causation. Summer does not cause ice cream sales to be higher. What causes ice cream sales to be
higher in the summer is hot weather.

Fallacy of Composition: A fallacy of composition is the erroneous conclusion that: because event B
follows event A, event A caused event B. In Latin, a fallacy of composition is known at post hoc, ergo
propter hoc, which means “after this, therefore because of this.” Fallacies of composition are usually
correlations, not causations.
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Example of a Fallacy of Composition: Deep in the rain forest, a tribe of indigenous people live.

Every year, when the days start getting longer, the shaman of the tribe does a rain dance. Soon, the
spring rains come. The people of the village believe the shaman’s dance caused the rain to come.
Modern scientists would argue that the rains come every year because of the changing of the seasons, and
the village peoples’ belief is a fallacy of composition - the rains were not caused by the shaman’s dance
- they were only correlated with the timing of the dance. Such fallacies of composition can be difficult
to identify, and it might be even more difficult to convince the village people that the rains are only
correlated with, not caused by, the shaman’s rain dance.

DEVELOPING ESSENTIAL SKILLS

Decide whether the relationships between events A and B are correlation or causation.

Event A Causes Event B Which is it?

| get in the bathtub. The phone rings. Correlation

Attendance at the baseball game | Ice cream sales increase. Correlation

goes up.

I wear these socks. We win the soccer game. Correlation

I stream more videos on my cell | My cell phone bill goes up. Causation

phone.

| eat more food. My weight increases. Uncertain

Mankind’s influence on the Global warming. Causation

environment.

I wash my car. It rains. Correlation

Smoking cigarettes. Increased chances of getting Causation
lung cancer.

Junk food is sold in school to Student obesity increases. Uncertain

raise money.

I get higher scores on exams. My course grade increases. Causation.

I do more homework. My exam scores increase. Correlation

REGENTS EXAM QUESTIONS

S.ID.C.9: Analysis of Data

23) Which situation does not describe a causal relationship?
1) The higher the volume on a radio, the louder the sound will be.
2) The faster a student types a research paper, the more pages the paper will have.
3) The shorter the distance driven, the less gasoline that will be used.
4) The slower the pace of a runner, the longer it will take the runner to finish the race.

24) What type of relationship exists between the number of pages printed on a printer and the amount of ink used by
that printer?
1) positive correlation, but not causal
2) positive correlation, and causal
3) negative correlation, but not causal
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4) negative correlation, and causal

25) Beverly did a study this past spring using data she collected from a cafeteria. She recorded data weekly for ice

23)

24)

25)

cream sales and soda sales. Beverly found the line of best fit and the correlation coefficient, as shown in the
diagram below.

Beverly’s Cafeteria Study

Cans of Soda Sold

Ice Cream Bars Sold

Given this information, which statement(s) can correctly be concluded?
I. Eating more ice cream causes a person to become thirsty.

I1. Drinking more soda causes a person to become hungry.

I1l. There is a strong correlation between ice cream sales and soda sales.

1) 1, only 3) landlll
2) I, only 4) lIland Il
SOLUTIONS
ANS: 2
The number of pages a paper will have does not depend on how fast the student types.
PTS: 2 NAT: S.ID.C.9 TOP: Analysis of Data
ANS: 2

Strategy: Eliminate wrong answers.

Observe: Both variables (numer of pages and amount of ink) increase together, so the correlation is positve.
Eliminate answer choices with negative correlation.

Reason: Printing causes ink to be used, so the relationship is causal. Eliminate answer choices with non-causal.
a) positive correlation, but-ret-causal

b) positive correlation, and causal

) negative correlation, but not causal

& negative correlation, and causal

PTS: 2 NAT: S.ID.C.9 TOP: Analysis of Data

ANS: 2

Strategy: Determine the truth value of each statement, then determine which of the four answer choices best
matches the truth values of the three statements.
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STEP 1. Determine the truth values of each statement:

Statement | is false. Eating more ice cream does not necessarily cause a person to become thirsty.

Statement Il is false. Drinking more soda does not necessarily cause a person to become hungry.

Statement |11 is true. There is a strong correlation between ice cream sales and soda sales.

STEP 2. Use knowledge of correlation and causation to select the correct answer.
Statement |11 is the only statement than can be correctly concluded. The answer is choice b.

PTS: 2 NAT: S.ID.C.9 TOP: Analysis of Data
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B — Graphs and Statistics, Lesson 5, Regression (r. 2018)

GRAPHS AND STATISTICS

Regression
Common Core Standard Next Generation Standard

S-1D.B.6 Represent data on two quantitative Al-S.1D.6 Represent bivariate data on a scatter plot, and

variables on a scatter plot, and describe how describe how the variables’ values are related.

the variables are related. Note: It’s important to keep in mind that the data
must be linked to the same “subjects,” not just two un-
related quantitative variables; being careful not to as-
sume a relationship between the actual variables (cor-
relation/causation issue).

S-1D.B.6a Fit a function to the data; use func- AIl-S.ID.6a Fit a function to real-world data; use func-

tions fitted to data to solve problems in the tions fitted to data to solve problems in the context of the

context of the data. Use given functions or data.

choose a function suggested by the context. (Shared standard with Algebra I1)

Emphasize linear, quadratic, and exponential Note: Algebra I emphasis is on linear models and in-

models. cludes the regression capabilities of the calculator.

PARCC: Tasks have real world context. Exponential func-

tions are limited to those with domains in the integers.

NYSED: Includes the regression capabilities of the calcu-

lator.

LEARNING OBJECTIVES

Students will be able to:

1) Draw an approximate line of best fit through a scatterplot.
2) Use a graphing calculator to find the equation of the line of best fit for a given set of data.
3) Make a prediction using a linear regression equation.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
Regression Scatterplot
Line of Best Fit Data Cloud
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BIG IDEAS
Regression Model: A function (e.g., linear, exponential, power, logarithmic) that fits a set of paired data. The
model may enable other values of the dependent variable to be predicted.

Big Ideas
The individual data points in a scatterplot form data clouds with shapes that suggest relationships

between dependent and independent variables.

A line of best fit divides the data cloud into two equal parts with about the same number of data points
on each side of the line. A line of best fit can be a straight line or a curved line, depending on the shape
of the data cloud.

Overview of Regression Using T1 83/83 Family of Graphing Calculators

=" e = — =7 )

CLEAR
CALCULATOR

DIMS

CALCULATE DOES IT ‘

REGRESSION
EQUATION

INSPECT
SCATTER
PLOT

ENTER DATA

PLOTS ON MAKE

SENSE?

TURN STAT l

TURN
DIAGNOSTICS ON RESIDUALS

| | ON IF YOU WISH
e b STATS L 2nd (zoom STATS | TO INSPECT s
COEFFICIENT = L J RESIDUALS
( i (et
[*de EDIT ] [ Y= a L CALG o } I:QUNJON
Determine if | (SELECT B
ENTER + i
CAT ERIER the data cloud [ TYPE = Z00OM
- suggests a - - — -
_— |N9Uf quadratic, or ENTER ( L2 9
DIAGNOS | DATA exponential L |
TICS ON . = riton . ) L J
) [:
ENTER |
[ _
T
1 LIST

na
=1
2

-

—_—r

—

linear, P

" 7 N

0008

2nd |
RESID
L |

ENTER

[ Z0OM

&)
Calculating Regression Equations. Technology is almost always used to calculate regression
equations.
= STEP 1. Use STATS EDIT to Input the data into a graphing calculator.
= STEP 2. Use2nd STAT PLOT to turn on a data set, then ZOOM 9 to inspect the graph of the data
and determine which regression strategy will best fit the data.
= STEP 3. Use STAT CALC and the appropriate regression type to obtain the regression equation.
= STEP4. Ask the question, “Does it Make Sense (DIMS)?”

CALCULATE
ONE
VARIABLE
STATS

CLEAR —— A -
CALCULATOR E—— ' ENTER DATA — — 3

i

DIFFERENT TYPES OF REGRESSION
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The graphing calculator can calculate numerous types of regression equations, but it must be told which
type to calculate. All of the calculator procedures described above can be used with various types of
regression. The following screenshots show some of the many regressions that can be calculated on the
T1-83/84 family of graphing calculators.

EOIT TESTS |EDIT TESTS
1-War Stats sy pRINETR oot
s 2-War Stats G:CubicReg
=t Med-Med 7 HuartEea
diLinkeaax+hi AiLinkegdathxa
2 CyadkEeg Qi LhkEeg
B:CubilcREeg H: ExFReg
FAuartReg PurReg

The general purpose of linear regression is to make predictions based on a line of best fit.

Choosing the Correct Type of Regression to Calculate
There are two general approaches to determining the type of regression to calculate:
e The decision of which type of regression to calculate can be made based on visual examination of
the data cloud, or.
e On Regents examinations, the wording of the problem often specifies a particular type of
regression to be used.

Using the Data Cloud to Select the Correct Regression Calculation Program

y=x y=x? y=2"

L A\ b%
/| |

If the data cloud takes the
general form of a straight
line, use linear regression.

If the data cloud takes the
general form of a parabola,
use quadratic regression.

If the data cloud takes the
general form of an
exponential curve, use
exponential regression.

Note: The general forms of some data clouds are difficult to interpret.

In difficult to

interpret cases, the strength of the correlation coefficient can be used to determine which
type of regression best fits the data. See lesson for standard S.ID.C.8,

Drawing a Line of Best Fit on a Scatterplot

A line of best fit may be drawn on a scatterplot of data by using values from the regression equation.

STEP 1.

Input the regression equation in the y-editor of a graphing calculator

STEP2. Use ordered pairs of coordinates from the table of values to plot the line of best fit.

e In linear regression, the line of best fit will always go through the point (;,5] , where * is the

mean of all values of x, and ¥ is the mean of all values of y.

for a scatterplot with points (2,5), (4,7) and (8,11) must include the point [x =3

For example, the
14

line of best fit

_ 23
y_E’

because these x and y values are the averages of all the x-values and all the y-values.
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e If the regression equation is linear and in y =mx+b form, the y-intercept and slope can be used
to plot the line of best fit.

Making Predictions Based on a Line of Best Fit

Predictions may be made based on a line of best fit.

STEP 1. Input the regression equation in the y-editor of a graphing calculator

STEP2. Use ordered pairs of coordinates from the table of values to identify expected values of the
dependent (y) variable for any desired value of the independent (x) variable.

DEVELOPING ESSENTIAL SKILLS — Class Assignment

Nazmun and Daniel came to America from two different parts of the world. Nazmun measures temperature in
degrees Celsius, while Daniel measures temperature in degrees Fahrenheit. They want to understand the relation-
ship between these two different ways of measuring temperature. They each know the temperature when water
freezes, when water boils, the temperature outside today, and the temperature inside their very warm classroom.
They record these temperatures in the following table.

Comparison Table | Fahrenheit | Celsius
Degrees Degrees
Water Freezes 32 0
Water Boils 212 100
Today’s Outdoor 41 5
Temperature
Temperature in 77 25
Classroom

Use linear regression to find the mathematical relationship between degrees Fahrenheit and degrees Celsius.
Then, use your regression equation to add three new rows to the comparison table.

NORMAL FLOAT AUTO REAL RADIAN HMP [] NORHAL FLOAT AUTO REAL RADIAN HP [] NORMAL FLUAT AUTO REAL RADIAN MP N
e o e D 0 2EDIT TESTS
212 100 | TTT[TTTTTTITTTTT 1:1-Var Stats g=ax+b
;% 35 2:2-Var Stats a=.5555555556
______ —— 3:Med-Med =-17.77777778

EHL inRea(ax+b) ]

S:QuadRe9

6:CubicRes

7:QuartRes

8:LinRega(a+bx)
L2(5)= 94LnRes

y =55 —~17.77

The linear regression equation is _ .
C =.55F-17.77

This regression equation can be transformed to a more familiar formula as follows:
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C =55F -17.77

5 7 ngF_(gj%
C:§F—17§

5 160 C=EF‘(§]32
C="F-—- 9 \8

D C=2(F-32)
e <

To add three new rows to the comparison table, input the regression formula into the y-editor of a graphing calcu-
lator and use the table of values.

NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP 1
PRESS + FOR aThl
Plotl Plot2 Plot3 Y1
B\Y1B.5555X-17.7777 qi
ENY 2= 2 -16.67
- 3 -16.11
ENY 3= y -15.56
ENY 4= 5 -1%
= 6 -14.44
ENYs = 7 -13.89
\NYe= 8 -13.33
E\Y7= 9 -12.78
\Ys= 10 12.22
INY 9= ¥=0

REGENTS EXAM QUESTIONS (through June 2018)
S.ID.B.6: Regression

26) Emma recently purchased a new car. She decided to keep track of how many gallons of gas she used on five of
her business trips. The results are shown in the table below.

L . Number of
Miles Driven Gillbiié Dia
150 7
200 10
400 19
600 29
1000 51

Write the linear regression equation for these data where miles driven is the independent variable. (Round all
values to the nearest hundredth.)

27) About a year ago, Joey watched an online video of a band and noticed that it had been viewed only 843 times.
One month later, Joey noticed that the band’s video had 1708 views. Joey made the table below to keep track of
the cumulative number of views the video was getting online.
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28)

29)

30)

Months Since First Viewing Total Views

0 843

1 1708

2 forgot to record
3 7124

4 14,684

5 29,787

6 62,381

a) Write a regression equation that best models these data. Round all values to the nearest hundredth. Justify
your choice of regression equation.

b) Asshown in the table, Joey forgot to record the number of views after the second month. Use the equation
from part a to estimate the number of full views of the online video that Joey forgot to record.

The table below shows the number of grams of carbohydrates, x, and the number of Calories, y, of six different
foods.

Carbohydrates (x) | Calories (y)
8 120
9.5 138
10 147
6 88
7 108
4 62

Which equation best represents the line of best fit for this set of data?
1) y=15x 3) y=01x-04
2) y=0.07x 4) y=141x+538

An application developer released a new app to be downloaded. The table below gives the number of downloads
for the first four weeks after the launch of the app.

Number of Weeks 1 2 3 4

Number of Downloads 120 180 | 270 | 405

Write an exponential equation that models these data. Use this model to predict how many downloads the
developer would expect in the 26th week if this trend continues. Round your answer to the nearest download.

Would it be reasonable to use this model to predict the number of downloads past one year? Explain your
reasoning.

The data table below shows the median diameter of grains of sand and the slope of the beach for 9 naturally
occuring ocean beaches.

Median Diameter of | 0.17 0.19 0.22 | 0.235 | 0.235 0.3 0.35 | 0.42 | 0.85
Grains of Sand
in Millimeters (x)

Slope of Beach 0.63 0.7 082 | 088 | 1.15 15 44 | 73 |113

in Degrees (y)
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31)

26)

27)

Write the linear regression equation for this set of data, rounding all values to the nearest thousandth. Using this
equation, predict the slope of a beach, to the nearest tenth of a dregree, on a beach with grains of sand having a
median diameter of 0.65 mm.

Omar has a piece of rope. He ties a knot in the rope and measures the new length of the rope. He then repeats
this process several times. Some of the data collected are listed in the table below.

Number of Knots 4 |56 |78
Length of Rope (cm) | 64 | 58 | 49 | 39 | 31

State, to the nearest tenth, the linear regression equation that approximates the length, y, of the rope after tying x
knots. Explain what the y-intercept means in the context of the problem. Explain what the slope means in the
context of the problem.

SOLUTIONS

ANS:

STEP 1: Input the data in the stats editor of a graphing calculator and calculate linear regression.
NORMAL FLOAT AUTD REAL RADIAN MP [] NORMAL FLOAT AUTO REAL RADIAN MP n

L1 L2 L3 Ly Ls 2 .
T I B B R S BE—
200 10 gy=ax+b
:gg %g a=.@513179916
1606 31 b= T 919456@669
______ [
La(6)=
| y=0.05x-092 |
PTS: 2 NAT: S.ID.B.6a TOP: Regression
ANS:

Parta: flx)=383647(2.05)" The data appear to grow at an exponential rate.
Partb: fl2) = 836.47(2.05)* = 3515

Strategy: Input the data into a graphing calculator, inspect the data cloud, and find a regression equation to model
the data table, input the regression equation into the y-editor, predict the missing value.

= STEP 1. Input the data into a graphing calculator or plot the data cloud on a graph, if necessary,
so that you can look at the data cloud to see if it has a recognizable shape.

L1 Lz Lz K

Page 42



28)

= STEP 2. Determine which regression strategy will best fit the data. The graph looks like the graph
of an exponential function, so choose exponential regression.
= STEP 3. Execute the appropriate regression strategy in the graphing calculator.

=gk
a=835.47vAS115
.h=2.E r2a3a51

Round all values to the nearest hundredth: y = &836.47(2.05)7
= STEP 4. Inputthe regression equation into the y-editor feature of the graphing calculator and view
the associated table of values to find the value of y when x equals 2.

Y1

L

:nl.rl.l.'l.-.lwl--i
O S e = ) = D
[ r— T, BT
A o e 1 e e T
mm-Imnr
WL i m g

Round 3515.3 to 3515.
= STEP4. In

Ask the question, “Does it Make Sense (DIMS)?” that the missing total number of views in month 2
would be around 3515 views?

PTS: 4 NAT: S.ID.B.6a TOP: Regression

ANS: 4

Strategy: Input the data into a graphing calculator, inspect the data cloud, and find a regression equation to model
the data table, input the regression equation into the y-editor, predict the missing value.

= STEP 1. Input the data into a graphing calculator or plot the data cloud on a graph, if necessary,
so that you can look at the data cloud to see if it has a recognizable shape.

L1 Lz Lz £

Leidy =
= STEP 2. Determine which regression strategy will best fit the data. The graph looks like the graph
of an linear function, so choose linear regression.

= STEP 3. Execute the appropriate regression strategy in the graphing calculator.
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+h
1
3

&

O o
innin

ax
14
=

Write the regression equation in a format that can be compared to the answer choices: y = 14. 11z + 5.83
= STEP 4. Compare the answer choices to the regression equation and select choice d.

PTS: 2 NAT: S.ID.B.6a TOP: Regression
29) ANS:

a) ¥=80{1.5"
b) 80(1.5)% = 3,030, 140.
C) No, because the prediction at x = 52 is already too large.

Strategy: Use data from the table and exponential regression in a graphing calculator.

STEP 1: Model the function in a graphing calculator using exponential regression.
L1 Le Lz Z
1 T =gkt
c iB0 a=cd
: zrd b=1.5
______ it i

LziEr =
The exponential regression equation is ¥ = &0{1.5)"

STEP 2. Use the equation to predict the number of downloads when x = 2.

oG], 50 EE
IE3IE148, 195

Rounded to the nearest download, the answer is 3,030,140.

STEP 3. Determine if it would be reasonable to use the model to predict downloads past one year.

SEC]. 50
1.72157a6E51 11
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It would not be reasonable to use this model to make predictions past one year. The number of predicted
downloads is more 170 billion downloads, which is more than 20 downloads in one week for every person in the
world.

DIMS? Does It Make Sense? For near term predicitons, yes. For long term predictions, no.

PTS: 4 NAT: S.ID.B.6a TOP: Regression  NOT: NYSED classifies this as A.CED.A.2

30) ANS:
y = 17.159% - 2.476

y= 17159065 x - 2.476
ye BT

y=17.159x ?. 2.476. y = 17.159(.65) ? . 2.476 ? . 8.7

Strategy: Input the table of values into the stats-editor of a graphing calculator, then use the stats-calc-linear
regression with “diagnostics on” to obtain the linear regression equation, then use the linear regression equation to
calculate the value of y when x = 0.65.

PTS: 4 NAT: S.ID.B.6
31) ANS:
STEP 1.

Input values from the table in the stats editor of a graphing calculator, then calculate linear regression.
NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP n

L L L .
T e :
3 58 y=ax+b
g e a=-8.5
: n b=99. 2
...... — r2=, 9940836544

r=-.9970374388

La(g)=

| Regression equation: 3= —35x+ 592 |
STEP 2. Explain what the y-intercept means in this equation.
| When there are no knots, the rope is 99.2 cm. long. |
STEP 3. Explain what the slope means in the context of this problem.
The slope is -8.5 and means there is a negative relationship
between the number of knots and the length of the rope.
Each knot makes the rope 8.5 cm. shorter.

¥=—85x+8992 The y-intercept represents the length of the rope without knots. The slope represents the
decrease in the length of the rope for each knot.

PTS: 4 NAT: S.ID.B.6 TOP: Regression  KEY: linear
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B — Graphs and Statistics, Lesson 6, Correlation Coefficient (r. 2018)

GRAPHS AND STATISTICS
Correlation Coefficient

Common Core Standard Next Generation Standard
S-1D.C.8 Compute (using technology) and in- Al-S.1D.8 Calculate (using technology) and interpret the
terpret the correlation coefficient of a linear fit. correlation coefficient of a linear fit.

LEARNING OBJECTIVES

Students will be able to:

1) Calculate the correlation coefficient of a linear fit.
2) Interpret the meaning of a correlation coefficient.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

VOCABULARY

correlation coefficient A number between -1 and 1 that indicates the strength and direction of the linear
relationship between two sets of numbers. The letter “r” is used to represent correlation coefficients. In all cases,
-1<r<1,
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BIG IDEAS

SIGNS OF CORRELATIONS
The sign of the correlation tells you if two variables increase or decrease together (positive); or if one variable
increase when the other variable decreases (negative). The sign of the correlation also provides a general idea of
what the graph will look like.

y ¥
L]
L d ¢
L ] ™ ® L ]
L] L ] L]
L . ¢ °
Negative Correlation No Correlation Positive Correlation
In general, one set of data Sometimes data sets are not In general, both sets of data
decreases as the other set related and there is no increase together.
increases. general trend.

An example of a positive
An example of a negative | A correlation of zero does not | correlation between two

correlation between two always mean that there is no variables would be the
variables would be the relationship between the relationship between studying
relationship between variables. It could mean that | for an examination and class
absentiism from school and | the relationship is not linear. grades. As one variable
class grades. As one For example, the correlation increases, the other would
variable increases, the other | between points on a circle or | also be expected to increase.
would be expected to a regular polygon would be
decrease. zero or very close to zero, but

the points are very
predictably related.

STRENGTH OF CORRELATIONS

-1 Perfect +1
N -9 9 P
E -.8 Strong .8 0]
G -7 7 S
A -6 6 I
T -5 Moderate 5 T
I -4 4 I
\Y -3 3 \Y
E -2 Weak 2 E
-1 .1

| 0 None I

e The closer the absolute value of the correlation is to 1, the stronger the correlation between the variables.

e The closer the absolute value of the correlation is to zero, the weaker the correlation between the variables.

¢ In a perfect correlation, when » ==1, all data points balance the equations and also lie on the graph of the
equation.
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How to Calculate a Correlation Coefficient Using a Graphing Calculator:
STEP 1. Press |STAT||EDIT| [1:Edit|.
STEP 2. Enter bivariate data in the L1 and L2 columns. All the x-values go into L1 column and all the Y values

go into L2 column. Press |[ENTER| after every data entry.
STEP 3. Turn the diagnostics on by pressing [2ND[CATALOG| and scrolling down to | DiagnosticsOn|

Then, press [ENTER| [ENTER]| . The screen should respond with the message . NOTE: If
Diagnostics are turned off, the correlation coefficient will not appear beneath the regression equation.

Step 4. Press |[STAT|[CALC]| [4:4-LinReg (ax+b)| [ENTER| [ENTER|
Step 5. The r value that appears at the bottom of the screen is the correlation coefficient.

L1 Lz L= z|CHTALOG A1 a9no=t1c0n
185 | CEA| _____._ DerendAut.a Doke
181 Y477 det.( )

e = DiagnosticOf ¥

184 YEZ FO1iagnosticOn

180 cH? dime

| 3P0 Oisp

Lzii=495 DisrFrGrarh
: ar Stats a=gx+h
1 2-War Stats a=4. 537538544
: Med-Med b=-345. 6815735
LinRegacax+hi Fé=, 8378031316

' FuadkEeg =, 9422330559
:Cubickeg
JEuartFea

DEVELOPING ESSENTIAL SKILLS

Interpret the following correlation coefficients:

Correlation | Interpretation (must include

Coefficient strength and direction)
r=.5 Moderate Positive

=-.6 Moderate Negative

r=-1 Strong Negative (Perfect)
r=.7 Strong Positive
r=-9 Strong Negative
r=.0 No Correlation
r=.2 Weak Positive

REGENTS EXAM QUESTIONS (through June 2018)

S.ID.C.8: Correlation Coefficients

32) The scatterplot below compares the number of bags of popcorn and the number of sodas sold at each performance
of the circus over one week.
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Which conclusion can be drawn from the scatterplot?
1) There is a negative correlation between 3) There is no correlation between popcorn

popcorn sales and soda sales. sales and soda sales.
2) There is a positive correlation between 4) Buying popcorn causes people to buy
popcorn sales and soda sales. soda.

33) What is the correlation coefficient of the linear fit of the data shown below, to the nearest hundredth?

y

A

1) 1.00 3) -0.93
2) 0.93 4) —1.00

34) Analysis of data from a statistical study shows a linear relationship in the data with a correlation coefficient of -
0.524. Which statement best summarizes this result?

1) There is a strong positive correlation 3) There is a moderate positive correlation
between the variables. between the variables.

2) There is a strong negative correlation 4) There is a moderate negative correlation
between the variables. between the variables.

Page 49



35)

36)

37)

38)

39)

Bella recorded data and used her graphing calculator to find the equation for the line of best fit. She then used the
correlation coefficient to determine the strength of the linear fit. Which correlation coefficient represents the
strongest linear relationship?

1) 0.9 3) -0.3

2) 05 4) -0.8

The results of a linear regression are shown below.
¥=ax+h
a=-115785

b= 1383171772
r=—0836557832

= 08038159461
Which phrase best describes the relationship between x and y?
1) strong negative correlation 3) weak negative correlation
2) strong positive correlation 4) weak positive correlation

A nutritionist collected information about different brands of beef hot dogs. She made a table showing the
number of Calories and the amount of sodium in each hot dog.

Calories per | Milligrams of Sodium
Beef Hot Dog per Beef Hot Dog

186 495

181 477

176 425

149 322

184 482

190 587

158 370

139 322

a) Write the correlation coefficient for the line of best fit. Round your answer to the nearest hundredth.
b) Explain what the correlation coefficient suggests in the context of this problem.

The table below shows 6 students’ overall averages and their averages in their math class.
Overall Student Average | 92 98 84 80 75 82

Math Class Average 91 95 85 85 75 78
If a linear model is applied to these data, which statement best describes the correlation coefficient?

1) ltiscloseto-1. 3) Itisclose to 0.
2) ltisclosetol 4) ltisclose to 0.5.

At Mountain Lakes High School, the mathematics and physics scores of nine students were compared as shown in
the table below.

Mathematics | 55193 |89 | 60|90 |45 |64 | 76 | 89
Physics 66 189 (94 |52(84 |56 |66 | 73|92
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40)

41)

42)

32)

State the correlation coefficient, to the nearest hundredth, for the line of best fit for these data. Explain what the
correlation coefficient means with regard to the context of this situation.

The table below shows the attendance at a museum in select years from 2007 to 2013.

Attendance at Museum
Year 2007 2008 2009 2011 2013
Attendance (millions) 8.3 8.5 8.5 8.8 9.3

State the linear regression equation represented by the data table when x = 0 is used to represent the year 2007 and
y is used to represent the attendance. Round all values to the nearest hundredth. State the correlation coefficient
to the nearest hundredth and determine whether the data suggest a strong or weak association.

Erica, the manager at Stellarbeans, collected data on the daily high temperature and revenue from coffee sales.
Data from nine days this past fall are shown in the table below.
Day1|Day2 | Day3|Day4 |Day5|Day6 | Day 7 | Day 8 | Day 9

High Temperature,t | 54 50 62 67 70 58 52 46 48

Coffee Sales, f(t) $2900 | $3080 | 52500 | 52380 | 52200 | $2700 | $3000 | $3620 | $3720

State the linear regression function, f:}, that estimates the day's coffee sales with a high
temperature of . Round all values to the nearest integer.

State the correlation coefficient, r, of the data to the nearest hundredth. Does r indicate a strong linear
relationship between the variables? Explain your reasoning.

The percentage of students scoring 85 or better on a mathematics final exam and an English final exam during a
recent school year for seven schools is shown in the table below.

Percentage of Students
Scoring 85 or Better
Mathematics, x | English, y
27 46
12 28
13 45
10 34
30 56
45 67
20 42

Write the linear regression equation for these data, rounding all values to the nearest hundredth. State the
correlation coefficient of the linear regression equation, to the nearest hundredth. Explain the meaning of this
value in the context of these data.

SOLUTIONS

ANS: 2
Strategy: Eliminate wrong answers.
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33)

a) Eliminate choice (1) because a negative correlation is a relationship where the dependent (y) values decrease as
independent (x) values increase. A graph showing negative correlation would go down from left to right. The
graph in this problem does not go down from left to right.

b) Select choice (2) because a positive correlation is a relationship where the dependent () values increase as
independent values (x) increase. A graph showing positive correlation would go up from left to right, like the
graph in this problem.

¢) Eliminate choice (3) because no correlation occurs when there is no relationship between the dependent ()
values and independent (x) values. A graph showing no correlation would not appear to go up or down or have
any pattern.

d) Eliminate choice (4) because there is no evidence that buying a bag of popcorn causes someone to buy a soda.
Causation only occurs when a change in one quantity causes a change in another quantity. For example, doubling
the number of cookies baked causes more cookie dough to be used.

PTS: 2 NAT: S.ID.C.8 TOP: Correlation Coefficient
ANS: 3
Strategy #1: This problem can be answered by looking at the scatterplot.

The slope of the data cloud is negative, so answer choices a and 5 can be eliminated because both are positive.

The data cloud suggests a linear relationship, put the dots are not in a perfect line. A perfect correlation of +1
would show all the dots in a perfect line. Therefore, we can eliminate asnswer choice d.

The correct answer is choice c.

DIMS: Does it make sense? Yes. The data cloud shows a negative correlation that is strong, but not perfect.
Choice c is the best answer.

Strategy #2: Input the data from the chart in a graphing calculator and calculate the correlation coeffient using
linear regression and the diagnostics on feature.

STEP 1. Creat a table of values from the graphing view of the function and input it into the graphing calculator.

R lwlo|o|o =<

(OO |W|IN|FP|X

L1 Lz L] 3f

mm AL
| ] i L EL T Je e ]

Lz =
= STEP 2. Turndiagnostics on using the catalog.
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CHTRLOG Al1a9no=sti1cln
PO1ia3nosticOff Done
Oiz9nosticOn
i
OizsF
DizsrGrarh
DispTable
¥ OMS
= STEP 3. Determine which regression strategy will best fit the data. The graph looks like the
graph of an linear function, so choose linear regression.
= STEP 4. Execute the appropriate regression strategy with diagnositcs on in the graphing calculator.

Round the correlation coefficient to the nearest hundredth: »=-93
=  STEP 4. Select answer choice c.

DIMS: Does it make sense? Yes. The data cloud shows a negative correlation that is strong, but not perfect.
Choice c is the best answer.

PTS: 2 NAT: S.ID.C.8 TOP: Correlation Coefficient and Residuals
34) ANS: 4

A correlation coefficient of -0.524 is both negative and moderate.

A perfect correlation is +1 and no correlation is 0.

Strategy: Eliminate wrong answers

a) There is a strong pesitive correlation between the variables.

b) There is a streng negative correlation between the variables.

<) There is a moderate pesitive correlation between the variables.

d) There is a moderate negative correlation between the variables.

PTS: 2 NAT: S.ID.C.8 TOP: Correlation Coefficient
35) ANS: 1

The correlation coefficient with the absolute value closest to 1 indicates the strongest relationship.
[.9] = |F0.8] = |0.5] = |03

PTS: 2 NAT: S.ID.C.8 TOP: Correlation Coefficient

36) ANS: 1
The correlation coefficient » = —0.896557832 indicates a strong negative correlation.
PTS: 2 NAT: S.ID.C.8 TOP: Correlation Coefficient

37) ANS:

## 0.94. The correlation coefficient suggests that as calories increase, so does sodium.
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38)

39)

Strategy: Use data from the table and a graphing calculator to find both the regression equation and its correlation
coefficient.

STEP 1. Input the data from the table in a graphing calculator and look at the data cloud.

L1 Lz L2 3 i
186 yae |
1081 Y22
176 HZE o o?
148 TEE
184 HEE o
181 A7 o
i@ chd)
a a
L= Beimmccmcciccceccimccccccionen
= STEP2. Turndiagnostics on using the catalog.
CHTARLOG Ql1a9nosti1cln
rOia9nosticOff Dok
Oiz9nosticOn
i
Oiz=F
DizsrGrarh
DispTable
¥ OIS

= STEP 3. Determine which regression strategy will best fit the data. The graph looks like the
graph of an linear function, so choose linear regression.
= STEP 4. Execute the appropriate regression strategy with diagnositcs on in the graphing calculator.

Round the correlation coefficient to the nearest hundredth: »=.24

DIMS: Does it make sense? Yes. The data cloud and the table show a positive correlation that is strong, but not
perfect. A correlation coefficient of .94 is positive, but not a perfectly straight line.

PTS: 4 NAT: S.ID.C.8 TOP: Correlation Coefficient and Residuals

ANS: 2

A simple inspection of the table shows that high overall student averages are highly correlated in a positive way
with math class averages. The actual correlation coefficient for this table is

F= 9247771

PTS: 2 NAT: S.ID.C

ANS:

e 092,

The correlation coefficient suggests a strong positive correlation between a student’s mathematics and physics
scores.

Solution Strategy: Input the data into the stats editor of a graphing calculator and calculate linear regression with
diagnostics on.
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40)

41)

NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MF n NORMAL FLOAT AUTO REAL RADIAN HMP
L1 L2 L3 Ly Ls 2IDiagnosticOn

55 85 |7 L Done | w=ax+b

89 9y [ | a=. 80988004988

gg gﬁ b=15.18544337

45 56 rz=, 8492440145

g: gg r=.9215443638

89 92

Lz2(18)=

n

PTS: 2 NAT: S.ID.C.8 TOP: Correlation Coefficient

ANS:
¥y=0.16x+ 827 r= 1057 which suggests a strong association.

Strategy: Convert the table to data that can be input into a graphing calculator, then use the linear regression
feature of the graphing calculator to respond to the question.

STEP 1. Convert the table for input into the calculator.
Attendance at Museum

Year (L1) O | 1|2 |4]6€6

Attendance (L2) | 8.3 8585|8893

STEP 2. Make sure that STAT DIAGNOSTICS is set to “On” in the mode feature of the graphing calculator.
Setting STAT DIAGNOSTICS to on causes the correlation coefficient (») to appear with the linear regression
output.

STEP 3. Use the linear regression feature of the graphing calculator.

L1 Lz E; :EOIT B L iriF 3|

0 " 1:1-YVar Stats u=gx+h

1 .5 : 2-War Stats a=. 15775285287

ﬁ EE : Med-Med b=2. 269227555

- : LinRegiax+hl ré=, 94956535811

------ ii-! : Quadked =, 374587 VE3S
tCubicReg

LziEl = JEyartEeg

NOTE: Round the graphing calculator output to the nearest hundredth as required in the problem.

STEP 4. Record your solution.

PTS: 4 NAT: S.ID.C.8 TOP: Regression  KEY: linear
NOT: NYSED classifies as S.ID.B.6a

ANS:

A= -58t+ 6132

r=-.54

The correlation coefficient indicates a strong linear relationship because the absolute value of r is close to 1.
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42)

Strategy: Input the table of values into the stats-editor of a graphing calculator, then use the stats-calc-linear
regression with “diagnostics on” to obtain both the linear regression equation and the correlation coeffient (7).
The following screenshots illustrate the solution using a T1-84 family graphing calculator.

L1 Lz Lz 1CATALOG i
£y ZE00 | e OizgnosticOn
En F0E0 Adime
8 | i@ [ise
71 ZEN DisrFGrarh
I SO

L1 =4{53. 590, 62, 67 . |rDot
L F 2

g=3x+h

s 2-War Stats a=-98. 2633588589
: Med-Med b=5152. 199674
LinFegax+kh re=, 8913822534
: FuadREed F=-.94413684215
:Cubickeg r

JEHuartREeg

PTS: 4 NAT: S.ID.C.8 TOP: Regression  KEY: linear

NOT: NYSED classifies as S.ID.B.6

ANS:

y=09%=x+23950

A correlation coefficient value of .92 indicates a strong positive correlation between scores 85 or better on the
math and English exams for the seven schools.

Strategy: Use the linear regression function of a graphing calculator to determine the equation and the correlation
coefficient for the data in the table.

STEP 1. Input the values from | STEP 2. Turn diagnostics onto | STEP 3. Calculate the

the table into the stats editor of a | calculate the correlation regression equation and

graphing calculator. coefficient with the regression correlation coefficient.

equation.

L1 Lz i z[[PiagnosticOn
z7 4 — Done||| 9=axth
1z zH a=. 357 FE3I9Z2TYD
1z |4 b=23, 9424845
i) Eh Fe=. 8473127129
4E By t=. 9284359053
ci Yz

L=

PTS: 4 NAT: S.ID.B.6 TOP: Regression  KEY: linear with correlation coefficient
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B — Graphs and Statistics, Lesson 7, Residuals (r. 2018)

GRAPHS AND STATISTICS
Residuals

Common Core Standard Next Generation Standard

S-1D.B.6b Informally assess the fit of a function by | STANDARD REMOVED

plotting and analyzing residuals.
NYSED: Includes creating residual plots using the
capabilities of the calculator (not manually).

S-1D.B.6c¢ Fit a linear function for a scatter plot that STANDARD REMOVED

suggests a linear association.
NYSED: Both correlation coefficient and residuals will
be addressed in this standard.

LEARNING OBJECTIVES

Students will be able to:

1) Understand residuals as the difference between actual and predicted y-values based on a line of
best fit.

2) Create residual plots given a table of residual values.

3) Interpret patterns in residual plots as an indication that the regression equation does not fit the

data.
Overview of Lesson
Teacher Centered Introduction Student Centered Activities
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
actual y-value line of best fit
predicted y-value pattern
residual fit the data
residual plot

BIG IDEAS

A residual is the vertical distance between where a regression equation predicts a point will appear on a
graph and the actual location of the point on the graph (scatterplot). If there is no difference between
where a regression equation places a point and the actual position of the point, the residual is zero.
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A residual can also be understood as the difference in predicted and actual y-values (dependent variable
values) for a given value of x (the independent variable).

Residual = (actual y-value)-(predicted y-value)

A residual plot is a scatter plot that shows the residuals as points on a vertical axis (y-axis) above
corresponding (paired) values of the independent variable on the horizontal axis (x-axis).

Any pattern in a residual plot suggests that the regression equation is not appropriate for the data.

Patterns in residual plots are bad.

Residual plots with patterns indicate the regression equation is not a good fit.
Residual plots without patterns indicate the regression equation is a good fit.

A residual plot without a pattern and with a near equal distribution of points above and below the x-axis
suggests that the regression equation is a good fit for the data.

Residuals are automatically stored in graphing calculators when regression equations are calculated. To
view a residuals scatterplot in the graphing calculator, you must use 2nd LIST to set the Y list variable to
RESID, then use Zoom 9 to plot the residuals.

Flakz Flok:
'
HEe H I.f_" dith
HIH |-
li t=L1
li ‘L:EESID
ark: B + -

DEVELOPING ESSENTIAL SKILLS

Calculate the residual values:

X Actual y-value | Predicted y-value Residual
0 4 -14 10

1 6 -2 8

2 8 2 6

3 10 4 4

4 12 10 2

5 14 14 0
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6 16 15 0
7 18 16 2
8 20 15 5
9 22 13 9
10 24 14 10

Plot the residuals and determine if they indicate a good fit or a bad fit.

Residual
o

The residuals form a pattern, so the fit is bad.
REGENTS EXAM QUESTIONS (through June 2018)

S.I1D.B.6b: Residuals

43) Use the data below to write the regression equation (y = ax + &) for the raw test score based on the hours tutored.
Round all values to the nearest hundredth.

Tutor Raw Test Residual
Hours, x Score (Actual — Predicted)
1 30 1.3
2 37 1.9
3 35 —-6.4
4 47 -0.7
5 56 2.0
6 67 6.6
7 62 4.7

Equation:
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Create a residual plot on the axes below, using the residual scores in the table above.

Residual

-104

-0 A

Based on the residual plot, state whether the equation is a good fit for the data. Justify your answer.

44) Which statistic would indicate that a linear function would not be a good fit to model a data set?

1) r=-093

2) r=1

3) Residual

-

4) iesidua

45) After performing analyses on a set of data, Jackie examined the scatter plot of the residual values for each analysis.
Which scatter plot indicates the best linear fit for the data?
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1)

2)

3)

4)

46) The table below represents the residuals for a line of best fit.

y
A
.
M . ® 3 o
< :.'o . -!: v+ * ..::X
. .
Y
y
A -
-..
.
. H
.
T . X
L]
. L)
.
L] L
A
3 4 6 7 8 9 |10

X

2

Residual

2

-2

-3

-2

Plot these residuals on the set of axes below.

Using the plot, assess the fit of the line for these residuals and justify your answer.

47) The residual plots from two different sets of bivariate data are graphed below.

0.6
. LN ] LN )
0.44
0.2 v & ® *
N3 7 & 8 10 12
_0_2_
e ® L ]
_0_4_
[ ] [ ] [ ] [ ]
._0_6_
Graph A
54
4 e ®
3 ® L]
21 '] L] L] °
14 e @ ]
0 —— T —8—
11 «32 4 8 8 19 e 12
_2_ L ] [ ]
_3..
Graph B

Explain, using evidence from graph 4 and graph B, which graph indicates that the model for the data is a good fit.
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SOLUTIONS

43) ANS:

¥=032x+ 2243
y
10
g_
8l
7
] $
i
3
= 2 + T L
3 ]
= 0 —T T L S N S
8 ;]12385678910
o
—2
-3
= ¢
_g: 3
-5
_g—
-104

Based on the residual plot, the equation is a good fit for the data because the residual values are scattered without a
pattern and are fairly evenly distributed above and below the x-axis.

Strategies:
Use linear regression to find a regression equation that fits the first two columns of the table, then create a residuals
plot using the first and third columns of the table to see if there is a pattern in the residuals.

. STEP 1. Input the data from the first two columns of the table into a graphing calculator.
Lz L2 3

—
—

=y LAy M PR EE
[N ] = ¥ LTy ¥ E—l

W mamon o e

—

= STEP 2. Determine which regression strategy will best fit the data. The problem states that the
regression equation should be in the form (¥ = ax + &), which means linear reression. The scatterplot produced by
the graphing calculator also suggests linear regression.

= STEP 3. Execute the lionear regression strategy in the graphing calculator.

LinFi3]
+h
22142857
4283714

#
v

O i
inimin

3
= 14 1
2 28 3

Round all values to the nearest hundredth: y = 6.32x+ 22.43
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44)

45)

46)

= STEP 4. Plot the residual values on the graph provided using data from the first and third columns
of the table. The graph shows a near equal number of points above the line and below the line, and
the graph shows no pattern. The regression equation appears to be a good fit.

NOTE: The graphing calculator will also produce a residuals plot.

DIMS: Ask the question, “Does It Make Sense (DIMS)?” Yes. The regression equation produces the
same residuals as shown in the table.

PTS: 4 NAT: S.ID.B.6b TOP: Correlation Coefficient and Residuals

ANS: 3

Strategy: Use knowledge of correlation coefficients and residual plots to determine which answer choice is not a
good fit to model a data set.

STEP 1. A correlation coefficient close to —1 or 1 indicates a good fit, so answer choices a and b can be
eliminated. Both suggest a good fit.

STEP 2. For aresidual plot, there should be no observable pattern and a similar distribution of residuals above
and below the x-axis. The residual plot in answer choice d shows a good fit, so answer choice d can be
eliminated, leaving answer choice c as the correct answer.

DIMS? Does it make sense? Yes. The clear pattern in answer choice c tells us that the linear function is not a
good fit to model the data set.

PTS: 2 NAT: S.ID.B.6b TOP: Correlation Coefficient and Residuals

ANS: 3
For a residual plot, there should be no observable pattern and about the same number of dots above and below the
x axis. Any pattern in a residual plot means that line is not a good fit for the data.

PTS: 2 NAT: S.ID.B.6b TOP: Correlation Coefficient and Residuals
ANS:

Residual

H

L e o B B The line is a poor fit because the residuals form a pattern.

PTS: 2 NAT: S.ID.B.6b TOP: Correlation Coefficient and Residuals
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47) ANS:
Graph A is a good fit because it does not have a clear pattern, whereas Graph B does have a clear pattern..

PTS: 2 NAT: S.ID.6b TOP: Correlation Coefficient and Residuals
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C - Expressions and Equations, Lesson 1, Dependent and Independent Variables (r. 2018)

EXPRESSIONS AND EQUATIONS
Dependent and Independent Variables

Common Core Standards

A-SSE.A.1 Interpret expressions that represent
a quantity in terms of its context.

A-SSE.A.la Interpret-parts-of an-expression,—

such-asterms—factorsand-coefficients—

Next Generation Standards

AIl-A.SSE.1 Interpret expressions that represent a quan-
tity in terms of its context.

Al-A.SSE.1la Write the standard form of a given polyno-
mial and identify the terms, coefficients, degree, leading

coefficient, and constant term.

A-SSE.A.1b Interpret complicated expressions
by viewing one or more of their parts as a sin-

gle entity. For example, interpret P(L+r)as

AIl-A.SSE.1b Interpret expressions by viewing one or
more of their parts as a single entity.

e.g., Interpret P(l + r)n as the product of P and a fac-
the product of P and a factor not depending on

P tor not depending on P.

Note: This standard is a fluency expectation for Algebra

I. Fluency in transforming expressions and chunking (see-
ing parts of an expression as a single object) is essential

in factoring, completing the square, and other mindful al-
gebraic calculations.

LEARNING OBJECTIVES

Students will be able to:

1) Identify which terms in a mathematical relationship involving two variables are associated with
independent and dependent variables.

Overview of Lesson
Student Centered Activities

Teacher Centered Introduction
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

VOCABULARY

variable
variable expression

dependent variable
independent variable
term
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BIG IDEAS

FUNCTION
INPUT MACHINE

Function: A function is a relation
that assigns exactly one value of the
dependent variable to each value of
the independent variable. A
function is always a relation.
Example: y=2x

RELATION
INPUT MACHINE

OUTPUT

OUTPUT )

Relation: A relation may produce
more than one output for a given
input. A relation may or may not

be a function.
2

yo=x

y=x

This is not a function, because when
x=16, there is more than one y-

value. 16 =+4

Example:

The input variable is the independent variable.

It can be any value in the domain of the mathematical relation.
It is plotted on the x-axis in graphs.
The output variable is the dependent variable.

Its value depends upon what is input.

It is plotted on the y-axis.

A term is a number, a variable, or the product of numbers and variables.

Terms in an expression are always separated by a plus sign or minus sign.
Terms in an expression are always either positive or negative.

Numbers and variables connected by the operations of division and multiplication are parts of the

same term.

Terms, together with their signs, can be moved around within the same expression without

changing the value of the expression.

If you move a term from the left expression to the right

expression, or from the right expression to the left expression (across the equal sign), the plus or
minus sign associated with the term must be changed.
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DEVELOPING ESSENTIAL SKILLS

Identify the dependent and independent variables in the following mathematical relationships.

Mathematical Independent Dependent
Relationship Variable Variable
y=2x+5 X v
F C
C= g (F-32)
gC +32=F ¢ F
5
A=t r A
f(t)=1*+41+57 t J

REGENTS EXAM QUESTION (through June 2018)

A.SSE.A.1: Dependent and Independent Variables

48) The formula for the surface area of a right rectangular prism is 4 = 2iw + 2kw + 2Ik, where /, w, and % represent
the length, width, and height, respectively. Which term of this formula is not dependent on the height?

1) 4 3) 2hw
2) 2lw 4) 2ih
SOLUTION
48) ANS: 2
The problem asks “Which term of this formula is_rnot dependent on the height.”
Term #1 Sign Term #2 Term #3 Term #4
A = +2lw +2hw +21h
This term is the dependent This is the only Height is a Height is a
variable in the equation, term that is not | variable in this variable in this
which is influenced by the dependent on term. term.
height of the rectangular height.
prism.
PTS: 2 NAT: ASSE.A1  TOP: Dependent and Independent Variables
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C — Expressions and Equations, Lesson 2, Modeling Expressions (r. 2018)

EXPRESSIONS AND EQUATIONS
Modeling Expressions

Common Core Standards Next Generation Standards
A-SSE.A.1 Interpret expressions that represent AIl-A.SSE.1 Interpret expressions that represent a quan-
a quantity in terms of its context. tity in terms of its context.
A-SSE.A.1a interpret-parts-of-an-expression— Al-A.SSE.1a Write the standard form of a given polyno-
such-as-termsfactors;-and-coetficients— mial and identify the terms, coefficients, degree, leading
NYSED:The “such-as”listed-are-notthe-onlyparts-ofan— coefficient, and constant term.

el ; ‘
A-SSE.A.1b Interpret complicated expressions AIl-A.SSE.1b Interpret expressions by viewing one or

by viewing one or more of their parts as a sin- more of their parts as a single entity.

gle entity. For example, interpret P(1+r)n as e.g., Interpret P(1 + r)nas the product of P and a factor not
the product of P and a factor not depending on depending on P.

P. Note: This standard is a fluency expectation for Alge-

bra I. Fluency in transforming expressions and
chunking (seeing parts of an expression as a single ob-
ject) is essential in factoring, completing the square,
and other mindful algebraic calculations.

LEARNING OBJECTIVES

Students will be able to:

1) Use academic language to identify the terms, coefficients, degree, leading coefficient, and constant
term of a mathematical statement.

2) Relate parts of equations and expressions to real world contexts.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
coefficient expression standard form
constant leading coefficient term
degree leading term variable
degree of an equation monomial variable expression
equation polynomial
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BIG IDEAS

Important skills in mathematics involve recognizing and using academic vocabulary to:
1) communicate the structure of mathematics and;
2) relate parts of mathematical equations and expressions to real world contexts.

Equation An equation consists of two expressions connected by an equal sign. The equal sign
indicates that both expressions have the same (equal) value. The two expressions in an equation are
typically called the left expression and the right expression.

Expression An expression is a mathematical statement or phrase consisting of one or more terms.
Terms are the building blocks of expressions, similar to the way that letters are the building blocks of
words. An expression will always be either a monomial or a polynomial.

e Monomial expressions have only one term.

e Polynomial expressions have two or more terms.

Term A term is a number, a variable, or the product of numbers and variables.

e Terms in an expression are always separated by a plus sign or minus sign.

e Terms in an expression are always either positive or negative.

e Numbers and variables connected by the operations of division and multiplication are parts of the
same term.

e Terms, together with their signs, can be moved around within the same expression without
changing the value of the expression. If you move a term from the left expression to the right
expression, or from the right expression to the left expression (across the equal sign), the plus or
minus sign associated with the term must be changed.

Leading Term: The leading term in a polynomial expression is the highest degree term.

Variable A variable is a quantity whose value can change or vary. In algebra, a letter is typically used
to represent a variable. The value of the letter can change. The letter x is commonly used to represent a
variable, but other letters can also be used. The letters s, 0, and sometimes | are avoided by some
students because they are easily confused in equations with numbers.
e Independent Variable: Always shown on the x-axis, the independent variable is the input for
an equation.
e Dependent Variable: Always shown on the y-axis, the dependent variable is the output of the
equation.
e Variable Term: A term than contains at least one variable.
e Variable Expression: A mathematical phrase that contains at least one variable.
Example: The equation 2x+3 =5 contains a left expression and a right expression. The two
expressions are connected by an equal sign. The expression on the left is a polynomial variable
expression containing two terms, which are +2x and +3. The expression on the right is
monomial that contains only one term, which is the constant +5.

Coefficient: A coefficient is the numerical factor of a term in a polynomial. It is typically thought of as the
number in front of a variable.
Example: 14 is the coefficient in the term 14x3).
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o Leading Coefficient: The leading coefficient of a polynomial is the coefficient of the
leading term.

Constant: A constant is a number with a constant value (ie. not a variable).

Standard Form of a Polynomial: A polynomial is in standard from when the degrees of its terms are in
descending order.

Examples: 3x®+5x”+7x is in standard form.
5x* +3x° +7x is not in standard..

DEVELOPING ESSENTIAL SKILLS

Answer each question about the following mathematical statements:

Mathematical y=x+3-2x° Ax" —6x* +3x°+2x-2 O=x+4
Statements

Is this mathematical
statement an Equation Expression Equation
expression or an
equation?

How many terms are 4 5 3
in this mathematical
statement?

What is the leading —2y?2 4yt —2y2
term?

What is the degree of
this mathematical Second Fourth First
statement?
What is the
coefficient of the 1 2 1
lowest variable term?
What is the constant? 3 -2 0and 4
Write this
mathematical y=-2x"+x+3 | 4x* +3x°—6x° +2x-2 x=-4
statement in standard
form.

REGENTS EXAM QUESTIONS (through June 2018)

A.SSE.A.1: Modeling Expressions

49) To watch a varsity basketball game, spectators must buy a ticket at the door. The cost of an adult ticket is $3.00
and the cost of a student ticket is $1.50. If the number of adult tickets sold is represented by « and student tickets
sold by s, which expression represents the amount of money collected at the door from the ticket sales?

1) 4.50as 3) (3.00z)(1.50s)
2) 4.50{a+5) 4) 3.00a+ 1.50s
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50) An expression of the fifth degree is written with a leading coefficient of seven and a constant of six. Which
expression is correctly written for these conditions?
D sz +xt+7 3) ex'-x'+5
2) 7% -6xt+s 4) 7+ + 6

51) When multiplying polynomials for a math assignment, Pat found the product to be —4x + 8x°—2x° + 5. Hethen
had to state the leading coefficient of this polynomial. Pat wrote down —4. Do you agree with Pat’s answer?
Explain your reasoning.

52) Andy has $310 in his account. Each week, w, he withdraws $30 for his expenses. Which expression could be
used if he wanted to find out how much money he had left after 8 weeks?
1) 310-8w 3) 310w-30
2) 280+ 300w-1) 4) 80— 300w - 1)

53) Konnor wants to burn 250 Calories while exercising for 45 minutes at the gym. On the treadmill, he can burn 6
Cal/min. On the stationary bike, he can burn 5 Cal/min. If ¢ represents the number of minutes on the treadmill
and b represents the number of minutes on the stationary bike, which expression represents the number of Calories
that Konnor can burn on the stationary bike?

1) & 3) 45-&
2) sk 4) 250- 5k

54) Mrs. Allard asked her students to identify which of the polynomials below are in standard form and explain why.
I 152 = fix+ 3x° - 1

1. 12%° + Bx + 4

. 2% + 8x* + 10x
Which student's response is correct?
1) Tylersaid I and Il because the coefficients 3) Fred said Il and 11l because the exponents

are decreasing. are decreasing.
2) Susan said only Il because all the numbers 4) Alyssa said Il and 111 because they each
are decreasing. have three terms.
SOLUTIONS
49) ANS: 4
Strategy: Translate the words into mathematical expressions.
a x 00 + 5 X 1.50

The cost of an adult ticket iz $3.00 and the cost of a student ticket1s $1.50.

al 3000 + 5[ 1.50%
300z + 1.50s

PTS: 2 NAT: ASSE.A1  TOP: Modeling Linear Equations

50) ANS: 4
The degree of a polynomial is determined by the largest exponent of a term within a polynomial. A polynomial
expression of the fifth degree can have not exponent larger than 5, so choices b and ¢ can be eliminated.
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51)

52)

53)

A leading coefficient is the coefficient of the first term of a polynomial written in descending order of exponents.
Since the leading coefficient is seven, choices a and ¢ can be eliminated, leaving choice d as the only possible
answer.

Does it make sense? Yes. 7x° +2x° +f hasa leading coefficient of seven, is a fifth degree polynomial because
5 is the highest exponent, and a constant term of six.

PTS: 2 NAT: ASSE.A1  TOP: Modeling Expressions
ANS:

| disagree. The leading coefficient of a polynomial is the coefficient of the term with the highest exponent when
all of the terms are arranged in descending order by exponents.
2t 4 Bxt —dx+ S
Pat should have written that the leading coefficient is —Z.

PTS: 2 NAT: ASSE.A.1
ANS: 4
Strategy:
Step 1. Create a table of values by starting at week 0 with $310 dollars.
Week | $$$
X y
0 310
1 280
2 250
3 220
4 190
5 160
6 130
7 100
8 70

Step 2. Use a graphing calcualtor to determine which expression reproduces the table of values.

NORMAL FLOAT AUTO REAL RADIAN MP 1
PRESS + FOR aThl
Plotl Plot2 Plots Y1 Yz _ Y3 Ya
B\Y1E8310-8X 305 |38 |2s0 |30
ENY 2B280+30(X-1) g gg: gﬁg ggg ggg
B\Y3B310X-30 y 278 370 1218 | 199
EINY4B280-30(X-1) c 270 4o 1520 | 160
E\Ys5= 6 262 430 1830 | 130
7 254 Y60 2146 | 100
N ST R
[ | 7=
E\Yg= 10 230 55 ze?e_ | 10
ENY 9= x=@
PTS: 2 NAT: ASSE.A1  TOP: Modeling Expressions
ANS: 2

On the stationary bike, Konnor can burn 5 Cal/min.
b represents the number of minutes Konnor spends on the stationary bike.
5 times b represents the number of Calories that Konnor can burn on the stationary bike.

PTS: 2 NAT: ASSE.A1  TOP: Modeling Expressions
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54) ANS: 3

Strategy: Find the polynomials that have the exponents decreasing from left to right. This is the definition of
standard form.

. 15x* —6x+3x* - 1 is not in standard form because the exponent of the middle term is less than the exponent
of the third term.

1. 12x* + 8x+ 4 is in standard form because the exponents decrease from left to right.
1. 2x° + 8x° + 10x is in standard form because the exponents decrease from left to right.

Fred is correct. Il and Il are in standard form.

PTS: 2 NAT: ASSE.A1  TOP: Modeling Expressions
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C - Expressions and Equations,

Lesson 3, Solving Linear Equations (r. 2018)

EXPRESSIONS AND EQUATIONS
Solving Linear Equations

Common Core Standard

coefficients represented by letters.

Next Generation Standard

A-REI.B.3 Solve linear equations and inequal- Al-A.REI.3 Solve linear equations and inequalities in
ities in one variable, including equations with one variable, including equations with coefficients repre-

sented by letters.
Note: Algebra I tasks do not involve solving com-
pound inequalities.

LEARNING OBJECTIVES

Students will be able to:

1) Solve one step and multiple step equations.
2) Explain each step involved in solving one step and multiple step equations.
3) Do acheck to see if the solution is correct.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary

- learning objective(s)

Student Centered Activities

guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
balance four column strategy proper notation
check four general rules substitute
common sense isolate
DIMS plug
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BIG IDEAS
The Four General Rules
(for solving equations and inequalities)

Isolate the
Variable

Ue Proper
Notation
Do a Check

Keep It
Balanced

Reduce the
# of Terms

Isolate the Variable: The goal of solving any equation is to isolate the desired variable in either

the left or right expression.

Keep It Balanced: During each step of the equation solving process, the left and right

expressions must equal one another.

Reduce the Number of Terms: Any step that reduces the number of terms in an equation is

usually a good step.

Use Proper Notation and Do a Check: You check your answers in algebra on two levels: first,

you see if the answer actually makes sense, and then you plug your answer back into the problem

to see if it works.

Proper Notation involves making short notes that describe the action taken during each
step of solving an equation. Academic language is sometimes required.

Does It Make Sense (DIMS)
The first step in checking a solution is to use “common sense.” For example, if your solu-
tion is x = 5, and you are solving for a football player’s weight in pounds, you have proba-
bly made a mistake because it does not make sense that a football player weighs only five
pounds. On the other hand, if you are solving for the number of pennies in a nickel, it
makes perfect sense.
Plug (substitute) the answer back into the problem to see if it works.

The second step in checking a solution is to substitute your solution into the original equa-
tion and solve the equation once again with your solution in it.
equal to the right expression, the equation balances and your solution is correct.

If the left expression is
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inequality signs) aligned in a vertical column. The vertical and horizontal lines are simply
scaffolds that can be removed as students acquire understanding and skills in solving equations.

The Four Column Strategy
The four column strategy focuses on organizing and documenting each step in solving an
equation or inequality. Emphasis is given to explaining each step and keeping the equal signs (or

((keep the equation/inequality signs aligned vertically)

Notes Left Hand Expression Sign Right Hand Expression
Given ix-6 = 2
Add (6) .6 + 6
2%+ 0 = 8
Divide (2) ax 8
2 = 5
Answer X = 4
Check 2(4) -6 = 2
8-6 = 2
2 = 2

DEVELOPING ESSENTIAL SKILLS

Use the four general rules and the four column strategy to solve the following problems:

If 3(x—2) = 2x + 6, the value of x is 12

Notes Left Hand Expression Sign Right Hand Expression
Given 3(x_2) = 2x+6
Distributive 3x—6 = 2x+6
Property
Subtract 2x -2x -2x
Simplify x-6 = 6
Add 6 +6 +6
Solution X = 12
Check 3(x—2)=2x+6
3(12-2)=2(12)+6
3(10)=24+6
30=30
What is the value of x in the equation §x+ = %x— 6? 16
Notes Left Hand Expression Sign Right Hand Expression
Gi =
ven —x+2 Ex—6
4
Multiply by 4 3x+8 = Sx—24
Subtract 3x 8 = 2x—24
Add 24 32 = 2X
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55)

56)

57)

58)

59)

60)

55)

Divide by 2 16 | = |

Check §x+2:%x—6

%(16)+2:%(16)—6

4—8+2:@—6
4 4

12+2=20-6
14=14

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.B.3: Solving Linear Equations

Which value of x satisfies the equation ki [x+ i] = 20?

3 28
1) 8.25 3) 19.25
2) 8.89 4) 44,92
. . .oox=2 1 A
What is the value of x in the equation T TE " E?
1) 4 3) 8
2) 6 4) 11

An equation is given below.
dix-T=073x+21+211
The solution to the equation is

1) 8.3 3) 3
2) 8.7 4) -3
. . . 5[5

Which value of x satisfies the equation 5 [E - x] = 1§?

1) -19.575 3) -16.3125

2) —1882% 4) 156875
. 211 114 .

The value of x whichmakes = | —-x—-2|=—-|=zx—1] trueis

3|4 513
1) -1 3) -9.09
2) -2 4) -11.3

Solve the equation below algebraically for the exact value of x.

ﬁ—%(x+5]=4x

SOLUTIONS

ANS: 1
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Strategy: Use the four column method.

expressions by 12
(Multiplication
property of equality)

Notes Left Expression Sign Right Expression
Given 7 a = 20
] T
Divide both 7 [ q ] = 20
S| x+ 5z 0
expressions by % 3 28 %
(Division property of 7 3
equality) 3
Cancel and Simplify a = éil
I+ = —
28
a X = 60 9
Subtract =% from ET
both expressions
(Subtraction property
of equality)
Simplify X = 231
28
Simplify X = 8.25
or
Notes Left Expression Sign Right Expression
Given g = 20
] AT
Distributive Property | 7 7 1 = 20
ERREN T
Cancellation 7 1(9 = 20
R
Simplification 7 3 = 20
R
Subtract > f
ubtract 7 from Ix ED—E
both expressions 3 = 4
(Subtraction Property
of Equality)
Simplification 7 = 77
L 2
3 4
Multiply both

(Division property of
equality)

Cancel 4 Tx = 3[pT

11 11

Siomplify 28x = 231
Divide both 28x = 231
expressions by 28 25 23
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| Simplify | x | = | 8.25 |

PTS: 2 NAT: ARREIL.LB.3  TOP: Solving Linear Equations
KEY: fractional expressions
56) ANS: 1
Strategy: Use the four column method.
Notes Left Expression Sign Right Expression
Given: -2 = 4
3 [
Multiply both
expressions by 6 i [x_ 7 ] = i [4]
(Multiplication I 1%

property of equality)
Cancel and Simplify 7 [x_ 7
1

[y
S

11
— | —
]
—_| =
o

Simplify dx—4 = 4
Add +4 to both
expressions x = 8
(Addition property of
equality)
Divide both X = 4
expressions by 2
(Division property of
equality)
PTS: 2 NAT: ARREL.B.3  TOP: Solving Linear Equations
KEY: fractional expressions
57) ANS: 1
Ax-T=03x+2)+2.11
dx—-25=73x+271
dr-3x=271+28
37 =3071
xr=873
PTS: 2 NAT: ARREL.B.3  TOP: Solving Linear Equations
KEY: decimals
58) ANS: 2
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3_._%
g8 75
B B
S5 8
-x= 15825
x=-183825
PTS: 2 NAT: ARREL.LB.3  TOP: Solving Linear Equations
KEY: fractional expressions
59) ANS: 4
Solve for x:
2(1 1[4
E k—x—z =§[§x—1]

Multiply by 3 to clear the first fraction.
31201, 5 (3114,
134 BENERE

3
772 =%

ofgrt)-{5e

Use distributive property to clear parentheses.

%x—20=4x—3

Multiply by 4 to clear fraction.
(4) - (420 = (@4x— (4)3

10x- 80 = 16x— 12
Transpose and solve for x.

—fix = 68
—fx _ 68
6 —-h
x=-11.33
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PTS: 2 NAT: AREL.B.3  TOP: Solving Linear Equations
KEY: fractional expressions

60) ANS:
4
Answer: =
Strategy: Solve algebraically (without a calculator).
Notes Left Expression | Sign | Right Expression
Given 6 % (x+5) = 4x
Multiply by 3 18- 2(x+5) = 12x
Distributive Property 15— 2x— 10 = 12x
Add 2x 18- 110 = 14x
Simplify 8 = 14x
Divide by 14 B = X
14
Simplify 4 = X
7
Check.is Optional
Notes Left Sign Right Expression
Expression
Given 6o % (x+5) = 4x
4 2(4 = (4
Evaluate for x = = N a
x=z i 7 [T + 5] 4\LT
Get a Common Denominator 24 5 = i
Inside Parentheses -3 |37+75 43
kN
Do Addition Inside 7 (30 = "4
Parentheses 6- 3|7 4 7
Remove Parentheses Using ¢ Ta = 16
Multiplication of Fractions T T
Get a Common Denominator 126 78 = 48
21 21 21
Simplify 48 = 48
21 21
PTS: 3 NAT: ARREL.B.3  TOP: Solving Linear Equations

KEY: fractional expressions
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C - Expressions and Equations, Lesson 4, Modeling Linear Equations (r. 2018)

EXPRESSIONS AND EQUATIONS

Modeling Linear Equations

Common Core Standards

A-CED.A.1 Create equations and inequalities in one
variable and-use-them-to-selvepreblems. Include

equations arising from linear and quadratic func-

tions, and simple-rationat-and exponential functions.

PARCC: Tasks are limited to linear, quadratic, or exponential
equations with integer exponents.

A-CED.A.2 Create equations in two or more varia-
bles to represent relationships between quantities;

graph-eguations-on-coordinate-axes-with-tabelsand-
scales.

A-CED.A .3 Represent constraints by equations or
inequalities, and by systems of equations and/or ine-
qualities, and interpret solutions as viable or non-vi-
able options in a modeling context. For example,
represent inequalities describing nutritional and
cost constraints on combinations of different foods.

Next Generation Standards

Al-A.CED.1 Create equations and inequalities in one
variable to represent a real-world context.

(Shared standard with Algebra I1)

Notes:

* This is strictly the development of the model (equa-
tion/inequality).

« Limit equations to linear, quadratic, and exponen-
tials of the form f(x) = a(b)xwherea>0and b >0 (b #
1).

» Work with geometric sequences may involve an ex-
ponential equation/formula of the form an= arn-,
where a is the first term and r is the common ratio.

* Inequalities are limited to linear inequalities.

« Algebra | tasks do not involve compound inequalities.

Al-A.CED.2 Create equations and linear inequalities in
two variables to represent a real-world context.

Notes:

« This is strictly the development of the model (equa-
tion/inequality).

* Limit equations to linear, quadratic, and exponen-

tials of the form f(x) = a(b)x where a > 0 and
b>0(b#1).

Al-A.CED.3 Represent constraints by equations or ine-
qualities, and by systems of equations and/or inequalities,
and interpret solutions as viable or non-viable options in a
modeling context.

e.g., Represent inequalities describing nutritional
and cost constraints on combinations of different foods.

LEARNING OBJECTIVES

Students will be able to:

1) Model real-world word problems as mathematical expressions and equations.
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Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

VOCABULARY

See key words and their mathematical translations under big ideas.

BIG IDEAS
Translating words into mathematical expressions and equations is an important skill.

General Approach
The general approach is as follows:
1. Read and understand the entire problem.
2. Underline key words, focusing on variables, operations, and equalities or inequalities.
3. Convert the key words to mathematical notation (consider meaningful variable names
other than x and y).

4. Write the final expression or equation.
5. Check the final expression or equation for reasonableness.
Key English Words and Their Mathematical Translations
These English Words Usually Mean Examples: English becomes math
sum, plus, and addition the sum of 5 and x becomes 5 + x
minus, less, take away, difference of subtraction 5 minus x becomes 5 — x
the difference of x and 5 becomes x - 5
less than subtraction 3 less than x becomes x - 3
product, times, multiplied by multiplication the product of five times two becomes 5 x 2
x multiplied by 4 becomes 4x
fraction of, percent of multiplication
one half of x becomes Ex
33 percent of v becomes .33y
quotient, divided by, Division X
ratio of the quotient of x and y becomes —
y
the ratio of two times y and 4 becomes ld
is, are equals the sum of 5 and x is 20 becomes 5 + x = 20
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Examples of Modeling Specific Types of Equations

Agde Problems

Typical Problem in English

Mathematical Translation

Hints and Strategies

Tamara has two sisters. One of
the sisters is 7 years older than
Tamara. The other sister is 3 _
years younger than Tamara. The
product of Tamara’s sisters' ages
is 24. How old is Tamara?

Let x represent Tamara’s age.
Let x+7 represent the older
sister’s age.
Let x-3 represent the younger
sister’s age.
Write:
(x+7)(x—7) =24
Solve for x.

X=5

Define your variables.
Check your answers.

Remember than “is” means =.

Area, Volume and Perimeter Problems

Typical Problem in English

Mathematical Translation

Hints and Strategies

If the length of a rectangular
prism is doubled, its width is
tripled, and its height remains the
same, what is the volume of the
new rectangular prism in relation
to the volume of the original
rectangular prism?

Use the formula V' = Iwh.

Let the volume of the original
rectangular prism be
represented by /wh.

Let the volume of the new
rectangular prism be
represented by 2/x3wxh,
which simplifies to 6 times
Iwh.

The new rectangular prism has
six times the volume of the
original rectangular prism.

Use a geometric formula as a

guide.

Coin Problems

Typical Problem in English

Mathematical Translation

Hints and Strategies

Byron has 72 coins in his piggy
bank. The piggy bank contains
only dimes and quarters. If he
has $14.70 in his piggy bank,
write an equation that can be used
to determine g, the number of
quarters he has?

The total value of all coins is
1470 cents.
Let the number of quarters be
represented by ¢ and the value of
quarters be represented by 25g¢.
Let the number of dimes be
represented by 72 — ¢ and the
value of dimes be represented by
10(75-q)
Write:
25 +10(72—-¢q) =1470
Solve for g.

q =30

Work with cents as units.

Remember that each coin has a

specific value in cents

Consecutive Integer Problems

| Typical Problem in English |

Mathematical Translation

Hints and Strategies
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The sum of three consecutive odd
integers is 18 less than five times
the middle number. Find the
three integers. [Only an
algebraic solution can receive full
credit.]

Let x represent the first integer.
Let x + 2 represent the middle
integer.

Let x + 4 represent the 3"
integer.

Write:
(x+x+2+x+4)=5(x+2)-18

Solve for x, x +2, and x + 4.
7,9 11

For consecutive integer
problems, define your
variables as x, x + 1, and x + 2

For consecutive even or odd
integer problems, define your
variables as x, x +2, and x + 4.

Missing Number in the Average Problems

Typical Problem in English

Mathematical Translation

Hints and Strategies

TOP Electronics is a small
business with five employees.
The mean (average) weekly
salary for the five employees is
$360. If the weekly salaries of
four of the employees are $340,
$340, $345, and $425, what is
the salary of the fifth employee?

Let x, represent the missing salary
Write:

360 — 340+ 340+345+ 425+ x

5
Solve for x;.

x; =$350

Substitute given values into
the following formula for
finding the average.

X, +X,+.+X
1 2 n ,then

X =
n

solve for the missing value.

Number Problems

Typical Problem in English

Mathematical Translation

Hints and Strategies

Twice the larger of two
numbers is ten more than five
times the smaller, and the sum

Let x represent the larger #.
Let y represent the smaller #.
Write two equations:

of four times the larger and 2x=10+5y
three times the smaller is 39. And
What are the numbers? 4x+3y =46
Solve as a system of equations.
x=10andy =2

Define your variables.
Check your answers.
Remember that “is” means =.

DEVELOPING ESSENTIAL SKILLS

Write equations or expressions that model each of the following word problems.

1. The length of a rectangular window is 5 feet
more than its width, w. The area of the
window is 36 square feet. Write an equation
that could be used to find the dimensions of the

window?

w(w+5)=36
or
w? +5w—36=0

2. Rhonda has $1.35 in nickels and dimes in her

If she has six more dimes than nickels,
write an equation that can be used to determine
x, the number of nickels she has?

pocket.

0.05x+0.10(x + 6) =1.35

5x+10(x+6) =135

or

3. If h represents a number, write an equation that
is a correct translation of "Sixty more than 9

times a number is 375"?

94 +60=375
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61)

62)

63)

64)

4. The ages of three brothers are consecutive even 3x =48+ ( X+ 4)
integers. Three times the age of the youngest
brother exceeds the oldest brother's age by 48 or
years. Write an equation that could be used to 3x —(x+ 4) =48
find the age of the youngest brother?

5. The width of a rectangle is 3 less than twice the
length, x. If the area of the rectangle is 43 x(zx _ 3) =43
square feet, write an equation that can be used
to find the length, in feet?

6. If nisan odd integer, write an equation that can
be used to find three consecutive odd integers n+ (,l + 2) + (n + 4) =_-3
whose sum is —3?

7. The width of a rectangle is 4 less than half the

length. If £ represents the length, write an 1
equation that could be used to find the width, w=_1-4
w?

8. Three times the sum of a number and four is
equal to five times the number, decreased by 3(x — 4) —5x—2
two. If x represents the number, write an
equation that is a correct translation of the
statement?

9. The product of a number and 3, increased by 5,
is 7 less than twice the number. Write an 3n+5=2n-7
equation that can be used to find this number,
n?

REGENTS EXAM QUESTIONS

A.CED.A.1: Modeling Linear Equations

Donna wants to make trail mix made up of almonds, walnuts and raisins. She wants to mix one part almonds,
two parts walnuts, and three parts raisins. Almonds cost $12 per pound, walnuts cost $9 per pound, and
raisins cost $5 per pound. Donna has $15 to spend on the trail mix. Determine how many pounds of trail
mix she can make. [Only an algebraic solution can receive full credit.]

Kendal bought x boxes of cookies to bring to a party. Each box contains 12 cookies. She decides to keep
two boxes for herself. She brings 60 cookies to the party. Which equation can be used to find the number of
boxes, x, Kendal bought?

1) 2x-12=40 3) 12x-24 =40

2) 12x-2=40 4) 24-12x=60

John has four more nickels than dimes in his pocket, for a total of $1.25. Which equation could be used to
determine the number of dimes, x, in his pocket?

1) 010x+4)+0.05(x) = $1.25 3) 0.10(4x)+0.05(x) = $1.25

2) 0.05(x+4)+0.100x) = $1.25 4) 0.05(4x)+ 0.10(x) = $1.25

A gardener is planting two types of trees:
Type 4 is three feet tall and grows at a rate of 15 inches per year.
Type B is four feet tall and grows at a rate of 10 inches per year.
Algebraically determine exactly how many years it will take for these trees to be the same height.
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65) A parking garage charges a base rate of $3.50 for up to two hours, and an hourly rate for each additional hour.
The sign below gives the prices for up to 5 hours of parking.

Parking Rates
2 hours $3.50
3 hours $9.00
4 hours | $14.50
S hours | $20.00

Which linear equation can be used to find x, the additional hourly parking rate?
1) 9.00+ 3x=20.00 3) Zx+3.50=14.50
2) 9.00+ 3.50x= 20.00 4) Zx+9.00=14.50

66) Sandy programmed a website's checkout process with an equation to calculate the amount customers will be
charged when they download songs. The website offers a discount. I one song is bought at the full price of
$1.29, then each additional song is $.99. State an equation that represents the cost, C, when s songs are
downloaded. Sandy figured she would be charged $52.77 for 52 songs. Is this the correct amount? Justify
your answer.

67) A cell phone company charges $60.00 a month for up to 1 gigabyte of data. The cost of additional data is
$0.05 per megabyte. If d represents the number of additional megabytes used and ¢ represents the total
charges at the end of the month, which linear equation can be used to determine a user's monthly bill?

1) ¢=60-0.05 3) c=60d-0.105
2) c=60.05d 4) ¢ =a0+0.05

68) A typical cell phone plan has a fixed base fee that includes a certain amount of data and an overage charge for
data use beyond the plan. A cell phone plan charges a base fee of $62 and an overage charge of $30 per
gigabyte of data that exceed 2 gigabytes. If C represents the cost and g represents the total number of
gigabytes of data, which equation could represent this plan when more than 2 gigabytes are used?

1) ©=30+62(2-g) 3) C'=62+30(2-g)
2) ©'=30+62(g-2) 4) C=62+30(g-2)
SOLUTIONS
61) ANS:

Donna can make 2 pounds of trail mix.
Strategy 1: Determine the costs of six pounds of mix, then scale the amount down to $15 of mix.

STEP 1. The mix will have six parts. If each part is 1 pound, the costs of the mix can be determined as
follows:

$12 for one part almonds @ $12 per pound,

$18 for two parts walnuts @ $9 per pound, and

$15 for three parts raisins @ $5 per pound.

$45 for six pounds of mix.

STEP 2: Scale the amount down to $15 of mix
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Pounds | 6 x
45z = 6 15)
45x =590

x=12

Donna can make 2 pounds of trail mix.
DIMS? Does It Make Sense? Yes. If 2 pounds of the mix cost $15, 3 times as much should cost $45.
Strategy 2. Write an expression that scales the costs of the mix to $15.

Let x represent the scale factor.
(1lb. almonds @ $12 perlb.) x scale factor +

Write | (Zlhs. walnuts (@ $9 perlb.) x scale factor + |=$15
(3lbs. ratsing (@ $5 perlb.) x scale factor
lax+{2xNx+(3xSx=15
2x+ 18x+ 15x =15

45x = 1%
15
T 45
1
G

The scale factor is 3 If an entire batch of trail mix contains 6 pounds of ingredients, Donna needs to scale

. 1 1
the recipe down and make only 3 of that amount. In other words, Donna needs to make R i = 2 pounds of

trail mix if she only has $15 to spend.

PTS: 2 NAT: A.CED.A.1 TOP: Modeling Linear Equations

62) ANS: 3
STEP 1. Underline key words.
Kendal bought x boxes of cookies to bring to a party. Each box contains 12 cookies. She decides to keep
two boxes for herself. She brings 60 cookies to the party. Which equation can be used to find the number of
boxes, x, Kendal bought?

STEP 2. Define key terms.

Let 12 x represent the total number of cookies Kendal Bought.

Let 24 represent the total number of cookies Kendal kept for herself.
Let 60 represent the total number of cookies Kendal took to school.

STEP 3. Write
12x - 24 = a0

PTS: 2 NAT: ACED.A.1
63) ANS: 2
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64)

Strategy: This is a coin problem, and the value of each coin is important.

Let x represent the number of dimes, as required by the problem.
Let .10x represent the value of the dimes. (A dime is worth $0.10)

The problem says that John has 4 more nickels than dimes.
Let (x+4) represent the number of nickels that John has.
Let .05(x +4) represent the value of the nickles. (A nickel is worth $0.05)

The total amount of money that John has is $1.25.
The total amount of money that John has can also be represented by . 10x +.05(x+ 4]
These two expressions are both equal, so write:
A0x+.05(x+4) = $1.25
This is not an answer choice, but using the commutative property, we can rearrange the order of the terms in
the left expression .05(x+4) +.10x = $1.25, which is the same as answer choice b.

DIMS? Does It Make Sense? Yes. Transform the equation for input into a graphing calculator as follows:
05(x+4)+.10x = $1.25

0=$1.25-05(x+41—.10x

Flotl Flotz Flats " 4
YR 25— 850 R o
we= | . 1.
xS g e
wMy= 11 - B
o= iz i
W e = 1z -
o= =7

John has 7 dimes and 11 nickles. The dimes are worth 70 cents and the nickels are word 55 cents. In total,
John has $1.25.

PTS: 2 NAT: A.CED.A.1 TOP: Modeling Linear Equations
ANS:
2.4 years

Strategy: Convert all measurements to inches per year, then write two equations, then write and solve a new
equation by equating the right expressions of the two equations.

STEP 1. Convert all measurements to inches per year.
Type 4 is 36 inches tall and grows at a rate of 15 inches per year.
Type B is 48 inches tall and grows at a rate of 10 inches per year.

STEP 2: Write 2 equations
G4 = 36+ 15¢

G{B) = 48 + 10¢

STEP 3: Write and solve a break-even equation from the right expressions.

Page 89



Jo+ 15t =48+ 10¢
15— 104 = 48— 36

S5t=12

12
==
¢ =24 years

DIMS? Does It Make Sense? Yes. After 2.4 years, the type A trees and the type B trees will both be 72

inches tall.
GF(A)=36+15{24)=36+36="72
HE) =48+ 10{24) =48+ 24 =T

PTS: 2 NAT: A.REI.C.6  TOP: Modeling Linear Equations

NOT: NYSED classifies this problem as A.CED.1: Create Inequations and Inequalities

14 A parking garage charges a base rate of $3.50 for up to 2 hours, and
an hourly rate for each additional hour. The sign below gives the prices

for up to 5 hours of parking. f

Parking Rates T o O
2hours $350 | T f“‘;r
3hours $9.00 | < f . €O
4hours $1450 | L H' - N
5hours $20.00 | 7 -
Which linear eqnutin“ can be used to find x, the additional lmnrlyI :
parking rate?  y - -3 ) — Y - P
(1) 9.00 + 3x = 20.00 ¢ (3) 2x + 3.50 = 14.50
(2) 9.00 + 3.50x = 20.00  (4) 2 + 9.00 = 14.50 £ g
3 \,( = -
PTS: 2 NAT: A.CED.A.1
66) ANS:
O =1.29+.99F= - 1)
Sandy is not correct. She used the wrong equation.
# Songs Correct Costs Sandy’s Costs
(s) Cis)=129499s-1) | Cls)=129+9%
1 1.29 2.28
2 2.28 3.27
3 3.27 4.26
52 51.76 52.77
PTS. 2 NAT: A.CED.A.2 TOP: Modeling Linear Equations
67) ANS: 4

Strategy: Translate the words into algebraic terms and expressions. Then eliminate wrong answers.
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68)

The problem tells us to:

Let ¢ represent the total charges at the end of the month.

Let 60 represent the cost of 1 gigabyte of data.

Let d represent the cost of each megabyte of data after the first gigabyte.

The total charges equal 60 plus .05d.
Write ¢ = 60+.054. This is answer choice d.

DIMS? Does It Make Sense? Yes. ¢ = a0+.05¢ could be used to represent the user’s monthly bill. First,
transpose the formula for input into the graphing calculator:

£ = i+ 05
0=ad0+.05x
¥ =60+.05x
Flotl Flake Flakz = i
=N BaE+ . BSR I G0
W= i (L]
W= z Bi1.1
- 3 a1k
mhy= y B0.Z
o= L a0.zt
W= B i
N i =0
The table of values shows that the monthly charges increase 5 cents for every additional megabyte of data.
PTS: 2 NAT: A.CED.A.1 TOP: Modeling Linear Equations
ANS: 4

Strategy: Translate the words into algebraic terms and expressions. Then eliminate wrong answers.

The problem tells us to:
Let C represent the total cost.
Let g represent the number of gigabytes used.

The first sentence, “A typical cell phone plan has a fixed base fee that includes a certain amount of data and
an overage charge for data use beyond the plan.” tells us that total cost equals a base fee plus an overage
charge. From this, we know that the basic equation will look something like
= flxed base fee + overage charge
The second sentence tells us that “A cell phone plan charges a base fee of $62 ....” so we can substitute this
specific information into our general equation and we have
' = $62 + overage charge
We can eliminate answer choices @ and . The correct answer is either ¢ or d.

The second sentence also tells us that the overage charge is “...$30 per gigabyte of data that exceed 2
gigabytes.” We can use this information to choose between answer choices ¢ and d.
Answer choice ¢ is &= 62+ 30{2—g). This doesn’t make sense, because the value of the term

ED[E - g] becomes negative if the number of gigabytes used is greater than 2, and the total cost becomes

negative if the number of gigabytes used is 5 or more. Answer choice ¢ can be eliminated. Answer choice d
is the only choice left, and is the correct answer.

DIMS? Does It Make Sense? Yes. =62+ 30ig— 2} could represent the plan when more than 2 gigabytes
are used, as shown in the following table of values for this function..
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PTS: 2

Flokl Flatz Floks
~WABEEZ+IEE-20
~Ne=
W=
~Wy=
~Ne=
~NE=
~ =l

4

' 1 - g LA N L B
r :{

oz

1z
ite
iB:z
cle
ez
ErE

=4

NAT: A.CED.A.1 TOP: Modeling Linear Functions
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C - Expressions and Equations, Lesson 5, Transforming Formulas (r. 2018)

EXPRESSIONS AND EQUATIONS
Transforming Formulas

Common Core Standard Next Generation Standard

A-CED.A 4 Rearrange formulas to highlight a quan- | Al-A.CED.4 Rewrite formulas to highlight a quantity of

tity of interest, using the same reasoning as in solv- interest, using the same reasoning as in solving equations.
ing equations. For example, rearrange Ohm’s law e.g., Rearrange Ohm’s law V' = IR to highlight resistance

V=IR to highlight resistance R. R.

LEARNING OBJECTIVES

Students will be able to:

1) rewrite (transform) formulas to isolate specific variables.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary

- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
formula transform transformation isolate
BIG IDEAS

Properties and operations can be used to transform formulas to isolate different variables in the same
ways that equations are manipulated to isolate a variable.

Example: The formula # = 2i+ 2w can be used to find the perimeter of a rectangle. In English,
F=2i+ 2w translates as “The perimeter equals two times the length plus two times the width.”  In the
formula 7= 2i + 2w, the P variable is already isolated. You can isolate the / variable or the w variables,
as follows. (Note that the steps and operations are the same as with regular equations.)

To isolate the / variable: To isolate the w variable:

Start with the formula: Start with the formula:
P=20+ 2w P=20+ 2w

Move the term 2w to the left expression. | Move the term 2/ to the left expression.
P—2w=12 P—2l=2w

Divide both sides of the equation by 2. Divide both sides of the equation by 2.
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P-aw _, P-al_
2 h 2
You now have a formula for / in terms of | You now have a formula for / in terms of

Pand w. Pand w.

DEVELOPING ESSENTIAL SKILLS

Isolate each variable in the VVolume formula for a rectangular prism V =Iwh.

V =Iwh
Yo
wh
v
—=w
lh
Ly
Iw

Isolate each variable in the slope intercept formulaofaline y=mx+5.

y=mx+b

=m

y—mx=>b
REGENTS EXAM QUESTIONS

A.CED.A.4: Transforming Formulas

69) The formula for the volume of a cone is ¥ = % sk, The radius, r, of the cone may be expressed as

D 3) . 7
i wh
2 |y Y1 |y
3k 34 nh
70) The formula for the area of a trapezoid is 4 = é h(b, +5,). Express &, intermsof 4, 4, and &,. The areaofa

trapezoid is 60 square feet, its height is 6 ft, and one base is 12 ft. Find the number of feet in the other base.

71) The equation for the volume of a cylinder is ¥ = arih. The positive value of , in terms of 2 and 7, is
1) 1 3) r=32Frxkh
r=_,1—

wh
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72)

73)

74)

75)

76)

77)

78)

79)

N 4) r=£
2
The distance a free falling object has traveled can be modeled by the equation « = 1 at*, where a is acceleration

2
due to gravity and ¢ is the amount of time the object has fallen. What is ¢ in terms of a and d?

1 3 2

- (¢

2

] ! %@T
& o

The volume of a large can of tuna fish can be calculated using the formula ¥ = arih. Write an equation to find
the radius, r, in terms of V7and 4. Determine the diameter, to the nearest inch, of a large can of tuna fish that has a
volume of 66 cubic inches and a height of 3.3 inches.

Michael borrows money from his uncle, who is charging him simple interest using the formula 7= Pr¢. To figure
out what the interest rate, r, is, Michael rearranges the formula to find ». His new formula is » equals

1) I-F 3 1
t Ft
2) P-1I 4) Ft
¢ I

The formula for the sum of the degree measures of the interior angles of a polygon is &= 180(z — 2). Solve for n,
the number of sides of the polygon, in terms of S.

Solve the equation below for x in terms of a.
dlax+ 3 - 3axr=25+3a

Boyle's Law involves the pressure and volume of gas in a container. It can be represented by the formula
PV =P,V,. When the formula is solved for F,, the result is

1) PV, 3 B
Vs

2) 4) PV
N 1
PPy

The formula for blood flow rate is given by 7= , Where F'is the flow rate, #, the initial pressure, #, the

final pressure, and r the resistance created by blood vessel size. Which formula can rot be derived from the given
formula?

1) py=Frep, 3) .?"=F(Fz _Flj
2) py=p—Fr 4) _pl_Fg
=T F

Using the formula for the volume of a cone, express  in terms of V, A, and .
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A A
80) The formula #, = ; 2 calculates the gravitational force between two objects where G is the gravitational
F

constant, A4, is the mass of one object, A4, is the mass of the other object, and r is the distance between them.
Solve for the positive value of r in terms of Fg , G, My, and M.

81) Students were asked to write a formula for the length of a rectangle by using the formula for its perimeter,
2 =2£+ 2w. Three of their responses are shown below.
1

L€=§p—w
I £ - é (- 2w)
2= 2w
. £= 5
Which responses are correct?
1) landIl, only 3) land I, only
2) Il and Ill, only 4) 1,11, and IlI
SOLUTIONS
69) ANS: 1
Strategy: Use the four column method.
Notes Left Expression Sign Right Expression
Given 1 2
Vv = e
Multiply both
expressions by 3 3V = ik
Divide both kL i
expressions by = Tk = h
Simplify k1
1ol = .?"2
Take square root of T e
both sides. = = r
PTS: 2 NAT: A.CED.A.4 TOP: Transforming Formulas
70) ANS:
24
a) &b, = 5 by

b) The other base is 8 feet.

Strategy: Use the four column method to isolate %, and create a new formula, then use it to find the length of the

other base.
Notes Left Expression Sign Right Expression
1
Given 4 - Z Rl +Ey)
Multiply both
expressions by 2 24 = Bl +5,)
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Divide both 24 By +8,)
expressions by /4 B = —
Simplify 24 = By+dy
h
Subtract &, from 24 B
both expressions hoOE = by

Substitute the values stated in the problem in the formula.

PTS: 4
71) ANS: 1

A=60, k=6 b, =12

24
2(60)
by == - 12
120
b= -12
by =20-12
b, =38 feet

NAT: A.CED.A.4 TOP: Transforming Formulas

Strategy: Use the four column method to isolate r.

Notes Left Expression Sign Right Expression
Given 18 = arih
Divide both ¥ Trih
expressions by sk wh = P
Simplify ¥ P
“wh =
Take square root of e
both expressions. ‘j; = r

PTS: 2 NAT: A.CED.A.4 TOP: Transforming Formulas
72) ANS: 2
Strategy: Use the four column method. Isolate z.
Notes Left Expression Sign Right Expression
1 .2
Given d = Fhd
Multiply both
expressions by 2 2d = at*
Divide both 2d at?
expressions by a o = =z
Simplify 2ed
? = 32




Take square root of 24

both expressions ~ = t
PTS: 2 NAT: A.CED.A.4 TOP: Transforming Formulas
73) ANS:
-
a) r= E
b) 5 inches
Strategy: Use the four column method to isolate » and create a new formula, then use the new formula to answer
the problem.
Notes Left Expression Sign Right Expression
Given v = arih
Divide both ¥ Treh
expressions by wh = P
Simplify v e
iz =
Take square root of 1
both expressions. " = r
Substitute the values from the problem into the new equation.
V=nff, =731
lr' — £
ol wh
, i
/3.3
_ |2
Al w
FeoatA4
Fes 252

If the radius is approximately 2.5 inches, the diameter is approximately 5 inches.

PTS: 4 NAT: A.CED.A.4 TOP: Transforming Formulas
74) ANS: 3
Strategy: Isolate r, as follows:
I=Pr¢
I= P
L,
Pt
PTS: 2 NAT: A.CED.A.4 TOP: Transforming Formulas

75) ANS:
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5=180(n - 2)

5= 180% - 360
5+ 360 = 180m
5+360

150

NAT: A.CED.A.4 TOP: Transforming Formulas

PTS: 2
76) ANS:
x= 1 +3
)
PTS: 2 NAT: A.CED.A4
77) ANS: 3
Given PV PV,
PV PE,
Divide by ¥, v, ¥
Pl E'rl
Simplify v, P
PTS: 2
78) ANS: 3

dlax+ 3 - Sax =25+ 3a

dagx+ 12 - 3ax =25+ 3

ax+ 12 =25+ 3a
ax= 13+ 3a

ax—3ag =13

alx-31=13

x—3=1—
@

x=1—+3
&

NAT: A.CED.A.4 TOP: Transforming Formulas

1P
¥

F=

rF=p, —p,

r_p1_P2
- F
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P
If »= IF g,then r=F(p2—p1j cannot be true.

NAT: A.CED.A.4 TOP: Transforming Formulas

PTS: 2
79) ANS:
V= 1 ik
=3 .
W= wrh
kL arih
wh mh
W4
a
ELay
ah
PTS: 2 NAT: A.CED.A.4 TOP: Transforming Formulas
80) ANS:
G AL
Fy = ; <
s
PR = GM M,
2 G AL
FE
G M,
r= Fg
PTS: 2 NAT: A.CED.A.4 TOP: Transforming Formulas
81) ANS: 4
Strategy: Transform the formula to isolate the I variable.
p=28+ 2w
p—dw=1
b= 2w
7 =]

This is solution I1I.
NOTE that solution 111 can also be expressed as:

%@—zw)=;

This is solution 1I.
NOTE also that the distributive property of multiplication can transform solution Il into:
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%p—w=f

This is solution 1.
The correct answer choice is I, I, and 111.

PTS: 2 NAT: A.CED.A.4 TOP: Transforming Formulas
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D - Rate, Lesson 1, Conversions (r. 2018)

RATE
Conversions

Common Core Standard

N.Q.A.1 Use units as a way to understand problems
and to guide the solution of multi-step problems;
choose and interpret units consistently in formulas;
choose and interpret the scale and the origin in
graphs and data displays.

Next Generation Standard

AIl-N.Q.1 Select quantities and use units as a way to:

i) interpret and guide the solution of multi-step problems;
ii) choose and interpret units consistently in formulas;
and iii) choose and interpret the scale and the origin in
graphs and data displays.

LEARNING OBJECTIVES

Students will be able to:

1) Understand units as essential to understanding and interpreting graphs.

2) Understand units as essential to problem

solving.

3) Use and convert units when problem solving.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary

- learning objective(s)

guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

Student Centered Activities

- big ideas: direct instruction entry)
- modeling
VOCABULARY
cancellation Cross- numerator rate
convert / multiplication per ratio
conversion denominator proportion scale
BIG IDEAS
Big Units - Small Units

As a general rule, big units are used to measure big things and small units are used to measure
small things.
For example,

e the distance from New York City to San Francisco is a big distance, so it would be
measured in big units, like miles or kilometers.

e the distance from a student’s elbow to the tip of his or her finger is a small distance, so it
would be measured in small units, like inches or centimeters.
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Since both big and small units can be used to measure the same thing, it is sometimes desirable to
change from one unit of measurement to another. When different size units are used to measure
the same thing:

e Changing from a big unit to a small unit involves multiplication.

e Changing from a small unit to a big unit involves division.

For example, 1 foot = 12 inches. The following diagram shows the mathematical operations
involved in converting feet to inches and inches to feet.

Feet | Multiply by 12 > Inches
(Bigger (Smaller
Units) < Divide by 12 Units)

Ratios, Rates, and Proportions

A ratio is a simple comparison of two numbers, such as 12:1 or 1:12.

. . . . 12 inches . .
A rate is a ratio that includes units, such as ————, which is read as “Twelve inches per

1 foot
1 foot

12 inches
bar) is read as the word “per.”

foot,” or , Which is read as “One foot per twelve inches.”  The vinculum (fraction

A unit rate is a rate with a denominator of 1 unit. M is a unit rate. ﬂ IS not a

oot 12 inches
unit rate.

NOTE: When working with problems that involve rates, it is common practice to omit the unit
labels and manipulate ratios instead of rates. While this increases computational
12 inches a 1 foot

n
1 foot 12 inches
the same mathematical relationship between inches and feet, this is because they are

efficiency, it can lead to conceptual errors. While

express

rates — not ratios. When the units are omitted, these rates become the ratios, Eand

1 . . . . i
e which are not the same mathematical relationship. After a long series of

computations with ratios, it is easy to mislabel the units. Therefore, a good practice is
to always make notes about the units.

A proportion is an equation with two ratios and an equal sign between them. For example,

1.4 IS a proportion
4 16 '

e Every proportion has four parts: two numerators and two denominators.
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e When three of the four parts in a proportion are given, it is possible to solve for the fourth
part using cross-multiplication. An example of using cross-multiplication to solve a

proportion in which one part is unknown follows:
Notes Left Expression Sign Right Expression
Given 1 = 4
4 X
Cross Multiply 1(x) = 4(4)
Solution X = 16

e When using proportions to solve unit conversion problems, it is important to label the
units to avoid conceptual errors. This is done by simply adding units notation when
setting up the proportion. In the following example, the rate of 4 quarts per 1 gallon is
used to find the number of quarts in 4 gallons. All the numerators are gallon units and all
the denominators are quarts units. Since the x is in a denominator, the answer will be in
quarts units.

Notes Left Expression Sign Right Expression
Given gallons|1 = 4
quarts Z X
Cross Multiply 1(x) = 4(4)
Solution X = 16 quarts

Cancellation of Units (Factor-Unit Conversion)

Cancellation can be used to simplify units within a single expression. The general approach is to consider
the units as factors, which can be cancelled using the same rules that are used for cancellation of fractions.

In the following example, cancellation is to find the number of seconds in a year.
60 seconds _ 60 minutes (24 Jj,euﬁx 365 dayS  60x60x24x365 seconds _ 30,536,000 seconds

X
1 minufe 1 hedr 1 day 1 year 1 year lyear

Another example of using cancellation is converting 10 miles per hour to meters per second.
10 mites 1609344 meters 1 heuts  _16093.44 miles _ 4.4704 meters
1 heufs 1 mites 3600 seconds 3600 seconds 1 second

Units and Graphs

A graph is one view of the relationship between two variables. The variables are measured in
specific units, which are very important to understanding the meaning of the graph.

Example: The two graphs below are from different Regents problems. The units for the x-axis

both measure time, but the units are different. The units for the y-axis are totally different kinds
of measurements. The different units used require different interpretations of the two graphs.
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Speed (miles per hour)

Distance Traveled (miles)

2 4 6 8 10 12

14 16 18 20

Time (in minutes)

(6,230)
(4,180)

(2,110)
(1,40)

(10,390)
(8,350)

Elapsed Time (hours)

Conversions Chart Used in Regents Algebra 1 (Common Core) Exams

1 inch = 2.54 centimeters
1 meter = 39.37 inches
5280 feet

I mile = 1760 yards

1 mile = 1.609 kilometers

1 mile

1 kilometer = 0.62 mile

1 pound = 16 ounces

1 pound = 0.454 kilogram
1 kilogram = 2.2 pounds
1 ton = 2000 pounds

1 cup = 8 fluid ounces

1 pint = 2 cups

I quart = 2 pints

1 gallon = 4 quarts

1 gallon = 3.785 liters

1 liter = 0.264 gallon

1 liter = 1000 cubic centimeters

DEVELOPING ESSENTIAL SKILLS

Convert the following:

Solutions

20 kilometers to feet

1 wite

5280 feet 20 Kilometers _ 1x5280x20feet

1.609 Kilometers

1 mife 1

1.609x1x1
_ 105,600feet

1.609
~ 65,630 feet
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82)

83)

84)

85)

86)

30 kilometers per hour to 30 MX 1 mile _30x1 miles

miles per hour lhour  1.609 Kilometers 1x1.609 hours
_ 30miles
~ 1.609hours
18.65 miles
" 1hour
1 cubic foot to cubic 1 cubic foot 1 cubjeinch
centimeters 12x12x12 cubieinches *2.54x2.54x2.54 cubic centimeters

1x1 cubic foot

- 12x12x12x2.54%2.54%2 54 cubic centimeters
1 cubic foot

N 28,316.8 cubic centimeters

REGENTS EXAM QUESTIONS (through June 2018)
N.Q.A.l: Conversions

Peyton is a sprinter who can run the 40-yard dash in 4.5 seconds. He converts his speed into miles per
hour, as shown below.

40yd  3f 5280f 60sec 60min
458ec lyd 1l 1min  1hr
Which ratio is incorrectly written to convert his speed?

1) 3ft 3) alsec
1wd 1 min
2) 5280 f 4) 60 tmin
11 1 hr
Dan took 12.5 seconds to run the 100-meter dash. He calculated the time to be approximately
1) 0.2083 minute 3) 0.2083 hour
2) 750 minutes 4) 0.52083 hour

Faith wants to use the formula /) = g (- 32) to convert degrees Fahrenheit, 7, to degrees Celsius, 7).

If Faith calculated {65}, what would her result be?

1) 20° Celsius 3) 154° Celsius
2) 20° Fahrenheit 4) 154° Fahrenheit

A typical marathon is 26.2 miles. Allan averages 12 kilometers per hour when running in marathons.
Determine how long it would take Allan to complete a marathon, to the nearest tenth of an hour. Justify
your answer.

A construction worker needs to move 120 ft® of dirt by using a wheelbarrow. One wheelbarrow load
holds 8 ft3 of dirt and each load takes him 10 minutes to complete. One correct way to figure out the
number of hours he would need to complete this job is
D 1208°  10min  60min _ 1load ) 1208  tload @ 8f° _ 1hr

1 1 load 1 hr 5 i 1 I0mmn  1load A0 min
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2) 120  60min  3f° 1 4) 120  1load  10min  1hr
| lht  10min  1load | gff  lload 60 fmn

87) The Utica Boilermaker is a 15-kilometer road race. Sara is signed up to run this race and has done the
following training runs:
I. 10 miles
I1. 44,880 feet
[11. 15,560 yards
Which run(s) are at least 15 kilometers?
1) 1, only 3) landlll
2) l, only 4) lland Il

SOLUTIONS

82) ANS: 2
Strategy: Work through each step of the problem and ask the DIMS question. Does It Make Sense.

A0 yards 3 feet 120 feet

STEP 1. 3% sooonds X 1 yard ~ 4.5 seconds This makes sense. The yard units cancel and Peyton’s
speed becomes measured in feet per second instead of yards per second. We take the ratio of %

to the next step in our analysis.

120 feet N 5280 feet 120 x 5280 feet?
4 5 zeconds ltmdle 4.5 zecond miles

runner would not be measured in feet* per second miles. The problem is that the numerator and

STEP 2.

This does not make sense. The speed of a

denominator are switched. It should be SEITmJé:et' When the numerator and denominator are changed,
120 feet 1 rrile 120 rles

The feet units cancel and our

the problem becomes 4 5 zeconds " 5220 feet 23,760 seconds’

measurement of Peyton’s speed has distance over time, which makes sense. Answer choice b is selected
to show that this ratio is incorrectly written.

STEP 3. Though we have solved the problem, we can continue our step by step analysis by taking the

. 120 miles . .
ratio of 73760 seconds to the next step in our analysis. The problem now becomes

120miles . 60seconds _ 120 x 60rmides _ 72,000 mies

23,760 seconds 1 minute 23,760 x lminutes 23 760 minutes This makes sense. The seconds

72,000 rrules

units cancel and we again have distance over miles. We take the ratio ———=———7"—
23,760 trnates

to the next step.

T2.000 trules fill rrunute s B 72,000 % 60 trules B 432,000 trules
23 760 rrdrites *Thour 23 760 % Lhours 23,760 hours
This makes sense. Peyton is a fast sprinter.

STEP 4.

= 18% miles per hour.

PTS: 2 NAT: N.QA.1 TOP: Conversions
83) ANS: 1
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84)

85)

Step 1. Read both the question and the answers. Understand that the problem is asking you to convert
seconds into either minutes or hours. The 100 meters is constant, so it is not important to the problem of
converting time into minutes or hours.

Step 2. Create two proportions using the conversion rates of 1) 60 seconds per minute; and 2) 3600
seconds per hour, to express 12.5 seconds in minutes and hours.

Step 3. Execute the strategy.

12.5 second equals how many minutes? 12.5 second equals how many hours?
seconds 125 60 seconds 12.5 3600
mittes x 1 hours x 1
12.5 = d0x 12.5 = 3600x
125 X 125 X
0 3600
2083 minutes = x 003472 hours = x

The correct choice is a), 12.5 seconds equals 0.2083 minutes.

4. Does it make sense? Yes. It isobvious that 12.5 seconds does not equal 750 minutes (choice b) and
it is also obvious that 12.5 seconds is not more than half an hour (choice d). The only choice that is less
than a minute is choice a), and 12.5 seconds is definitely less than a minute.

PTS: 2 NAT: N.Q.A.1 TOP: Conversions KEY: dimensional analysis
ANS: 1
5
Given | () | = E'&ﬂ_ﬂ}
Find Z168)

5
Substitute 68 for /| c(6g) | = | 5 (68~ 32)
Solve 5
inside parentheses | C{62) = | 9 (36)
Simplify Fraction 5 4
Using Cancellation | Cfi&) | = T'i )
Simplify Right | C{68) | = | 20

Expression
PTS: 2 NAT: N.QA.1 TOP: Conversions KEY: formula
ANS:
3.5 hours

Note: 1 kilometer = 0.62 miles
Step 1. Convert 12 kilometers per hour to miles per hour.

Iiles B2 x .
Tiometers| T =12 Allan averages 7.44 miles per hour.
12(.62) =744

Step 2. Use the speed formula to find time.
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distance

speed = pr—
26.2
T44= 0
. 262
HIE = T

timne = 3.52 hours

Step 3.  Round to the nearest tenth of an hour.

35235
PTS: 2 NAT: N.QA.1 TOP: Conversions KEY: dimensional analysis
86) ANS: 4
The units for the correct solution must be in hours.
120f° 10min  60min  1load . - . prin®
I . TToad . Thr . U Wrong. After cancellations, the remaining units are o
1208 60rmin 8 _ . o :
] . The . lljmjn' TToad - Wrong. After cancellations, the remaining units are Toad

1208° 1load  88°  1hr . . hr
T T Thoad ® 0 Wrong. After cancellations, the remaining units are o

120 f° 1load 10min _1hr
1 sf®  lload 60 tnin

. . . b
Correct. After cancellations, the remaining units are Tr

PTS: 2 NAT: N.QA.l TOP: Conversions KEY: dimensional analysis
87) ANS: 1
Strategy: Convert the distance of each training run to kilometers.
I. 1 kilometer equals approximately 0.62 miles, so 1 mile equals approximately e 162 = 1.41 kilometers.
Ten miles equals approximately 10 = 1.61 = 16.1 kilometers. Therefore, ten miles is greater than 15
kilometers.
5280
kilometers per mile equals approximately 2.5 = 1.61 = 13.6% kilometers. Therefore, 44,880 feet is less
than 15 kilometers.
I11.  One yard contains three feet, so 15,560 yards equals 15, 560 x 3 = 46, 630 feet. 46,680 feet equals

. 44, 650 . . .
approximately = 5.84 miles. 8.84 milesequals #.84 x 1.61 = 14.23 kilometers. Therefore,

Il. One mile contains 5,280 feet, so 44,880 feet equals = 3.5 miles. 8.5 miles times 1.61

15,560 yards is less than 15 kilometers.
The only training run that is longer than 15 kilometers is the ten mile training run.

PTS: 2 NAT: N.QA.1 TOP: Conversions KEY: dimensional analysis
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D — Rate, Lesson 2, Using Rate (r. 2018)

RATE
Using Rate

Common Core Standard Next Generation Standard

N-Q.A.2 Define appropriate quantities for the pur- STANDARD REMOVED

pose of descriptive modeling.

PARCC: In Algebra I, this standard will be assessed by ensuring
that some modeling tasks (involving Algebra | content or securely
held content from grades 6-8) require the student to create a quan-
tity of interest in the situation being described. For example, a
quantity of interest is not selected for the student by the task. For
example, In a situation involving data, the student might autono-
mously decide that a measure of center is a key variable in a situ-
ation, and then choose to work with the mean.

LEARNING OBJECTIVES

Students will be able to:

1) Use conversion rates to solve problems involving scale.
2) Use unit conversion rates and the operations of multiplication and division to convert

units.
Overview of Lesson
Teacher Centered Introduction Student Centered Activities
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
conversion rate proportion scale unit
BIG IDEAS

It is important to understand the units and scales used in mathematical representations. As a general
rule, big units should be used to measure big things and small units are used to measure small
things. Real world events are often modeled using scaled representations.

measurement of a model
meazurement of the real thing *

A scale is a ratio of the

Example. Aoy caris 1 foot long. The real car it represents is 20 feet long. The scale of the model is:

measurement of toy car 1 feet 1

measurement of real car 20 feet 20 or 1:20
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Scales may also be expressed in rates.
1inch

5 miles

For example, a map might have a scale expressed as

, or a graph might use scaled intervals of various units on the x-axis and y-axis.

When using scales for representation, it is important to know whether you are going from smaller
units to larger units, or from larger units to smaller units, as shown in the following graphic.

Feet | Multiply by 12 > Inches
(Bigger (Smaller
Units) < Divide by 12 Units)

A unit conversion rate because it states the value of 1 unit in terms of another unit. Unit
conversion rates are typically used in conversion tables. For example, 1 inch = 2.54 centimeters.

Proportions and cross multiplication can be used to convert a unit conversion rate for one unit into
to a unit conversion rate for the other unit. For example:

inches | 1 _X
centimeters|2.54 1
1=2.54x
1
— =X
2.54
0.39=x

This tells us that 1 centimeter = 0.39 inches.
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Use the conversion chart to state whether multiplication or division should be used when

DEVELOPING ESSENTIAL SKILLS

converting from one unit to the other unit. Specify the multiplicand or divisor for each operation.

Conversions Chart Used in Regents Algebra 1 (Common Core) Exams

1 inch = 2.54 centimeters
1 meter = 39.37 inches

1 mile = 5280 feet

I mile = 1760 yards
1 mile = 1.609 kilometers

1 kilometer = 0.62 mile

1 pound = 16 ounces

1 pound = 0.454 kilogram
1 kilogram = 2.2 pounds
1 ton = 2000 pounds

1 pint = 2 cups
I quart = 2 pints
1 gallon = 4 quarts

1 liter = 0.264 gallon

1 cup = 8 fluid ounces

1 gallon = 3.785 liters

1 liter = 1000 cubic centimeters

From To Operation Used
inches centimeters multiply by 2.54
centimeters inches divide by 2.54
meters inches multiply by 39.37
inches meters divide by 39.37
miles feet multiply by 5280
Feet miles divide by 5280
miles kilometers multiply by 0.62
kilometers miles divide by 0.62
pounds ounces multiply by 16
ounces pounds divide by 16
pounds Kilograms divide by 2.2 or multiply by 0.454
kilograms pounds multiply by 2.2
ton pound multiply by 2.2
pound ton divide by 2000
cup fluid ounces multiply by 8
fluid ounces cups divide by 8
pint cups multiply by 2
cups pints divide by 2
quart pints multiply by 2
pints quarts divide by 2
gallons quarts multiply by 4
quarts gallons divide by 4
gallons liters multiply by 3.785
liters gallons divide by 3.785
liters cubic centimeters multiply by 1000
centimeters liters divide by 1000
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REGENTS EXAM QUESTIONS (through June 2018)

N.0O.A.2: Using Rate

88) Patricia is trying to compare the average rainfall of New York to that of Arizona. A comparison between
these two states for the months of July through September would be best measured in

1) feet per hour 3) inches per month
2) inches per hour 4) feet per month

89) A two-inch-long grasshopper can jump a horizontal distance of 40 inches. An athlete, who is five feet
nine, wants to cover a distance of one mile by jumping. If this person could jump at the same ratio of
body-length to jump-length as the grasshopper, determine, to the nearest jump, how many jumps it would
take this athlete to jump one mile.

90) The distance traveled is equal to the rate of speed multiplied by the time traveled. If the distance is
measured in feet and the time is measured in minutes, then the rate of speed is expressed in which units?
Explain how you arrived at your answer.

SOLUTIONS

88) ANS: 3
Rainfall is not typically measured in feet, so eliminate choices a and b.
An hourly rate would not be meaningful.

PTS: 2 NAT: N.QA.1
89) ANS:
Strategy 1: Use proportional reasoning and work with inch units.
If a 2 inch long grasshopper can jump 40 inches, the grasshopper can jump 20 times its body length.
If a 5-feet nine-inch person could jump 20 times his body length, he could jump &9 = 20 = 1380 inches.
A mile is 5,280 feet long, or 5230 x 12 = &3, 360 inches.
3,360 mches
1380 inches per jump

= 45913 .~ 46 umps

Strategy 2: Use proportional reasoning and work with feet units

Body Length | Zinches  5.75 feet
Horizontal Jump | 40 inches — x feet
dx=40x 575
2x =230
X =115 feet
One Mile | 5,280 feet w46
One Jump | 115 feet Jurops
PTS: 2 NAT: N.Q.A.2 TOP: Using Rate
90) ANS:
Speed would be measured in feet per minute.
Explanation:

The problem tells us that distance (d) equals speed (s) multiplied by time (t).
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Therefore:

o = 5t
and
-
!
If distance units are measured in feet and time units are measured in minutes, then:
B d feet
T troinutes
PTS: 2 NAT: N.Q.A.2 TOP: Using Rate
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D — Rate, Lesson 3, Speed (r. 2018)

RATE
Speed

Common Core Standard Next Generation Standard

A-CED.A.2 Create equations in two or more varia- | Al-A.CED.2 Create equations and linear inequalities in

bles to represent relationships between guantities; two variables to represent a real-world context.
i i i Notes:
scales. * This is strictly the development of the model (equa-

tion/inequality).
* Limit equations to linear, quadratic, and exponentials of
the form f(x) = a(b)xwherea>0and b >0 (b # 1).

LEARNING OBJECTIVES

Students will be able to:

1) Solve problems involving the speed formula: speed :M

time

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
distance speed time
BIG IDEAS
distance d
speed =—— §=—
time t
distance = speed x time d =st
. distance d
time =———~ t=—
speed s

DEVELOPING ESSENTIAL SKILLS
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Questions Answers

An airplane travels 700 miles in two hours. What _d _ 700 miles ~350 mil h
Is its average speed? S'?' 2 hours miles perhour
A train travel 400 miles in 8 hours. _d _ 400 miles —50 mil h
What is its average speed? T ahours - Tiies perhour
A car’s average speed is 60 miles per hour. _d
How far has it travelled after 6 hours? 5= t
st=d
60 miles 6 hetts _ distance
1 hedr 1
60 x6 miles _ distance
1x1

360 miles = distance

A car averages 55 miles per hour. _d
How long will it take to travel 300 miles, to the 5= N
hour and nearest minute? q
t= —
S
(= 300 ifes
55 mifes per hour
t= 5.45 hours

hours |i 0.45

minutes| 60 X
X = 60x0.45
X ~ 27 minutes
total time: 5 hours and 27 minutes

REGENTS EXAM QUESTIONS

A.CED.A.2: Speed

91) An airplane leaves New York City and heads toward Los Angeles. As it climbs, the plane gradually increases its
speed until it reaches cruising altitude, at which time it maintains a constant speed for several hours as long as it
stays at cruising altitude. After flying for 32 minutes, the plane reaches cruising altitude and has flown 192 miles.
After flying for a total of 92 minutes, the plane has flown a total of 762 miles. Determine the speed of the plane,
at cruising altitude, in miles per minute. Write an equation to represent the number of miles the plane has flown,
v, during x minutes at cruising altitude, only. Assuming that the plane maintains its speed at cruising altitude,
determine the total number of miles the plane has flown 2 hours into the flight.
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92) Loretta and her family are going on vacation. Their destination is 610 miles from their home. Loretta is going to
share some of the driving with her dad. Her average speed while driving is 55 mph and her dad's average speed
while driving is 65 mph. The plan is for Loretta to drive for the first 4 hours of the trip and her dad to drive for
the remainder of the trip. Determine the number of hours it will take her family to reach their destination. After
Loretta has been driving for 2 hours, she gets tired and asks her dad to take over. Determine, to the nearest tenth
of an hour, how much time the family will save by having Loretta's dad drive for the remainder of the trip.

SOLUTIONS

91) ANS:
Strategy: Draw a picture to model the problem.

_—~Determine the speed of the plane, at cruising altitude, in miles per minute.

m"e_ Gl!.J'!'d-nco__ be_J'\Jﬂ-ﬂ-"
4 an i; I'S "?2. mnles

Ah

m-',\e"s O~ 122 i, 76z o
Mina_kﬁ._‘z g.f:'\'-r\- 3& P i at 92 f‘\‘\“"\.
g {5 e\m.nm P‘ t@—&_‘; . _x
betose en T3 and & 60m‘n_-\‘;: I 60

O._+Q.- ‘E'-furo.& ,_-,Q ‘?,'J/M.,ﬂ PUM;.:“A'E.

At cruising altitude, the plane is flying at the speed of 9.5 miles per minute.

Write an equation to represent the number of miles the plane has flown, y, during x minutes at cruising altitude,

only. (NOTE: This is line segment EZ' in the above picture.
y="95x
Assuming that the plane maintains its speed at cruising altitude, determine the total number of miles the plane has
flown 2 hours into the flight.
Let M represent the total miles flown. Let ¢ represent the number of minutes flown.
ME) = 9.5(t-32) + 192

M120) = 9.5(120 - 32) + 192
M120) = 9.5(88) + 192
M120) = 836 + 192
M120) = 1028

2 hours into the flight, the plane has flown 1,028 miles.

PTS: 4 NAT: A.CED.A.2 TOP: Speed
92) ANS:
10 hours and .3 hours.
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coeed = distance
3 tirne

distance = speed time

_ distance
speed

If Loretta drives at an average speed of 55 miles per hour for the first 4 hours of the trip, she will drive

55 x4 = 220 miles. Since the total distance is 610 miles, this leaves 10— 220 = 390 miles for her dad to drive.
If her dad drives at an average speed of 65 miles per hour, it will take hi % = 6 hours to drive 390 miles. If
Loretta drives 4 hours and her dad drives 6 hours, the total trip will take 10 hours.

If Loretta gets tired after two hours of driving at an average speed of 55 miles per hour, she will have driven
55 % 2 =110 miles, leaving 610— 110 = 500 miles for her dad to drive. At an average speed of 65 m iles per hour,

L 500 . . . . .
it will take her dad %5 7.7 hours to drive 500 miles. The family will save approximately 10—-7.7=.3 hours

by having Loretta’s dad drive for the remainder of the trip.

PTS: 4 NAT: A.CED.A2 TOP: Speed
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D — Rate, Lesson 4, Rate of Change (r. 2018)

RATE
Rate of Change

Common Core Standard

F-1F.B.6 Calculate and interpret the average rate of
change of a function (presented symbolically or as a
table) over a specified interval. Estimate the rate of
change from a graph.

PARCC: Tasks have a real-world context. Tasks are limited to
linear functions, quadratic functions, square root functions, cube
root functions, piece-wise defined functions (including step func-
tions and absolute value functions) and exponential functions
with domains in the integers.

Next Generation Standard

Al-F.IF.6 Calculate and interpret the average rate of
change of a function over a specified interval.

(Shared standard with Algebra I1)

Notes:

* Functions may be presented by function notation, a ta-
ble of values, or graphically.

* Algebra | tasks have a real-world context and are lim-
ited to the following functions: linear, quadratic, square
root, piece-wise defined (including step and absolute
value), and exponential functions of the form

f(x) = a(b) wherea>0andb>0, (6% 1).

LEARNING OBJECTIVES

Students will be able to:

1) Calculate and interpret the average rate of change of a function over a specified interval.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary
- learning objective(s)
- big ideas: direct instruction

- modeling

guided practice € Teacher:
connects student work

Student Centered Activities

anticipates, monitors, selects, sequences, and

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal
entry)

VOCABULARY

average rate of change
coordinate pair
interval

slope

rate of change

steepness

slope formula
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BIG IDEAS

Rate of Change is a measure of how two variables are related to one another. Rate of change

can be expressed in many ways:

rate of change = slope =

m= 2= N _ Ay _rise _changeiny
x,—x, Ax run change in X

Rate of change can also be found by inspecting a table or graph of a function.

By finding the change in y and
the change in x between each
coordinate pair in a table, you
can see if the rate of change is
constant or variable. This table
shows a linear function because
the rate of change is constant.

4 3 1

2_4_3
48 6 2

Table Graph
X J
CEN R T
[ 1 -
+4 7 e 8
“‘"“-.‘ 2 9 .-'"'r’
+3 “F ™~ +6
ST
r T +2
+1 =, 17 - i

By picking two known points on the graph of a line, you
can build a right triangle to find the change in y and the
change in x. The rate of change for this linear function is

Always read from left to right when using this method.

e The rate of change in a linear function is constant between any two points anywhere on

the straight line.

e The rate of change in a non-linear function varies.
e The rate of change can be either positive or negative.
0 A positive rate of change indicates that both variables are either increasing
together or decreasing together, though not necessarily at the same rate.
0 A negative rate of change indicates that one variable increases while the other

variable decreases.

e The rate of change in a function can be estimated by the steepness of a graph.

Average Rate of Change is used primarily with non-linear functions, since all linear functions
have a constant rate of change. Average rate of change can be defined as the slope of the straight
line that connects the end points of the interval over which the average rate of change is

measured.
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(o) |
slope of line is:
f(b) - fla)
b—a
%Iiﬂ;:l_.'__

Example: The graph below records the number of hours and the distance travelled by a family
onatrip. The graph is non-linear, so the rate of change is not constant.

(10,320)
(8,350)

(6,230)

Distance Traveled (miles)

Elapsed Time (hours)

To compute the average rate of change for the entire trip, use the end points of the intervals of the
graph. Include the origin (0,0) as their starting point. Ten hours later, they had travelled 390
miles (10,390). Their average rate of change for the entire trip is the slope of the line connecting
points (0, 0) and (10, 390), which can be calculated as follows:

Slope:—y2 G
Xp =X
390-0 miles
10-0 hours

slope = 39 miles per hour
In this example, the average rate of change measures speed, the relationship between distance and
time. Notice from the graph that their speed was not constant. Sometimes they went faster than
39 mph and sometimes slower than 39 mph, but their average speed over the entire trip was 39
mph.

slope =

Page 121



DEVELOPING ESSENTIAL SKILLS

1. Find the average rate of change between the first and fifth 5 hours.

Temperature (°F)

rate of chang

(8,1800)
(5,1640)

(1.5,900)
(1,700)

o
o
N
[#)]
o2}
o

Time (hours)

ez 2N 1640-700 850 212.5°F

X, =X, 5-1 4 1 hour

2. Use rate of change to determine if the table below represents a linear or a non-linear

function.

Explain your answer.

Table of Values

Year 1898 | 1971 | 1985 | 2006 | 2012
Cost (¢) 1 6 14 24 35

Ay
Interval Ax Ay Ax
73 5 73
Rate of change between 1898 and 1971 5
14 8 14
Rate of change between 1971 and 1985 8

The table is non-linear because the rate of change is not constant.

REGENTS EXAM QUESTIONS (through June 2018)

F.IF.B.6: Rate of Change

93) Given the functions z(x), f(x), and hix) shown below:

afx) = x° - 2x
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f(x)

W |= O] x
~N|o|mn

T T T T T T T T T > X

1 2 3 45 6 7 8 9

The correct list of functions ordered from greatest to least by average rate of change over the interval

0=x=3is
1) fx), gfx), hizx) 3) glx), fx), hix)
2) hix), glx), f(x) 4) hix), fz), glz)

94) An astronaut drops a rock off the edge of a cliff on the Moon. The distance, (#}, in meters, the rock

travels after ¢ seconds can be modeled by the function i) = 0.8°. What is the average speed, in meters
per second, of the rock between 5 and 10 seconds after it was dropped?

1) 12 3) 60

2) 20 4) 80

95) The graph below shows the distance in miles, m, hiked from a camp in /4 hours.

Which hourly interval had the greatest rate of change?

1) hour 0 to hour 1 3) hour 2 to hour 3
2) hour 1 to hour 2 4) hour 3 to hour 4
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96) The Jamison family kept a log of the distance they traveled during a trip, as represented by the graph
below.

(10,390)
(8,350)

(6,230)

(4,180)

Distance Traveled (miles)

Elapsed Time (hours)

During which interval was their average speed the greatest?
1) the first hour to the second hour 3) the sixth hour to the eighth hour
2) the second hour to the fourth hour 4) the eighth hour to the tenth hour

97) The table below shows the average diameter of a pupil in a person’s eye as he or she grows older.

Age | Average Pupil

(years) | Diameter (mm)
20 4.7
30 4.3
40 3.9
50 3.5
60 3.1
70 2.7
80 23

What is the average rate of change, in millimeters per year, of a person’s pupil diameter from age 20 to age

80?
1) 24 3) -i4
2) 0.04 4) -0.04

98) Joey enlarged a 3-inch by 5-inch photograph on a copy machine. He enlarged it four times. The table
below shows the area of the photograph after each enlargement.

Enlargement 0 1 2 3 4
Area (square inches) | 15 18.8 | 234 | 29.3 | 36.6

What is the average rate of change of the area from the original photograph to the fourth enlargement, to
the nearest tenth?

1) 4.3 3) 54

2) 45 4) 6.0
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99) Firing a piece of pottery in a kiln takes place at different temperatures for different amounts of time. The
graph below shows the temperatures in a kiln while firing a piece of pottery after the kiln is preheated to
200°F.

(8,1800)
(5,1640)

(1.5,900)
(1,700)

Temperature (°F)

T | | I

4 6 8 10

Time (hours)

o
P

During which time interval did the temperature in the kiln show the greatest average rate of change?
1) 0Oto 1 hour 3) 2.5 hoursto 5 hours
2) 1hour to 1.5 hours 4) 5 hours to 8 hours

100) The table below shows the cost of mailing a postcard in different years. During which time interval did
the cost increase at the greatest average rate?

Year 1898 | 1971 | 1985 | 2006 | 2012

Cost (¢) | 1 6 14 24 35
1) 1898-1971 3) 1985-2006
2) 1971-1985 4) 2006-2012

101) The graph below shows the variation in the average temperature of Earth's surface from 1950-2000,
according to one source.
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During which years did the temperature variation change the most per unit time? Explain how you
determined your answer.

0.4

0.3

0.2

0.1

Variation of Earth’s Surface
Temperature Over 50 Years

0.1

—0.2+

Average Variation in Temperature (“C)
o

—0.4]

e e S Sy

102) The table below shows the year and the number of households in a building that had high-speed broadband

internet access.

Number of
Households

23

33

42

47

Year

2002

2003

2004

2005

2006

2007

For which interval of time was the average rate of change the smallest?
3) 2004 - 2006
4) 2005 - 2007

1) 2002 - 2004
2) 2003 - 2005

103) Which function has a constant rate of change equal to -3?

1)
X y
0 2
1 5
2 8
3 1

2) {(1.5).(2.2),(3-5), (44)}

104) A graph of average resting heart rates is shown below. The average resting heart rate for adults is 72
beats per minute, but doctors consider resting rates from 60-100 beats per minute within normal range.

3)

4) Zy=-btx+10
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Average Resting Heart Rate by Age
Y

120
(0,112)

100+
80+
20,72 50,72
sod || (2072 | (s0.72)

40+

Heart Rate (beats/min)

20

T I I I T [

0 10 20 30 40 50 €60
Age (years)

Which statement about average resting heart rates is not supported by the graph?

1) A 10-year-old has the same average 3) A 40-year-old may have the same average
resting heart rate as a 20-year-old. resting heart rate for ten years.

2) A 20-year-old has the same average 4) The average resting heart rate for
resting heart rate as a 30-year-old. teenagers steadily decreases.

105) A family is traveling from their home to a vacation resort hotel. The table below shows their distance
from home as a function of time.

Time (hrs) 0 2 B 7
Distance (mi) 0 140 | 375 | 480

Determine the average rate of change between hour 2 and hour 7, including units.
106) The graph below models the height of a remote-control helicopter over 20 seconds during flight.

Y

507
401

(0,46)

301
45 (20,17)

(5,19)
107 (15,14)

Height (ft)

5 10 15 20
Time (seconds)

Over which interval does the helicopter have the slowest average rate of change?
1) O0to 5 seconds 3) 10 to 15 seconds
2) 5to 10 seconds 4) 15 to 20 seconds

107) Voting rates in presidential elections from 1996-2012 are modeled below.
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Voting Rates in Presidential Elections, by Age, for the
Voting-Age Citizen Population: 1996-2012

804
72.0
68.2 45 to 64 years 570
= 60- <
g 30 to 44 years
8 56.9 Y 59.5
& 50
45.0
40 18 to 29 years
39.6
30 . : : : I
1996 2000 2004 2008 2012
Year

Which statement does not correctly interpret voting rates by age based on the given graph?
1) For citizens 18-29 years of age, the rate of 3) About 70% of people 45 and older voted

change in voting rate was greatest between in the 2004 election.
years 2000-2004.
2) From 1996-2012, the average rate of 4) The voting rates of eligible age groups lies
change was positive for only two age between 35 and 75 percent during
groups. presidential elections every 4 years from
1996-2012.

108) A manager wanted to analyze the online shoe sales for his business. He collected data for the number of

pairs of shoes sold each hour over a 14-hour time period. He created a graph to model the data, as shown
below.

120

P(t) (Number of Pairs of Shoes Sold
in the Previous Hour)

-
I

012345678 91011121314
t (Time in Hours)

The manager believes the set of integers would be the most appropriate domain for this model. Explain
why he is incorrect. State the entire interval for which the number of pairs of shoes sold is increasing.
Determine the average rate of change between the sixth and fourteenth hours, and explain what it means in
the context of the problem.

109) A population of rabbits in a lab, #(x}, can be modeled by the function p({x) = 20{1.014)*, where x
represents the number of days since the population was first counted. Explain what 20 and 1.014

represent in the context of the problem. Determine, to the nearest tenth, the average rate of change from
day 50 to day 100.

Page 128



93)

94)

95)

SOLUTIONS

ANS: 4
Over the interval 0 = x = 3, the average rate of change for hix) = 9%3 = % fixi=— = g =2 and
i-0 3
BW=35-3"!
PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change
ANS: 1
distance . .
Strategy: Use the formula for speed: speed= pr— and information from the problem to calculate

average speed.

STEP 1. Calculate &i#) for t=5 and = 10.

d(t) = 0.8 and d(f) = 0.8
dl5) = 0.8(5)° A0 = 0,80 10y
d(5) = 0.8(25) 410y = 0.8(100)
d(5) = 20 d(5) = 30

The rock had fallen 20 meters after 5 seconds and 80 meters after 10 seconds.
The total distance traveled was 60 meters in 5 seconds.

STEP 2: Use the speed formula to find average speed.
I . L _ distance A0 meters 12 meters
Substituting distance and time in the speed formula, speed= tme % seconds 1 second -

The rock’s average speed between 5 and 10 seconds after being dropped was 12 meters per second.

DIMS? Does it make sense? Yes. The speed formula makes sense and the answer is expressed in
meters per second as required by the problem.

PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change
ANS: 1
Step 1. Understand that the problem is asking which hourly interval has the greatest rate of change

(slope).
Step 2. Strategy: Calculate % for each hourly interval and select the largest ratio.

Step3.  Execution of Strategy
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Miles (m)

0 41 9 & 4 & B

Hours (h)

a) between hour 0 and hour 1, e 2 mﬂes.
rir 1hour

b) between hour 1 and hour 2, e 1'5mﬂes.
Fiim 1 hour

c) between hour 2 and hour 3, L lmﬂe.
v 1 howr
rise 5 roile

d) between hour 3 and hour 4, = )
rr 1 hour

Answer choice a) has the greatest rate of change.
Step 4. Does it make sense? Yes. The graph starts out steep and gradually gets less steep. The
steepest part is between hour 0 and hour 1, which corresponds to the calculated rates of change (slopes).

PTS: 2 NAT: F.IF.B.6
96) ANS: 1
. by rise
Strategy: Equate speed with rate of change. speed = e T slope = rate af change

Make a visual estimate of the steepest line segment on the graph, then use the slope formula to calculate
the exact rates of change.

STEP 1. The line segment from (1, 40) to (2, 110) appears to be the steepest line segment in the graph.
The line segment from (6, 230) to (8, 350) also seems very steep.

Y2~ ¥

=&

STEP 2. Use siape =

Ya—UF - i
The line segment from (1, 40) to (2, 110) has siope = 2701 10-40 70 miles

Xy — X 2-1  lhour’
. Fa—F¥1  350-230 120 60 wules
The line segment from (6, 230) to (8, 350) has sizpe = 5o " 8-6 " 1 " lhour
PTS. 2 NAT: F.IF.B.6 TOP: Rate of Change

97) ANS: 4
Strategy: Rate of change is the same as slope. Use the slope formula to find the rate of change between
(20, 4.7) and (80, 2.3).
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Ya~¥1 23-47 -24
x,-x,  80-20 60

slope = =—0.04,

DIMS? Does it make sense? Yes. The average pupil diameter gets smaller very very slowly. Choices
a and c are way too big and choices a and b indicate that the average pupil size is getting bigger rather than

smaller.
PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change
98) ANS: 3

Strategy: Use the slope formula and data from the table to calculate the exact rate of change over four
enlargements.

Fa— ¥
STEP 1. Use slopea = ; — xl to compute the rate of change between (0, 15) and (4, 36.6).
2 1
Yo=Yy  366-15 216
sfope=x2_x1 =~4-g5 "~ 3 =54,

DIMS? Does it make sense? Yes. If you start with 15 and add 5.4 + 5.4 +5.4 + 5.4, you end up with
36.6. There were four enlargements and the average increase of each enlargement was 5.4 square inches.

PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change

99) ANS: 1
Strategy: Equate rate of change with slope. Make a visual estimate of the steepest line segment on the
graph, then use the slope formula to calculate the exact rates of change over given intervals.

STEP 1. The line segment from (0, 200) to (1, 700) appears to be the steepest line segment in the graph.
The line segment from (1, 700) to (1.5, 900) also seems very steep. The rate of change gets slower as the
temperature of the kiln gets hotter.

Ya—¥

2 1
The line segment from (0, 200) to (1, 700) has
¥Y2~¥1  F00-200 500 degrees
x,-%  1=-0 1hou

STEP 2. Use slape =

slope =

Y2~¥1  900-700 200 400 degrees

The line segment from (1, 700) to (1.5, 900) has slope =

xy—x, 15-1 0.5 1 hour
The rate of change was greatest in the first hour.

DIMS? Does it make sense? Yes. The graph shows that rate of change slows down as time increases,
so the first hour would have the greatest rate of change.

PTS. 2 NAT: F.IF.B.6 TOP: Rate of Change
100) ANS: 4
. . Y2~
Strategy: Find the average rate of change using the slope formula: = = P
2 1

-1 5

@ To7r—1ges ~ 73 =07
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14-14 8

(®) Tegs 1971 =14 7
24— 14 10
©) Zo06— 1985 ~ 71 ©1°
in-24 11
@ 3517700 = % & ¥
PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change
101) ANS:
During 1960-1965, because the graph has the steepest slope during these years.
PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change
102) ANS: 1

Step 1. Understand the problem as asking for the smallest average rate of change over an interval. The
number of households depends on the year, so number of households is the y (dependent) variable and year
is the x (independent) variable.

Step 2. Strategy. Average rate of change over an interval is found using the end points of the interval
and the slope formula.

Step 3. Execution.

F¥a—X1 23-11 12

Average rate of change for choice 1. # = P = G - 3 - i
Average rate of change for choice 2. m = :: :::11 = zngg — ;SDE = g = E%
Average rate of change for choice 3. m = ": :f:ll = zngé — ggm = ? = 9%
Average rate of change for choice 4: = = Y27 N 47— 33 4 _ 7

x,—x,  2007-2005 2
Step 4. Does it make sense? Yes. Choice (1) has the smallest average rate of change.

PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change
103) ANS: 4
¥ = mx + b, where m equals slope and b equals y-intercept

&y =—fx+ 10
y=-3x+10

m=-73

PTS: 2 NAT: F.LEA.1

104) ANS: 1
The graph shows that a newborn child has age zero and an average resting heartbeat of 112 (0, 112). A 20
year old has an average resting heartbeat of 72 (20, 72). From birth to age 20, the average resting
heartbeat decreases at a constant rate. After age 20, the average resting heartbeat stays the same until age
50 (50, 72). The problem wants to know which answer choice is not supported by the graph.
Strategy: Eliminate wrong answers.
a) A 10-year-old has the same average resting heart rate as a 20-year-old. This is not supported by
the graph. The graph indicates that the average resting heartbeat of a 10-year-old is 92. 72 = 92. Thisis
the correct answer.
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105)

106)

107)

108)

b) A 20-year-old has the same average resting heart rate as a 30-year-old.  This is supported by the
graph. 72 =72, so itis a wrong answer.

€} A 40-year-old may have the same average resting heart rate for ten years. This is supported by
the graph. 72 =72, so it is a wrong answer.
&) The average resting heart rate for teenagers steadily decreases. This is supported by the graph, so

it is a wrong answer. From birth to age 20, the average resting heartbeat decreases at a constant rate.

PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change
ANS:
68 miles per hour

Strategy: The average rate of change is the slope of the straight line between the two points at the ends of
the interval. Find the slope of the straight line between (2, 140) and (7, 480) using the slope formula.

Ya— ¥
dp— &

I

480 - 140 miles
T T7=2hours

_ 340 triles
~ Shours

= 63 miles per hour

PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change

ANS: 2

The average rate of change is slowest between the coordinates (5, 10) and (10, 20), which corresponds to
the interval 5 to 10 seconds.

PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change

KEY: Al

ANS: 2

From 1996-2012, the average rate of change was positive for three age groups.

PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change

ANS:

PART 1

| The set of integers includes negative numbers, so it is not an appropriate domain for time.

PART 2

The total number of shoes sold increases every hour that shoes are sold.
or
The hourly rate of shoe sales increases from 0 hours to 6 hours.
PART 3: Calculate the average rate of change and explain what it means.
Yamyi_0-1a0_-120
x,—x, l4-6 &
The average rate of change is -15, which means that, on

average, 15 fewer shoes were sold each hour between
the sixth and fourteenth hours.

PTS: 4 NAT: F.IF.B.6 TOP: Rate of Change
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109) ANS:
20 represents the initial number of rabbits.
1.014 represents the rate of population growth.
The average rate of change from day 50 to day 100 is 0.8 rabbits per day.

Y1

Strategy: Use the slope formula, # = , to compute the average rate of change between day 50 and

AT 4
day 100.

STEP 1. Input pix) = 20{1.014)" in a graphing calculator.
STEP 2. Use the table of values view to afind the number of rabbits on day 50 and dat 100.

Day Number of Rabbits
(x) 2z
50 40.08
100 80.32
STEP 3. Input (50, 40.08) and (100, 80.32) into the slope formula.
Ya— ¥
=
Ay T
_ B0.32-40.08
~100-30
40,24
]
moes 08
PTS: 2 NAT: F.IF.B.6 TOP: Rate of Change
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E - Linear Equations, Lesson 1, Modeling Linear Functions (r. 2018)

LINEAR EQUATIONS
Modeling Linear Equations

Common Core Standards Next Generation Standards

F-BF.A.1 Write a function that describes a relation- | F-BF.1 Write a function that describes a relationship be-
ship between two quantities. tween two quantities.

F-LE.A.2 Construct linear and exponential func- Al-F.LE.2 Construct a linear or exponential function

tions, ineluding-arithmetic-and-geometric-sequences, | symbolically given:

given a graph, a description of a relationship, or two | i) a graph;

input-output pairs (include reading these from a ta- ii) a description of the relationship;

ble). iii) two input-output pairs (include reading these from a
PARCC: Tasks are limited to constructing linear and exponential table).

functions in simple context (not multi-step). (Shared standard with Algebra “)

Note: Tasks are limited to constructing linear and
exponential functions in simple context (not multi-step).

F-LE.B.5 Interpret the parameters in a linear or ex- | Al-F.LE.5 Interpret the parameters in a linear or expo-

ponential function in terms of a context. nential function in terms of a context.
PARCC: Tasks have a real-world context. Exponential (Shared standard with Algebra I1)
functions are limited to those with domains in the integers. Note: Tasks have a real-world context. Exponential

functions are limited to those with domains in the inte-
gers and are of the form

f(x) = a(b)x wherea>0andb >0 (b #1).

intercept (constant term) of a linear model in the tercept (constant term) of a linear model in the context of

context of the data. the data.

LEARNING OBJECTIVES

Students will be able to:

1)
Overview of Lesson
Teacher Centered Introduction Student Centered Activities
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
BIG IDEAS
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Linear functions are modelled using the same general approaches used in modelling linear equations (see
Expressions and Equations, Lesson 4, Modelling Linear Equations). When modelling linear functions,
however, any one of the four views of a function may describe the mathematical relationship between the
variables and function notation may be required.

There are four views of a function: 1) the function rule; 2) the table of values; 3) the graph; and 4) the
narrative or “context” view. All four views can be used to help understand a function, and the ability to
move from one view to another is important.

Function
Rule

Four Views
ofa
Function

NOTE: Graphing calculators will produce table and graph views of a function after inputting the function
rule. The context view cannot be modelled with a graphing calculator. Regression can be used to find a
function rule from a table or graph (see Graphs and Statistics, Lesson 5, Regression).

Function Notation

input value
o (x) =2x+3
\_Y—/
output value

Function notation is a language for writing functions. It provides simple, but important information about
the mathematical relationship between the variables in a function.
e Function notation identifies the mathematical relationship as a function.
o0 A function has one and only one output (y-value) for each input (x-value).
0 Function notation should not be used with mathematical relationships that are not
functions.
e Function notation identifies both the output (dependent variable) and the intput (independent
variables) in a mathematical relationship
e The most common function notation is f{x), which is read as “f of x”.
O f{x) is used to represent the dependent variable (y-value) of the function, and x is used to
represent the independent variable (x-value) of the function.
= |n practice, any equation describing a function can be changed to function
notation by substituting f(x) for y.
= The y-axis of a graph is often labeled f(x) axis.

= Ordered pairs may be written as (x,f(x))

0 Other letters besides fand x may be used with function notation.
= In practice, letters are often chosen to be descriptive of the variables involved.
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= Examples are the function rules for describing how to convert degrees

Fahrenheit to degrees Celsius, and back.

Fahrenheit to Celsius

Celsius to Fahrenheit

C(f)=(f-%2)

F(c)=%c+32

This function rule can be
interpreted as “degrees Celsius is a
function of degrees Fahrenheit”.

This function rule can be
interpreted as “degrees Fahrenheit
is a function of degrees Celsius”.

e Function notation can be used to identify which value of the independent variable is to be used
as an input.

o Forexample, if f'(x)=3x+7, then f(5) =22
o f(5)says that the output of the function should be evaluated when the input is x = 5.

f(5)=3x+7
f(5)=3x5+7
f(5)=15+7
f(5)=22

Modeling a Sample Function
Context View: The inside of a freezer is kept at a constant temperature of 15 degrees Fahrenheit.
When a quart of liquid water is placed in the freezer, its Fahrenheit temperature drops by one-half every 20
minutes until it turns into ice and reaches a constant temperature of 15 degrees.

Table View: The tables views below model what the temperatures of two different quarts of water with
different initial temperatures would be after » minutes in the freezer.

Initial Temperature = 80 degrees
Minutes in 0 [20|40| 60 | 80
Freezer (m)

Temperature | 80 | 40|20 | 15 | 15

J(m)

Initial Temperature = 120 degrees
Minutes in 0 [20|40| 60 | 80
Freezer (m)

Temperature | 1206030 | 15 | 15

f(m)

Function Rule View
The narrative view and the table views suggest that the temperature drops exponentially at first, then stays
at a constant temperature of 15 degrees.

Exponential growth or decay can be modeled by the function 4 — P(1+r)", where:

A represents the current amount,

P represents the starting amount,

{1+#) represents the rate of growth or decay per cycle, and
¢ represents the number of cycles (usually measured as time)

The temperature of the water can be modeled using the formula for exponential decay, as follows:
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1 time (in minutes)

A-Pl-) @
( 2)

A represents the temperature of the water after .z minutes in the freezer.
P represents the initial temperature of the water.
1 .
(Ej represents the exponential rate of decay.

time (in minutes)
20

The range of the function would be limited to 212> f'(m)>15

represents time.

Check: Input the system of equations in a graphing calculator for a quart of water with an initial
temperature of 80 degrees Fahrenheit. The second equation represents the lower limit of 15 degrees.

Flokl Flotz Flots o, T s
CHAZOD
~W1EBEC A2 0 [0 ic
i cg.Eg0 | 1E
~eElS 0 i ik
o=l 30 zB.zEy | 1E
N B e |k
:3 E = Frmm| 10 it
=6H

Graph View

Inkerseckian =
w=yB =00/ _LY=ds

DIMS - Does It Make Sense? Yes, all four views of the function show that the water cools down quickly
at first, then more slowly, then reaches a final temperature of 15 degrees. The graph view shows that it
would take about 48 minutes for a quart of liquid water with an initial temperature of 80 degrees to reach a
frozen temperature of 15 degrees.

DEVELOPING ESSENTIAL SKILLS

The table below represents the number of hours a student worked and the amount of money the student
earned.

Mumber | Dollars
of Hours | Earned
(h) (d)

8 $50.00
15 $93.75
19 £118.75
a0 £187.50
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Write a function rule that represents the number of dollars, d, earned in terms of the number of hours, 7,
worked.

d(h) = 6.25h

Bob sells appliances. He gets paid a fixed salary plus a fee for every appliance he sells. His
total weekly compensation in dollars is modelled by the function c(a)=50a+250. Explain
what each of the three terms in this function means in the context of Bob’s compensation.

1. c¢(a) Bob’s compensation is a function of the number of appliances he sells.

2. 50a Bob gets $50 for every appliance he sells.

3. 250 Bob gets $250 even if he doesn’t sell any appliances.

REGENTS EXAM QUESTIONS (through June 2018)

F.BE.A.1, FLEAZ2 F.LEBJS5,S.ID.C.7:
Modeling Linear Functions

110) Caitlin has a movie rental card worth $175. After she rents the first movie, the card’s value is $172.25.
After she rents the second movie, its value is $169.50. After she rents the third movie, the card is worth
$166.75. Assuming the pattern continues, write an equation to define A(#}, the amount of money on the
rental card after » rentals. Caitlin rents a movie every Friday night. How many weeks in a row can she
afford to rent a movie, using her rental card only? Explain how you arrived at your answer.

111) In 2013, the United States Postal Service charged $0.46 to mail a letter weighing up to 1 oz. and $0.20 per
ounce for each additional ounce. Which function would determine the cost, in dollars, iz}, of mailing a
letter weighing z ounces where z is an integer greater than 1?
1) clz)=046z+ 020 3) ciz)=046(z-1)+0.20
2) ciz)=0.20z+046 4) ciz)=0.200z-1)+046

112) Alex is selling tickets to a school play. An adult ticket costs $6.50 and a student ticket costs $4.00. Alex
sells x adult tickets and 12 student tickets. Write a function, f{x}, to represent how much money Alex
collected from selling tickets.

113) Jackson is starting an exercise program. The first day he will spend 30 minutes on a treadmill. He will
increase his time on the treadmill by 2 minutes each day. Write an equation for Ti«}, the time, in
minutes, on the treadmill on day . Find i), the minutes he will spend on the treadmill on day 6.

114) Last weekend, Emma sold lemonade at a yard sale. The function P{z) =50 — 9.96 represented the
profit, #{z1, Emma earned selling ¢ cups of lemonade. Sales were strong, so she raised the price for this
weekend by 25 cents per cup. Which function represents her profit for this weekend?

1) Pig)=25¢-996 3) Fir)=50c-10.21
2) Fir)=500-971 4) Plc)=7T5c-19.96

115) Which chart could represent the function jf{x) = —2x+ 6?
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116)

117)

118)

119)

Dl x| 0| ) [ x | #x
o | 6 o | 8
> | 10 o | 10
4 | 14 4 | 12
6 | 18 6 | 14

2 | x | fx) Y x T tx)
o | 4 o | s
2 | 6 2 | 2
4 8 4 -2
6 | 10 6 | -6

Jim is a furniture salesman. His weekly pay is $300 plus 3.5% of his total sales for the week. Jim sells x
dollars' worth of furniture during the week. Write a function, z(x}, which can be used to determine his

pay for the week. Use this function to determine Jim's pay to the nearest cent for a week when his sales
total is $8250.

Each day Toni records the height of a plant for her science lab. Her data are shown in the table below.

Day (n) 1 2 3 4 5
Height (cm) | 3.0 | 45 | 6.0 75 | 9.0

The plant continues to grow at a constant daily rate. Write an equation to represent %z}, the height of the
plant on the nth day.

Tanya is making homemade greeting cards. The data table below represents the amount she spends in
dollars, fx7, in terms of the number of cards she makes, x.

X f(x)
4 7.50
6 9
9 11.25
10 12

Write a linear function, f7x}, that represents the data. Explain what the slope and y-intercept of 1)
mean in the given context.

A company that manufactures radios first pays a start-up cost, and then spends a certain amount of money
to manufacture each radio. If the cost of manufacturing » radios is given by the function
c(¥) =525+ 125, then the value 5.25 best represents

1) the start-up cost 3) the amount spent to manufacture each
radio

2) the profit earned from the sale of one radio 4) the average number of radios
manufactured
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120) A satellite television company charges a one-time installation fee and a monthly service charge. The total
cost is modeled by the function y =40+ %0x. Which statement represents the meaning of each part of the

function?

1) yis the total cost, x is the number of 3) xisthe total cost, y is the number of
months of service, $90 is the installation months of service, $40 is the installation
fee, and $40 is the service charge per fee, and $90 is the service charge per
month. month.

2) yisthe total cost, x is the number of 4) x is the total cost, y is the number of
months of service, $40 is the installation months of service, $90 is the installation
fee, and $90 is the service charge per fee, and $40 is the service charge per
month. month.

121) The owner of a small computer repair business has one employee, who is paid an hourly rate of $22. The
owner estimates his weekly profit using the function {x) = 8600 - 22x. In this function, x represents the

number of
1) computers repaired per week 3) customers served per week
2) hours worked per week 4) days worked per week

122) The cost of airing a commercial on television is modeled by the function iz} = 110z + 900, where n is the
number of times the commercial is aired. Based on this model, which statement is true?
1) The commercial costs $0 to produce and  3) The commercial costs $900 to produce

$110 per airing up to $900. and $110 each time it is aired.
2) The commercial costs $110 to produce 4) The commercial costs $1010 to produce
and $900 each time it is aired. and can air an unlimited number of times.

123) The cost of belonging to a gym can be modeled by iz) = 502 + 79.50, where () is the total cost for m
months of membership. State the meaning of the slope and y-intercept of this function with respect to the
costs associated with the gym membership.

124) A car leaves Albany, NY, and travels west toward Buffalo, NY. The equation 7= 280 - 59 can be used
to represent the distance, D, from Buffalo after ¢ hours. In this equation, the 59 represents the
1) car's distance from Albany 3) distance between Buffalo and Albany
2) speed of the car 4) number of hours driving

125) A plumber has a set fee for a house call and charges by the hour for repairs. The total cost of her services
can be modeled by =iy = 125:+ %5, Which statements about this function are true?
I. A house call fee costs $95.
Il. The plumber charges $125 per hour.
I11. The number of hours the job takes is represented by ¢.
1) landll, only 3) IHland I, only
2) landlll, only 4) 1,11, and IlI

126) A student plotted the data from a sleep study as shown in the graph below.
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127)

128)

110)

85 .
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of Sleep per Day
=
=]
-
L]

65
7_A X

10 15 20 25 30 35 40
Age (in years)

The student used the equation of the line y = —0.0%x + .24 to model the data. What does the rate of

change represent in terms of these data?
1) The average number of hours of sleep per 3) The average number of hours of sleep per

day increases 0.09 hour per year of age. day increases 9.24 hours per year of age.
2) The average number of hours of sleep per 4) The average number of hours of sleep per
day decreases 0.09 hour per year of age. day decreases 9.24 hours per year of age.

During a recent snowstorm in Red Hook, NY, Jaime noted that there were 4 inches of snow on the ground
at 3:00 p.m., and there were 6 inches of snow on the ground at 7:00 p.m. If she were to graph these data,
what does the slope of the line connecting these two points represent in the context of this problem?

The amount Mike gets paid weekly can be represented by the expression 2.50a + 290, where a is the
number of cell phone accessories he sells that week. What is the constant term in this expression and
what does it represent?

1) 2.50«, the amount he is guaranteed to be  3) 290, the amount he is guaranteed to be

paid each week paid each week
2) 250, the amount he earns when he sells a 4) 290, the amount he earns when he sells a
accessories accessories
SOLUTIONS
ANS:
63 weeks

Strategy: Model the problem with a linear function.

Al = $175-32.75m

Each movie rental costs $2.75

Let »n represent the number of rentals.

Let A(#) represent the amount of money on the rental card after » rentals.
Caitlin can rent a movie for 63 weeks in a row.

Explanation:

Caitlin has $175.

Each movie rental costs $2.75

$175 divided by $2.75 equals 63.6, so $2.75 times 63.6 equals $175.
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Caitlin has enough money to rent 63 videos. After 63 weeks, Caitlin will not have enough money to rent
another movie.

AR = 175 - 32750 A7)

AR = $175 - $173.25

AlAT) = §1.75

After 63 weeks, Caitlin will have $1.75 on her rental card, which is not enough to rent another movie.

Check using a table of values:

Flokl FlakZ Flotz o X o 1
11752 VAl M| 17c [T 10
L 1 17228 61 7.2E
W= z 1G8.E BE y.E

- % 16675 B 1.7%
why= I 16Y4 B4 -1
“Me= £ 161.2E B “3.7C
Mg = & itE.E GG 6.5
wh = =15
PTS: 4 NAT: F.BF.A.1 TOP: Modeling Linear Equations
111) ANS: 4

Strategy: Eliminate wrong answers.

The problem states that there is a flat charge of $0.46 to mail a letter. This flat charge applies regardless

of what the letter weighs. Eliminate any answer that multiplies this flat charge by the weight of the letter.
Eliminate answer choices a and c.

The difference between answer choices b and d is in the terms 0.20z and 0.20(z - 1, where z represents

the weight of the letter in ounces. Choice b charges 20 cents for every ounce. Choice d charges 20 cents
for every ounce in excess of the first ounce. Choice d is the correct answer.

DIMS? Does It Make Sense? Yes. Transform answer choice ¢ for input into the graphing calculator.
ciz) = 0200z - 11+ 0.46

¥y = 0.20(x— 1) + 0.46

Flakl Floke Flakz " L
SR ZBCE—1 0+ 45 T us
W= z .66
= : 158
why= C 126
o= A 145
wHe= r i.66
~H 7=l =1
The table shows $0.46 to mail a letter weighing up to 1 oz. and $0.20 per ounce for each additional
ounce.
PTS: 2 NAT: A.CED.A2 TOP: Modeling Linear Equations
112) ANS:

A =650x+40130)
Strategy: Translate the words into math.

$6.50 per adult ticket plus $4.00 per student ticket equals total money collected.
$6.50 times x plus $4.00 times 12 students equals total money collected
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$6.50x+4(12) = fTx)

PTS: 2 NAT: F.BF.A.1 TOP: Modeling Linear Equations
113) ANS:
Tlel) = 2d + 28
Jackson will spend 40 minutes on the treadmill on day 6.
Strategy: Start with a table of values, then write an equation that models both the table view and the
narrative view of the function. Then, use the equation to determine the number of minutes Jackson will
spend on the treadmill on day 6.
STEP 1: Model the narrative view with a table view.
d 1 2 3 4 5 6 7 8 9
d) 30 32 34 36 38 40 42 44 46
STEP 2: Write an equation.
M)y =30+2(d-1)
) =30+ 242
) =28+ 24
STEP 3: Use the equation to find the number of minutes Jackson will spend on the treadmill on day 6.
) =28+ 2d
T(6) = 28 + 2(6)
T(6) = 40
DIMS? Does It Make Sense? Yes. Both the equation and the table of values predict that Jackson will
spend 40 minutes on the treadmill on day 6.
PTS: 2 NAT: A.CED.A.1 TOP: Modeling Linear Functions
114) ANS: 4
The problem asks us to change the function ~(z) =50z — 9.96 to reflect a 25 cents increase in the price for
a cup of coffee. To do so, we must understand each part of the equation.
Fic) represents the total profits.
Az represents the price for each cup of coffee times the numbers of cups sold.
336 represents fixed costs, such as the price of the coffee beans used.
If Emma increases the price of coffee by 25 cents, the term .50¢ will change to .75¢. Everything else will
stay the same.
The new function will be Piz) =752 - 9.94,
PTS: 2 NAT: F.BF.A.1 TOP: Modeling Linear Functions
115) ANS: 4
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116)

117)

4 Which chart could represent the function f(x) = —2x + 67

X f(x) X f(x) ———
0 6 0 L8 ;
2 | 2 | 10 O ’
4 |14 4 12 ,
6 18 6 14
o] 57
o i 3 >
x | f(x) x | f(x)
o | 4 0 6
2 f 2 2 | - .
4 8 4 | -2
6 10 6 | -6 4

PTS: 2 NAT: F.LE.A.2
ANS:
STEP 1: Define variables and write a function rule.
Let »(x) represent Jim’s total pay for a week.
Let 300 represent Jim’s fixed pay in dollars.
Let .035 represent the additional pay that Jim receives for furniture sales.
Let x represent Jims dollars of furniture sales during the week.
Write the function rule:
pix)=300+0.035x

STEP 2: Use the function rule to determine Jim’s pay if he has $8,250 in furniture sales.

pix) =300+ 0.035x
282500 = 300+ 0.035(3250)
p(B250) = 300+ 28875
p(8250) = 588.75

$588.75
PTS: 4 NAT: F.BF.A.l1 TOP: Modeling Linear Functions
ANS:
¥=15x+15

Strategy 1: The problem states that the plant grows at a constant daily rate, so the rate of change is

constant. Use the slope-intercept form of a line, y = mx + &, and data from the table to identify the slope

and y-intercept.

STEP 1: Extend the table to show the y-intercept, as follows:

[ Day | o | 1 | 2 [ 3 | 4 | 5
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Height 1.5 3 4.5 6 7.5 9
(cm)
The y-intercept is 1.5, so we can write ¥ = mx+ 1.5,

STEP 2. Use the slope formula and any two pairs of data to find the slope. In the following calculation,
the points (1,3) and (5,9) are used.

The slope is 1.5, so we can write ¥ = 1.3x+ 1.5
DIMS?: See below.

Strategy 2: Use linear regression.

L1 Lz L= z LinFigdigx+ba LinFis3]
1 O Alistild g=3x+h
Z £ Y1listilez a=1.32
P B EEEqLIEtéEE b=1.5
ore e :
. — Calculate
LzlE) =

The equation is y=1.3x+ 1.5

DIMS? Does It Make Sense? Yes. The equation can be used to reproduce the table view, as follows:

Flakl FlakEs Flak= o M

~YELLSEALLS | 1c

M= i z

“x= g 5

“Ny= I 7K

“Mo= L q

WMp= B 1.

~V7=1

PTS: 2 NAT: F.BF.A.1 TOP: Modeling Linear Functions
118) ANS:

Ax)y=075x+4.50. Each card costs 75¢ and start-up costs were $4.50.

Strategy: Input the table of values in a graphing calculator and use linear regression to write the function
rule.

NORMAL FLOAT AUTD REAL RADIAN MP n

L L L .

R X p— p— p— LinReo

6 9 J=ax+b

9 11.25 a=.75

1 — b=4.5

L2(5)=

PTS: 4 NAT: F.BF.A.l TOP: Modeling Linear Functions
119) ANS: 3
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Strategy: Interpret the the function «(#) = 5. 25+ 125 in narrative (word) form.

e(7) = 5325 roo+ 125
the cost of manufacturing rradios = §5.25 for each radio plus a start-up cost of $125

$5.25 for each radio represents the amount spent to manufacture each radio, which is answer choice c.

PTS: 2 NAT: F.LE.B.5 TOP: Modeling Linear Equations

120) ANS: 2
Strategy: Interpret the the function ¥ =40+ 30x in narrative (word) form.

¥y o= 40+ 90 x
total cost = a one tine mstallation fee of $40 plus a $90 service charge times the number of months

PTS: 2 NAT: F.LE.B.5 TOP: Modeling Linear Equations

121) ANS: 2
The problem states that the employee is paid an hourly rate of $22.
In the equation ix) = 8600 — 2Zx, the hourly rate of $22 appears next to the letter x, which is a variable

representing the number of hours that the employee works.

DIMS (Does it Make Sense?)
Yes. The equation (x) = 8600 - 22Zx says that the owner’s profit (P) is a function of how much the
employee gets paid. As the value of x increases, the employee gets paid more and the owner’s profits get

smaller.
PTS: 2 NAT: ASSE.A.1  TOP: Modeling Linear Equations
122) ANS: 3
Strategy: Interpret the the function Ciz) = 110+ 200 in narrative (word) form, then eliminate wrong
answers.

) = 110 Fd + a00
The costs of a commercial = §110 times the number of imes the commencal airs plus a production cost of $200

Answer choice a is wrong because the the production costs are not $0.

Answer choice b is wrong because the production costs and costs per airing are reversed.
Answer choice c is correct.

Answer choice d in wrong because it makes no sense.

PTS: 2 NAT: F.LE.B.5 TOP: Modeling Linear Equations
123) ANS:

y=mx+b
¥= [slupejx+ (y-interu::eptj

C(x) = 500 + (79.50)
The slope is 50 and represents the amount paid each month for membewrship in the gym.
The y-intercept is 79.50 and represents the initial cost of membership.

PTS: 2 NAT: F.LE.B.5 TOP: Modeling Linear Functions
124) ANS: 2
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snend= distance
P titne

speed ime=distance
The equation = 2&0- 59t models the distance from Buffalo for a car after s hours. 280 represents the
distance in miles from Albany to Buffalo. The car is travelling at an average speed of 59 miles per hour.

Flokl FlakZ Flats ™ Lo
N BZ22R-59% 0 T
M=l 1 zzi
s S |in
‘ﬁ‘l = iy by
Ny E= -1t
= IE_ -7y
“Ma= [ = . . . . ,
The car’s distance from Albany decreases by 59 miles every hour, so 59 represents the speed of the car.
PTS: 2 NAT: F.LE.B.5 TOP: Modeling Linear Functions
125) ANS: 4

The function =(#) = 125¢+ 35 can be interpreted as follows: Cost is a function of time and is equal to
$125 times the number of hours plus a set fee of $95. All three statements are true.

PTS. 2 NAT: F.LE.B.5 TOP: Modeling Linear Functions

126) ANS: 2
The graph shows that the average number of hours of sleep per day decreases as age increases. The
correlation is negative.

a) The average number of hours of sleep per day i#ereases 0.09 hour per year of age.
b) The average number of hours of sleep per day decreases 0.09 hour per year of age.
C) The average number of hours of sleep per day inereases-9-24-hours per year of age.
d) The average number of hours of sleep per day decreases 924 hours per year of age.
PTS: 2 NAT: S.ID.C.7 TOP: Modeling Linear Functions

127) ANS:
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The slope represents the rate of snowfall, which is 2 inches of snow every 4 hours.

slope =

PTS: 2 NAT: F.IF.B.6 TOP: Modeling Linear Functions

128) ANS: 3
Strategy: ldentify the constant term in the expression 2.5z + 290, what it means, and eliminate wrong
answers..
STEP 1. 2.50a is a variable term and 290 is a constant term. Eliminate the two answer choices that start
with 2.50a.

STEP 2. The term 290 can represent the amount Mike earns when he sells a accessories, since the term
does not contain a.  Eliminate this choice.

Does It Make Sense? Yes. Mike gets $2.50 for every cell phone accessory he sells plus a constant
amount of $290 each week.

PTS. 2 NAT: F.LE.B.5 TOP: Modeling Linear Functions
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E - Linear Equations, Lesson 2, Graphing Linear Functions (r. 2018)

LINEAR EQUATIONS
Graphing Linear Functions

Common Core Standards Next Generation Standards

A-CED.A.2 Create equations in two or more varia- | Al-A.CED.2 Create equations and linear inequalities in
bles to represent relationships between quantities; two variables to represent a real-world context.
graph-equations-on-coordinate-axes-with-labels-and- | Notes:

scales. e This is strictly the development of the model (equa-

tion/inequality).
* Limit equations to linear, quadratic, and exponen-

tials of the form f(x) = a(b)xwhere a>0andb>

0(b#1).
F-1F.B.4 For a function that models a relationship Al-F.IF.4 For a function that models a relationship be-
between two quantities, interpret key features of tween two quantities:
graphs and tables in terms of the quantities, and i) interpret key features of graphs and tables in terms of
sketch graphs showing key features given a verbal the quantities; and
description of the relationship. Key features include: | ii) sketch graphs showing key features given a verbal de-
intercepts, intervals where the function is increas- scription of the relationship.
ing, decreasing, positive, or negative; relative maxi- | (Shared standard with Algebra II)
mums and minimums,; symmetries, end behavior, Notes:
and periodicity. » Algebra I key features include the following: intercepts,
PARCC: Tasks have a real-world context. Tasks are limited to zeros; intervals where the function is increasing, decreas-

linear functions, quadratic functions, square root functions, cube | jng positive, or negative; maxima, minima; and symme-
root functions, piece-wise defined functions (including step trie’s , , , ’

functions and absolute value functions) and exponential ..

functions with domains in the integers. » Tasks have a real-world context and are limited to the
following functions: linear, quadratic, square root, piece-

wise defined (including step and absolute value), and ex-

ponential functions of the form f(x) = a(b))r
where a>0and b > 0 (b#1).

LEARNING OBJECTIVES

Students will be able to:

1) Write function rules that represent table and/or context views of a mathematical relationship
between two variables.
2) Graph functions based on function rules, tables, or contexts.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling
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VOCABULARY

context graph table of values

coordinate pair plot point X-axis intercept

function rule rate of change y-axis intercept
BIG IDEAS

Three Facts About Graphs and Their Equations
1. The graph of an equation represents the set of all points that satisfy the equation (make the equation balance).

2. Each and every point on the graph of an equation represents a coordinate pair that can be substituted into the
equation to make the equation true.

3. If apointis on the graph of the equation, the point is a solution to the equation.
How to Graph Any Equation:

Table of Values Method: Given a table of values for a function, simply plot each coordinate pair on a coordinate
plane, then sketch the line that connects the plotted points.  If given a function rule or context view, first create a
table of values either manually or using a graphing calculator, then plot enough coordinate pairs to sketch the
graph.

Minimum Number of Plot Points Required: Equations can be classified as either linear or non-linear. All
linear equations, except vertical lines, are functions.
e Tograph alinear equation, you need to plot a minimum of two points using either of the following
methods:

0 Two Points Method: If you know two points on the line, simply plot both of them and draw a
straight line passing through the two points.

0 One Point and the Slope Method: If you know one point on the line and the slope of the line, plot
the point and use the slope to draw a right triangle to find a second point. Then, draw a straight line
passing through the two points.

e Tograph a non-linear equation, you need a minimum of three plot points. More plot points are better.

How to Find Intercepts of x and y-Axes

The x-axis intercept is the x-value of the point at which the graph of a relation intercepts the x-axis. The ordered
pair for any point of the x-axis will always have a value of y = 0.

Example: The equationy = 2x + 8 has an x-intercept of -4. This can be found algebraically by
substituting a value of O for y.

y=2x+8
0=2x+8
—8=2x

=
=
—4=x

The y-axis intercept is the y-value of the point at which a graph of a relation intercepts the y-axis. The ordered
pair for this point has a value of x = 0.

X
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Example: The equationy = 8 + 2x has a y-intercept of 8. This can be found algebraically by
substituting a value of zero for x.
y=2x+8

y=2(0)+8
y=0+8
y=8

Rate of Change/Slope

/ N\

Positive Slope Neqgative Slope. Goes
Goes up from left to right. | down from left to right.

Zero Slope. Undefined Slope.
A horizontal line has a A vertical line has an
slope of zero. undefined slope.

DEVELOPING ESSENTIAL SKILLS

Super Painters charges $1.00 per square foot plus an additional fee of $25.00 to paint a living room. If x
represents the area of the walls of Francesca's living room, in square feet, and y represents the cost, in dollars,
which graph best represents the cost of painting her living room?

' Y

250 f 250
225 225
& 200 = 200
@ 175 1 175
T 150 T 150
B 125 / 8 125
100 100
E 75 { 75
50 O 50
25 / 25
X X
—23 125 2530 —-25 125 250
a) Area (fi%) c) Area (fi%)
il Vi
250 250
s 295
& 200k @ 200
m 175 [ g 175
T 150 T 150
T 125 B 125 ~]
B % % -
8 50 \ QO 50 P
25 25
X X
—25 125 250 -5 125 250
b) Area (ft%) d) Area (ft*)
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129)

Answer: c¢: This graph has a y-intercept of 25 and a slope of 1.

The gas tank in a car holds a total of 16 gallons of gas. The car travels 75 miles on 4 gallons of gas. If the gas
tank is full at the beginning of a trip, which graph represents the rate of change in the amount of gas in the tank?
¥ ¥

A »

mm S b e @
<
M,

Gas in Tank (gallons)
Gas in Tank (gallons)

S
ey

ma

=
an
[
a0
2
50
1EO
210
240
27
300
=
30
=]
a0
2
50
1EO
210
240
20
300

N

12 -

-
My

Gas in Tank (gallons)
=
4
Gas in Tank (gallons)
wm =
™

ra
,

J
=
(=]

Y

=

2
b) Distance (miles) d) Distance {miles)

Answer: b: If the car can travel 75 miles on 4 gallons, it can travel 300 miles on 16 gallons.

4 x

416
74x16=4x .

300=x

REGENTS EXAM QUESTIONS (through June 2018)

A.CED.A.2, F.IF.B.4: Graphing Linear Functions

Max purchased a box of green tea mints. The nutrition label on the box stated that a serving of three mints
contains a total of 10 Calories. On the axes below, graph the function, C, where Z(x) represents the number of
Calories in x mints.
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Number of Calories

50+
45
40+
35+
30+
25+
204
15+
10+

5]

3

6

9

e
Number of Mints

Write an equation that represents *{x). A full box of mints contains 180 Calories. Use the equation to

determine the total number of mints in the box.

130) Which graph shows a line where each value of y is three more than half of x?
y

1

A

3

2)

/

<

3)

4)

y

/

/

y

b

r

131) The graph below was created by an employee at a gas station.

\'

\ x
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Gas Sales

45 -
40
35
30
25-
20+
15
10

Cost of Gas (in dollars)

1 1 I 1 1 I | 1 I I
0 2 4 6 8 10 12 14 16 18 20
Number of Gallons

Which statement can be justified by using the graph?
1) If 10 gallons of gas was purchased, $35  3) For every 2 gallons of gas purchased,

was paid. $5.00 was paid.
2) For every gallon of gas purchased, $3.75  4) If zero gallons of gas were purchased, zero
was paid. miles were driven.

132) The value of the x-intercept for the graph of 4x— 5y =40 is

1) 10 3 4

5

2) 4 4) -3
;

133) Which function has the same y-intercept as the graph below?

¥

/

1) 12-6x 3) fy+x=18
Y=y
2) 27+ 3y=ifx 4) y+3=fx

134) Samantha purchases a package of sugar cookies. The nutrition label states that each serving size of 3 cookies
contains 160 Calories. Samantha creates the graph below showing the number of cookies eaten and the number of
Calories consumed.
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960+

800 *

640+ ¢

480 .

320+ *

Calories Consumed

160+ .

0 2 4 6 8 10 12 14 16
Cookies Eaten

Explain why it is appropriate for Samantha to draw a line through the points on the graph.

SOLUTIONS
129) ANS:
Y
@ 504
@ 454
5 40
@ 354
‘.; 30-
O 25
2 201
g 154
= 104
54
L L} 1 L 1 1 L} T 1 1 T T T L 1 I
0 3 6 9 12 15
a) Number of Mints
10
b) (x) = 5 X
C) A full box contains 54 mints.

Strategy: Write the equation, then graph the equation, then use the equation and 180 calories to determine the
number of mints in a full box.

STEP 1. Write the equation.

. . . . .10 . . . 1o
If 3 mints contain ten calories, then one mint contains 3 calories, and X number of mints contains ) x

. 10
calories. Therefore: C{x) = 5%

STEP 2: Transform the equation and input the equation into a graphing calculator.

1x) = Ex
3
10

Y1= ?X
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130)

Flotl Flotz Flot: LITHOO0]
~ABRC1RA30E amiln=H
W= mmax=16
P Aecl=1
Wy= Ymin=A
We= Ymax=55
W= Yezl=1
we= Lxpes=1 0 R,

TETE ol

art= M|
aThl=3 % in

Indrnt.: g gg
[eFend: iz L

iE ]
18 ]

STEP 3. Transfer the graph from the calculators table of values to the paper graph and complete the graph.

STEP 4. Substitute 180 calories for C{x} in the equation and solve for x (the number of mints)
10
C[X:I = ?I

130 = %x

540 = 10x
Y =x
There are 54 mints in a full box.

DIMS: Does It Make Sense? Yes. The table view of the function also shows that 180 calories is paired with 54
mints.

& v
4E 150
4H 160
E; i
iB0
£ 190
L Z0n
B3 cli
r=0d
PTS: 4 NAT: A.CED.A.2 TOP: Graphing Linear Functions
ANS: 2

Strategy: Convert the narrative view to a function rule, then graph it.

STEP 1. Write the function rule.
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131)

132)

¥ = + 3 +%x

(each value of jfj 1z (three more) than (half of 2)

¥= % I+3
STEP 2. Input the function rule in a graphing calculator and compare the graph view of the function to the answer
choices.

Flakl Flakz Flak: ! i W

B S2 NS § e |
“Me= .-"_---_-d -k

wNr= sl N i

wy= | ; - =
o= ! -1 c
~NE= ; a

R ik : = "5

Answer choice b is correct.

DIMS? Does It Make Sense? Yes. The x and y intercepts are reflected in both the graph and the table of
values.

PTS: 2 NAT: A.CED.A.2 TOP: Graphing Linear Functions

KEY: bimodalgraph

ANS: 2

Strategy #1: Use the slope of the line to determine the cost per gallon of gas. Select any two points that are on
intersections of vertical and horizontal gridlines, then substitute them into the slope formula to determine the rate
of change, which is the cost per gallon of gas.

Selact (8,30) and (4, 15)

Ya7¥ a0-15 15

= r,-x  3-4 =T=$3'75
or
Select (12,45] and [8,30]
Y- ¥ -
o J2TYL 45230 15 L

X,-x,  12-8 4
For every gallon of gas purchased. $3.75 was paid.

Strategy #2. Eliminate wrong answers.

Choice (a) is wrong because the chart shows that 10 gallongs of gas costs $37.50, not $35.00.
Choice (b) is correct.

Choice (c) is wrong because the chart shows that 2 gallons of gas cost $7.50, not $5.00.
Choice (d) is wrong because the chart says nothing about the number of miles driven.

PTS: 2 NAT: A.CED.A.2 TOP: Graphing Linear Functions

ANS: 1

Strategy: Find the value of x wheny equals 0. NOTE: The x-intercept can also be defined as the x-value of the
coordinate where the graph intercepts (passes through) the x-axis.
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dx- Sy =40
4x+ 5(0) = 40
4x =40
x=10
The value of the x-intercept is 10.

PTS. 2 NAT: F.IF.C.9 TOP: Graphing Linear Functions

133) ANS: 4
Strategy: ldentify the y-intercept in the graph, then test each answer choice to see if it has the same y-intercept.

STEP 1. Identify the y-intercept in the graph.
The y-intercept is can be defined as the y-value of the coordinate where the graph intercepts (passes through) the y-

axis. The graph shows that the function passes through the y-axis at the point [D,—E], so the value of the y-
intercept is -3.

STEP 2. Test the other equations to see if the point (D,—ijorks.

a _ 12; fix Does not work c fy+x= 18 Does not work
6(=3)+ (07 = 18
__ 12-6(0) ~18 18
4
12
-3 = T
33
b 27+3y=16x  Does not work d v+ 3= fix (0,~3)works!
37+ 3(=3) = 6(0) (=3)+ 3= 6(0)
Z7I-9=10 O=10
18 =0
PTS: 2 NAT: F.IF.C.9 TOP: Graphing Linear Functions

134) ANS:
A line is appropriate because the data is continuous. Samantha could eat any fraction of a cookie and fill in the
line between the points for whole cookies.

PTS. 2 NAT: F.IF.B.4 TOP: Graphing Linear Functions
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E — Linear Equations, Lesson 3, Writing Linear Equations (r. 2018)

LINEAR EQUATIONS
Writing Linear Equations

Common Core Standard Next Generation Standard

A-REI.10 Understand that the graph of an equation | Al-A.REI.10 Understand that the graph of an equation in
in two variables is the set of all its solutions plotted | two variables is the set of all its solutions plotted in the
in the coordinate plane, eftenforming-a-curve— coordinate plane.

{which-could-be-aline} Note: Graphing linear equations is a fluency recom-
mendation for Algebra I. Students become fluent in

solving characteristic problems involving the analytic
geometry of lines, such as writing down the equation
of a line given a point and a slope. Such fluency can
support them in solving less routine mathematical
problems involving linearity; as well as modeling lin-
ear phenomena.

LEARNING OBJECTIVES

Students will be able to:

1) Determine if different equations represent the same mathematical relationship between
two variables.

2) Write the equation of a line of a line given two points on the line or one point and the
slope of the line.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
transform equivalent relationship
isolate y = mx +b form
BIG IDEAS

Three Facts About Graphs and Their Equations

1. The graph of an equation represents the set of all points that satisfy the equation (make the equation
balance).
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2. Each and every point on the graph of an equation represents a coordinate pair that can be substituted
into the equation to make the equation true.

3. Ifapointis on the graph of the equation, the point is a solution to the equation.

Equivalent Forms of Equations

An equation represents a mathematical relationship between variables. The same relationship between the

variables can be represented in many different ways.

represent the same idea that y is 2 times x.

For example, y = 2x, 2y = 4x, and 3y = 6x all

To determine if different equations represent the same mathematical relationship between variables, use
one or more of the following strategies.

o transform the different equations into equivalent forms.
identical forms, the equations represent the same mathematical relationship between the variables.

e isolate the same variable in all the equations and input the equations in a graphing calculator.
the tables of values and graphs are identical, the equations represent the same mathematical

relationship between the variables.

Given Two Points on a Line, or One Point and the Slope of a Line,

STEP 1. First, find the slope.

How to Write the Equation of the Line

m=22"N

Xy =X

If not given, use the slope formula.

STEP 2. Set up and label three columns, as follows:

Write what you are given in
this column.

y=
m =
X =
b=

y=mx+b

Substitute the values from the

first column into the formula

and solve for the unknown b
value in this column.

y=mx+b

Use this column to write the fi-
nal equation by substituting m
and b in the slope-intercept
form.

STEP 3. Complete each column, left to right. The last column will be the equation of the line.

Example:

Write the equation of the line that passes through (-5, 6) and (7, 2).

Step 1. Find the slope.

"= Yo= N
X=X
2-6
m=———
7—(=5)
-4
m=-—
12
1
m=——
3
Write what you are given in Yy =mx+ b y=mx+ b

this column.

If the equations can be transformed into

If
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y=2 2=-X(7)+b
m= -t 3
3 7
2=-L1p
X=7 3+
b =b 2+l
3
4i_p
3

1

y=—x+4-

3

1
3

DEVELOPING ESSENTIAL SKILLS

Which of the following equations represent the same mathematical relationship between the

variables? Justify your answer.

y=3x+6
y:3(x+2)
y=4=3x+2
%y:x+2
All of the equations represent the same mathematical relationship.
y=3x+6

y=3(x+2)
Use distributive property

y=3x+6

y—4=3x+2

Add 4 to both expressions
y=3x+6

_ _ ly:x+2
Multiply both expressions by 3 3

Write the equation of the line that passes through the points (-2, -8) and (6, 16).
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135)

136)

Write what you are given in y=mx+ b y=mx+ b

this column.
16 16=3(6)+b y=3x-2
16=18+5
-2=>b

O'><3‘<

3
6
b

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.D.10: Writing Linear Equations

The graph of a linear equation contains the points (3,113 and =2, 1). Which point also lies on the graph?
1) (21) 3) (26)
2) (24) 4) (2,9

Sue and Kathy were doing their algebra homework. They were asked to write the equation of the line that

1

passes through the points (—3,4) and {6,1). Sue wrote y—4 = -3 {(x+3) and Kathy wrote = —% x+ 3.

Justify why both students are correct.

137) How many of the equations listed below represent the line passing through the points (2, 3} and i4,-7)?

Sx+y=13
y+7=-5(x-4)
y=-53x+13

y-T=45x-4)

1) 1 3) 3
) 2 4) 4

SOLUTIONS

135) ANS: 4

Strategy: Find the slope of the line between the two points, then use y —x + & to find the y-intercept,
then write the equation of the line and determine which answer choice is also on the line.

STEP 1. Find the slope of the line that passes through the points (3,11} and (-2, 1}.

m_yz_yl _1-11 _—_1|II_2

Page 163



136)

Write y= 2x+ &

STEP 2. Use either given point and the equation y = Zx+ & to solve for b, the y-intercept. The
following calculation uses the point (3,11).
y=2x+h

1 =2(3+b
Il=6+4&
S=4

Write = 2x+ 5

STEP 3 Determine which answer choice balances the equation y = 2z + 5.

Use a graphing calculator

Flakl Flakz Flakz = L
W BEZ2E+5 -z 1
wHle= -1 z
W= ° 3
Y= P £
o= z i1
WWg= 4 iz
i =Z
or simply solve the equation y = Zx+ 5 for ywhen x = 2.
y=2ax+5
¥=2(1+5
y=d4+5
y=1
The point (2, 9) is also on the line.
PTS. 2 NAT: A.REI.D.10 TOP: Graphing Linear Functions
ANS:
Strategy: Input both equations in a graphing calculator and see if they produce the same outputs.
Sue’s Equation  y, Kathy’s Equation  y,
1 1
y1—4=—§(x+3) J"g=—§X+3
1
yi=-3 (x+3)+4
Fletl Flokz Flats o, "y Yz & Y Y
WYUEC 130 CRA30 | s c 0 3 3
e Y = L R T -c 4 6687 | 4.B667 i Z.BBA7 | £.BBEG7
=l :; :.3333 2.3333 % %.3333 %.3333
Tna= CEE AFCUR I e
=Ne= - . . . .
L — 0 K = E- 1 |
wHe= = T =6

Both students are correct because both equations pass through the points (—3,4) and {6, 1).

Alternate justification: Show that the points {—3,4) and (6, 1} satisfy both equations.
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137)

Sue’s Equation ¥,

y—-4=—l {x+ 3)

(-34)

4-4=-1(-3+3)

1
0=-3 @

0=10

L e

1

I-4=—%(6+3)
1
-1=-30)
~3=-3

Kathy’s Equation
1

y=—§x+3

(-3.4) (6.1)
——lx+3 ——lx+3
=3 =73
Y G Y
e e
4=1+3 =-2+3
4=4 1=1

Both students are correct because the points {—3,4) and {#, 1} satisfy both equations.

PTS: 2
KEY: other forms

ANS: 3

NAT: A.REIL.D.10 TOP: Writing Linear Equations

Step 1. Transform each equation for input into a graphing calculator.

Original Input in Calculator
Sx+y=13 ¥=13-15x
y+T==5x-4) |y=-5(x-4)-7
y=-53x+13 y=-53x+13
y—7=>5x-4) y=5x-4)+7

and 4,-7.

Step 2. Input each equation in a graphing calculator and inspect the tables of values for the points {2, 3}
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F — Inequalities, Lesson 1, Solving Linear Inequalities (r. 2018)

INEQUALITIES
Solving Linear Inequalities

Common Core Standard Next Generation Standard

A-REI.B.3 Solve linear equations and inequalities in | AI-A.REI.3 Solve linear equations and inequalities in
one variable, including equations with coefficients one variable, including equations with coefficients repre-
represented by letters. sented by letters.

Note: Algebra | tasks do not involve solving compound
inequalities.

NOTE: This lesson is closely related to, and builds upon, Expressions and Equations, Lesson 3, Solving Linear
Equations.

LEARNING OBJECTIVES

Students will be able to:

1) Solve one step and multiple step inequalities.
2) Explain each step involved in solving one step and multiple step inequalities.
3) Do acheck to see if the solution is correct.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
big rule of inequalities greater than less than
equality greater than or equal to less than or equal to
four column strategy inequality not equal to
four general rules inequality sign solution set
BIG IDEAS

The Big Rule for Solving Inequalities:
All the rules for solving equations apply to inequalities — plus one:
When an inequality is multiplied or divided by any negative number, the direction of the
inequality sign changes.
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Inequality Symbols:

< less than > greater than
< less than or equal to > greater than or equal to
# not equal to

The solution of an inequality includes any values that make the inequality true.
Solutions to inequalities can be graphed on a number line using open and closed dots.

Checking Solutions to Inequalities
To check the solution to an inequality, replace the variable in the inequality with a value in the solution
set. If the value selected is a correct solution, the simplified inequality will produce a true statement.
NOTE: The value selected must be in the solution set.

DEVELOPING ESSENTIAL SKILLS

Solve for x: 4+§x >3+x
Notes Left Hand Expression Sign Right Hand Expression
Given 2
4+gx S 3+x
Multiply by 5 20+ 2x > 15+5x
Subtract 2x 20 > 15+3x
Subtract 15 5 > 3x
Divide by 3 5 > X
3
Check L )
& Selectﬂ , Which is less thang, to test the solution.
4+Ex>3+x
5
4+E 4 >3+ 4
53 3
4+ 8 >3+ 20
15 15
60 8 45 20
——>— 4
15 15 15 15
68 65
—>— [frue
15 15

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.B.3: Solving Linear Inequalities
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138)

139)

140)

141)

142)

143)

144)

138)

The inequality 7- 2 * <x— 8 isequivalent to

3

1) x>9
2) 3

I}—E

3) x«1
4) 3

Ii—g

Given that & > &, solve for x in terms of a and b:

Bx-3zax+ 7k

When 3x+ 2 = 5(x -4 is solved for x, the solution is

1) =3
2) x=13

What is the solutionto 2% + & > 3k —6?

1) k<14
2) 14
b= =

Solve the inequality below:

3) x=-11
4) x=z=11

3) k=14
4) Fz::-E

5

16— 04y=2.2-2y

What is the solution to the inequality 2+ g rzd4+x?

1) 15
[o—

Az 5

2) 13
- J—

A 5

The solutionto 4z + 2 < 2{p + 51 is
1) p>-f

2) p<-—f

SOLUTIONS

ANS: 1

Strategy: Use the four column method for solving and documenting an equation or inequality.

3)

1

X

4)

[

X

3) p=d
4) p=d

Notes Left Expression Sign Right Expression
Given: 2 <
- E X
Add +8 to both 15— 2 <
expressions 3%
(Addition property of
equality)
Add +2 z to both H < x+ iz
expressions
(Addition property of
equality)
Simplify 15 <
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139)

140)

141)

142)

Divide both 15 < 5
expressions by El 1 E_X
3 5 5
(Division property of 3 3
equality)
Simplify g < x
Rewrite X >
PTS: 2 NAT: ARREI.B.3  TOP: Solving Linear Inequalities
ANS:
10&
T bh-ua
Strategy: Use the four column method. Remember that & = &.
Notes Left Expression Sign Right Expression
Given bix-3) = ax+Th
Distributive Property bx—3b = ax+7h
Transpose bx—ax = 104
Factor xh—a) = 104
Divide by [&—a) x = 105
See b—a
NOTE
below

NOTE: Since @ > &, the expression [&—a) must be a negative number. When dividing an inequality
by a negative number, the direction of the inequality sign must be reversed.

PTS: 2 NAT: A.REI.LB.3  TOP: Solving Linear Inequalities
ANS: 4
Ix+ 225(x—4)
3+ 2£5x-20
2+ 20 £ 5x-3x
22=2x
11=x
=11
PTS: 2 NAT: ARREI.B.3  TOP: Solving Linear Inequalities
ANS: 1
2h+8=3h-0
2h+ 14 = 3k
14 =k
PTS: 2 NAT: A.REIL.B.3
ANS:
1
=
Y=y
| Given 18-04y [2 | 22-2y
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Add (2y) +2y +2y
Simplify lLé+lay =2 | 22
Subtract (1.8) | -1.& -1.8
Simplify = | 0.4
1.6y
Divide (1.6) = | 04
Loy X
1.6
Simplify |
=| 4
Y
18-04y=22-2y
1Ly =04
y=0.25
PTS: 2 NAT: A.REI.LB.3  TOP: Solving Linear Inequalities
143) ANS: 1

2+gx24+x

18+4x =36+ 9x

=sx =z 18
18
<
=33
13
w
=73
Remember to change the direction of the inequality sign when multiplying or dividing by a negative
number.
PTS: 2 NAT: A.REI.LB.3  TOP: Solving Linear Inequalities
144) ANS: 4
Strategy: Use order of operations.
Notes Left Expression Sign Right Expression
Given 4+ 2 < 2p+5)
Divide by 2 2o+ 1 < B+ 5
Subtract p p+l < 5
Subtract 1 e < 4
PTS: 2 NAT: ARREI.B.3  TOP: Solving Linear Inequalities
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F — Inequalities, Lesson 2, Interpreting Solutions (r. 2018)

INEQUALITIES
Interpreting Solutions

Common Core Standard Next Generation Standard

A-REI.3 Solve linear equations and inequalities in Al-A.REL.3 Solve linear equations and inequalities in
one variable, including equations with coefficients one variable, including equations with coefficients repre-
represented by letters. sented by letters.

Note: Algebra I tasks do not involve solving com-
pound inequalities.

LEARNING OBJECTIVES

Students will be able to:

1) Identify solutions to inequalities as sets of solutions that can be plotted on a number line.
2) Use proper notation to define solution sets.

3) Identify integer values within solution sets.

4) Determine if a specified integer value is within a solution set.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
integer open dot curved parentheses number line
solution set closed dot square parentheses
BIG IDEAS
Inequality Symbols:
< less than > greater than
< less than or equal to > greater than or equal to
# not equal to

The solution of an inequality includes any values that make the inequality true.
Solutions to inequalities can be graphed on a number line using open and closed dots.

Open Dots v Closed Dots
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Square vs Curved Parentheses

When the inequality sign does not contain
an equality bar beneath it, the dot is open.

When the inequality sign contains includes
an equality bar beneath it, the dot is closed,

or shaded in.
Graph of x >1 Graph of x>1
or (... or[1..

means 1 is not included in the solution set.
-3 -2 -1 0 1 2 3

Lesser Greater

means 1 is included in the solution set
-3 -2 -1 0 1 2 3

4||||‘_‘_‘_’

- [ [ [ [
Greater

Graph of x <1

or..1l)
means 1 is not included in the solution set

Graph of x <1

or..1]
means 1 is included in the solution set

-3 -2 -1 0 1

& | \ | |

il I I 1 1

Lesser

O—F——~+—

2 3 -3 -2 -1 0

1

2

3

| >

—

Lesser

Greater

Greater

Graph of x #1

-3 -2 -1 0 1 2 3
| | | | N | | >

<

Lesser

! ! ! ! \ I ]
Greater

DEVELOPING ESSENTIAL SKILLS

Solve for the smallest integer value of x: 3+§x >4—-6x
Notes Left Hand Sign Right Hand
Expression Expression
Given 3+x > 4—-6x
Add 6x 3+7X > 4
Subtract 3 X > 1
Divide by 7 X > 1
-
Answer 1 is the smallest integer that is in the solution set.
Check

0 is less than % and should not

be in the solution set.
3+x>4—-6x

3+(O)24—6(O)
3>4 not true

1 is greater than or equal to %

and should be in the solution set.

3+x>4-6x
3+(1)24—6(1)

4>4-6
4>-2 true

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.B.3: Interpreting Solutions
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145) Given 2x+ax—7T > —12, determine the largest integer value of ¢« when x=-1.

146) Solve the inequality below to determine and state the smallest possible value for x in the solution set.
x+ D =5x-3

147) Determine the smallest integer that makes —3x+ 7— 5x < 15 true.
148) Solve for x algebraically: 7x—3{4x-8) <fx+ 12-9x
If x is a number in the interval [4, 3], state all integers that satisfy the given inequality. Explain how you

determined these values.

149) Which value would be a solution for x in the inequality 47— 4x < 7?

1) -13 3) 10
2) -10 4) 11
150) Given the set {x|—2 =x = Z where x 1z aninteger}, what is the solution of —2(x— &) < 10?
1) 01,2 3) -2-1,0
2) 1,2 4) -2,-1
SOLUTIONS
145) ANS:

The largest integer value for a is 2.
Strategy: Use the four column method.

Notes Left Expression Sign Right Expression
Given dx+ax-T7 > -12
Substitute -1 for x 2-D+al-1)-7 > 1z
Simplify —2-a-7 > -1
Combine like terms —x— 1 > -1z
Add +9 to both
expressions —dt > -3
(Addition property of
equality)
Divide both
expressions by —1 a < 3
and reverse the sign

The largest integer value that is less the 3 is 2.

PTS: 2 NAT: A.REI.LB.3  TOP: Solving Linear Inequalities

146) ANS:
6 is the smallest possible value for x in the solution set.

Strategy: Use the four column method.

Notes Left Expression Sign Right Expression
Given 3x+ 9 = 5x-73
Subtract 3x from
both expressions 9 = dx-13
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148)

(Subtraction property
of equality)

Add +3 to both
expressions
(Addition Property of
equality)

12

(8

2x

Divide both
expressions by 2
(Division property of
equality)

(a8

Rewrite

X

=

6

PTS: 2 NAT: A.REILB.3

147) ANS:
0 is the smallest integer in the solution set.

Strategy: Use the four column method to solve the inequality, then interpret the solution.

STEP 1: Solve the inequality.

TOP: Solving Linear Inequalities

Notes

Left Expression

Sign

Right Expression

Given

—3x+7-5x

<

15

Simplify (Combine
like terms)

—-8x+7

<

15

Add +8x to both
expressions
(Addition Property of

Equality)

8x+15

Subtract 15 from
both expressions
(Subtraction Property
of Equality)

8x

Divide both
expressions by +8
(Division property of
equality)

Rewrite

X

>

STEP 2: Interpret the solution set for the smallest integer.
The smallest integer greater than -1 is 0.

PTS: 2 NAT: A.REI.B.3

ANS:

TOP: Solving Linear Inequalities

6, 7, 8 are the numbers greater than or equal to 6 in the interval.

Strategy: Use the four column method to solve the inequality, then interpret the solution.

STEP 1: Solve the inequality.

Notes Left Expression Sign Right Expression
Given Tx—3(4x-8) = fix+ 12— 9%
Clear parentheses
Tr-13x+ 24 = Bx+ 12— 8%
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149)

150)

(Distributive
property)
Simplify
(Combine like terms) —Sx+ 24 = —3x+12
Add 5x to both
expressions 24 LA 2x+ 12
(Addition property of
equality)
Subtract 12 from
both expressions 12 [ 2X
(Subtraction property
of equality)
Divide both
expressions by 2 6 = X
(Division property of
equality)
Rewrite X = 6
STEP 2: Interpret the solution set for the interval [4, &].
The interval [4,8] contains the integers 4, 5, 6, 7, and 8.
If x =46, then the solution set of integers is {,7,8}.
PTS: 4 NAT: ARREI.B.3  TOP: Solving Linear Inequalities
ANS: 4
47 —4x <7
—4x =4
Remember to change the direction of the sign when multiplying or dividing an inequality by a negative
number.
Pt
—4
x =10
11 is the only answer choice that is greater than 10.
PTS: 2 NAT: A.REI.LB.3  TOP: Interpreting Solutions
ANS: 2
STEP 1: Solve the inequality —2{zx— 5} < 10
-2(x-5) < 10
—2(x-5) 10
2 "2
r—5>-5
x>0

STEP 2: Select integers from the interval {x|-2 = x = 2, where x1s aninteger} that satisfy the inequality.
The integers in the interval are: {-2, -1, 0, 1, 2}.

-2 is not greater than 0

-1 is not greater than 0

0 is not greater than 0

1 is greater than 0

2 is greater than zero.
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X
@ |

NAT: A.REIL.B.3

TOP: Interpreting Solutions
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F — Inequalities, Lesson 3, Modeling Linear Inequalities (r. 2018)

INEQUALITIES
Modeling Linear Inequalities

Common Core Standards

A-CED.1 Create equations and inequalities in one
variable and use them to solve problems. Include
equations arising from linear and quadratic func-

tions, and simple rational and exponential functions.
PARCC: Tasks are limited to linear, quadratic, or exponential
hs with integer exponents.

A-CED.3 Represent constraints by equations or ine-
qualities, and by systems of equations and/or ine-
qualities, and interpret solutions as viable or non-vi-
able options in a modeling context. For example,
represent inequalities describing nutritional and
cost constraints on combinations of different foods.

Next Generation Standards

Al-A.CED.1 Create equations and inequalities in one
variable to represent a real-world context.

(Shared standard with Algebra I1)

Notes:

* This is strictly the development of the model (equa-
tion/inequality).

* Limit equations to linear, quadratic, and exponen-
tials of the form f(x) = a(b)xwherea>0and b >0 (b #
1).

» Work with geometric sequences may involve an ex-
ponential equation/formula of the form an = arn-1,
where a is the first term and r is the common ratio.

* Inequalities are limited to linear inequalities.

» Algebra I tasks do not involve compound inequalities.

Al-A.CED.3 Represent constraints by equations or ine-
qualities, and by systems of equations and/or inequalities,
and interpret solutions as viable or non-viable options in a
modeling context.

e.g., Represent inequalities describing nutritional
and cost constraints on combinations of different foods.

NOTE: This lesson is related to Expressions and Equations, Lesson 4, Modeling Linear Equations

LEARNING OBJECTIVES

Students will be able to:

1) Model real-world word problems as mathematical inequalities.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary
- learning objective(s)
direct instruction

- big ideas: entry)

- modeling

guided practice €Teacher:
connects student work

Student Centered Activities

anticipates, monitors, selects, sequences, and

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

VOCABULARY

See key words and their mathematical translations under big ideas.
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BIG IDEAS
Translating words into mathematical expressions and equations is an important skill.

General Approach
The general approach is as follows:
1. Read and understand the entire problem.
2. Underline key words, focusing on variables, operations, and equalities or inequalities.
3. Convert the key words to mathematical notation (consider meaningful variable names other than
x and y).
4. Write the final expression or equation.
5. Check the final expression or equation for reasonableness.

The Solution to a Linear Inequality Can Represent a Part of a Number Line.
A linear inequality describes a part of a number line with either: 1) an upper limit; 2) a lower limit; or 3)
both upper and lower limits.

Example - Upper Limit
Let 4 represent age.

A playground for little kids will not allow children older than four years. If 4 represents age in years,
this can be represented as
As

0 v -4 10

Example - Lower Limit
A state will not allow persons below the age of 21 to drink alcohol.  If 4 represents age in years, the
legal drinking age can be represented as

A=21

1 1
19 20 el 22 23

Example - Both Upper and Lower Limits
A high school football team limits participation to students from 14 to 18 years old.  If A4 represents age
in years, participation on the football team can be represented as

13 <4 <189,
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Key English Words and Their Mathematical Translations

These English Words Usually Mean Examples: English becomes math
is, are equals the sum of 5 and x is 20 becomes 5 + x = 2()
more than, greater than inequality X is greater than y becomes x >y
> x is more than 5 becomes x > 5
5 is more than x becomes 5 > x
greater than or equal to, a minimum of, inequality X is greater than or equal to y becomes
at least > the minimum of x is 5 becomes
x is at least 20 becomes
less than inequality X is less than y becomes
< x is less than 5 becomes
5 is less than x becomes
less than or equal to, a maximum of, Inequality Xis less than or equal to y becomes
not more than < The maximum of x is 5 becomes
X is not more than becomes

Examples of Modeling Specific Types of Inequality Problems

Spending Related Inequalities

Typical Problem in English

Mathematical Translation

Hints and Strategies

Mr. Braun has $75.00 to spend on
pizzas and soda pop for a picnic.
Pizzas cost $9.00 each and the
drinks cost $0.75 each. Five
times as many drinks as pizzas are
needed. What is the maximum
number of pizzas that Mr. Braun
can buy?

$75 is the most that can be spent,
so start with the idea that
75> something

e Let P represent the # of Pizzas
and 9P represent the cost of
pizzas.

e Let 5P represent the number
of drinks and .75(5P)
represent the cost of drinks.

Write the expression for total

costs:

9P +.75(5P)

Combine the left expression,
inequality sign, and right
expression into a single
inequality.
75>9P+.75(5P)
Solve the inequality for P.
75>9P+.75(5P)
75>9P+3.75P
75>12.75P
75

12.75
59>2P

Identify the minimum or
maximum amount on one
side of the inequality.

Pay attention to the
direction of the inequality
and whether the boundary
is included or not included
in the solution set.
Develop the other side of
the inequality as an
expression.
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It does not make sense to order
5.9 pizzas, and there is not enough
money to buy six pizzas, so round
down.
Mr. Braun has enough money to
buy 5 pizzas.

How Many? Type of Inequalitie

w

Typical Problem in English

Mathematical Translation

Hints and Strategies

There are 461 students and 20
teachers taking buses on a trip to a
museum. Each bus can seat a
maximum of 52. What is the
least number of buses needed for
the trip?

Write:
461+ 20 S

>b
52
Solve

486,

52
9.25>5

A fraction/decimal answer does
not make sense because you
cannot order a part of a bus.

Only an integer answer will work.
The lowest integer value in the
solution set is 10, so 10 buses will

be needed for the trip.

Ignore your real life experience
with field trips and buses, like
how big or small are the
students and teachers, or if
student attendance will be
influenced by how interesting
the museum sounds.

Geometry Based Inequalities

Typical Problem in English

Mathematical Translation

Hints and Strategies

The length of a rectangle is 15
and its width is w. The perimeter
of the rectangle is, at most, 50.
Write and solve an inequality to
find the longest possible width.

The formula for the perimeter
of arectangle is2/+2w=P.
Substitute information from the
context into this formula and
write:
2 (15) +2w<50
Then, solve for w.
2 (15) +2w<50
30+2w<50
2w<20

w<10
The longest possible width is
10 feet.

Use a formula and substitute
information from the problem
into the formula.

DEVELOPING ESSENTIAL SKILLS

A swimmer plans to swim at least 100 laps during a 6-day period. During this period, the swimmer will increase
the number of laps completed each day by one lap. What is the least number of laps the swimmer must complete

on the first day?
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Write the left expression and inequality sign as follows:
100>
Let d represent the number of laps the swimmer must complete on the 1% day.
Let d+1 represent the number of laps the swimmer must complete on the 2" day.
Let d+2 represent the number of laps the swimmer must complete on the 3" day.
Let d+3 represent the number of laps the swimmer must complete on the 4™ day.
Let d+4 represent the number of laps the swimmer must complete on the 5 day.
Let d+5 represent the number of laps the swimmer must complete on the 6™ day.
Let 6d+15 represent the number of laps the swimmer must complete in total. This is the right expression.
Complete the inequality
100> 6d +15
Solve the inequality
100> 6d +15
85> 6d
8
6

146>d
A swimmer cannot swim a fraction of a lap, so round up to the next integer.
The swimmer must complete 15 laps on the first day.

REGENTS EXAM QUESTIONS (through June 2018)

A.CED.A.1 A.CED.C.3: Modeling Linear Inequalities

151) Connor wants to attend the town carnival. The price of admission to the carnival is $4.50, and each ride costs an
additional 79 cents. If he can spend at most $16.00 at the carnival, which inequality can be used to solve for r, the
number of rides Connor can go on, and what is the maximum number of rides he can go on?

1) 0.79+4.50r = 16.00; 3 rides 3) 4.50+0.79% = 16.00; 14 rides
2) 0.79+4.50 = 16.00; 4 rides 4) 450+ 079 = 16.00; 15 rides

152) Natasha is planning a school celebration and wants to have live music and food for everyone who attends. She
has found a band that will charge her $750 and a caterer who will provide snacks and drinks for $2.25 per person.
If her goal is to keep the average cost per person between $2.75 and $3.25, how many people, p, must attend?
1) 225 <p <325 3) 500 <p < 1000
2) 325 <p <7750 4) 750 <p < 1500

153) The cost of a pack of chewing gum in a vending machine is $0.75. The cost of a bottle of juice in the same
machine is $1.25. Julia has $22.00 to spend on chewing gum and bottles of juice for her team and she must buy
seven packs of chewing gum. If b represents the number of bottles of juice, which inequality represents the
maximum number of bottles she can buy?

1) 0.755+ 1.25(7) = 22 3) 075N+ 1250222
2) 075b+1.25(TN =22 4) 075N+ 1250222

154) The acidity in a swimming pool is considered normal if the average of three pH readings, p, is defined such that
7.0 <p <78 Ifthe first two readings are 7.2 and 7.6, which value for the third reading will result in an overall

rating of normal?
1) 6.2 3) 8.6
2) 7.3 4) 8.8
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155)

156)

151)

152)

David has two jobs. He earns $8 per hour babysitting his neighbor’s children and he earns $11 per hour working
at the coffee shop. Write an inequality to represent the number of hours, x, babysitting and the number of hours,
¥, working at the coffee shop that David will need to work to earn a minimum of $200. David worked 15 hours at
the coffee shop. Use the inequality to find the number of full hours he must babysit to reach his goal of $200.

Joy wants to buy strawberries and raspberries to bring to a party. Strawberries cost $1.60 per pound and
raspberries cost $1.75 per pound. If she only has $10 to spend on berries, which inequality represents the situation
where she buys x pounds of strawberries and y pounds of raspberries?

1) Lélx+ 175y =10 3) L75x+ lady =10
2) lalx+ 1759210 4) 1.75x+ a0y =10

SOLUTIONS
ANS: 3

Strategy: Write and solve an inequality that relates total costs to how much money Connor has.

STEP 1. Write the inequality:

The price of admission comes first and is $4.50. Write +4.50
Each ride (r) costs an additional 0.79. Write +0.79r

Total costs can be expressed as: 4.50+ 0.7%

4 50+ 0.79 must be less than or equal to the $16 Connor has.
Write: 450+ 0,79 < 16.00

STEP 2. Solve the inequality.

Notes Left Expression Sign Right Expression
Given 450+ 079 = 16.00
Subtract 4.50 from 0.7 = 11.50
both expressions
Divide both r = 11.50
expressions by 0.79 ETH
Simplify r < 14.55696203
Interpret r < 14 rides

The correct answer choice is ¢:  4.50+ 0.7% = 16.00; 14 rides

DIMS? Does It Make Sense? Yes. Admissions costs $4.50 and 14 rides cost 14 =79 = $11.06. After 14 rides,
Connor will only have 45 cents left, which is not enough to go on another ride.
Fla—($4.50+ $11.05)

$16-($15.55)

$0.45
PTS: 2 NAT: A.CED.A.1 TOP: Modeling Linear Inequalities
ANS: 4
Strategy:

STEPL1. Use the definition of average cost.
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153)

154)

total costs
mumber of persons sharing the cost

Awerage Cost=

Total costs for the band and the caterer are:  $750 + $2.25p

. ) 750+ $2. 250
If the average cost is $3.25, the formulais $3.25= ————

Solve for p
$3.25p=$750+$2. 25p
p=750

. . 750+ §2. 250
If the average cost is $2.75, the formula is  $2. 75=—————

Solve for p
$2.75p=$750+3$2. 25p
S0p=T50
p=1500

DIMS? Does It Make Sense? Yes. If 750 people attend, the average cost is $2.25 per person. 1f 1500 people
attend, the average cost is $3.25 per person. For any number of people between 750 and 1500, the average cost
per person will be between $2.25 and $3.25.

PTS. 2 NAT: A.CED.A.3 TOP: Modeling Linear Inequalities
ANS: 4
Strategy: Examine the answer choices and eliminate wrong answers.

STEP 1. Eliminate answer choices a and ¢ because both of them have greater than or equal signs. Julia must
spend less than she has, not more.

STEP 2. Choose between answer choices » and 4.  Answer choice d is correct because the term 0.75(7) means
that Julia must buy 7 packs of chewing gum @ $0.75 per pack. Answer choice b is incorrect because the term
1.25(7) means that Julia will buy 7 bottles of juice.

DIMS? Does It Make Sense? Yes. Answer choice d shows in the first term that Julia will buy 7 packs of gum
and the total of the entire expression must be equal to or less than $22.00.

PTS. 2 NAT: A.CED.A.3 TOP: Modeling Linear Inequalities

ANS: 2

Step 1. Recognize that the problem is asking you to identify one pH reading that will result in an average of three
readings that is greater than or equal to 7.0 and less than or equal to 7.8.

Step 2. Use algebraic notation to represent the average of three pH readings, then find the answer that gives an
average within the required interval.

Step 3.
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155)

PH+pHy +pf

P yeragey = 5
T2+76+pH;
P oyerngey = 3
148+ pH;
P oyerngey = 3
148+ pH
Choice @) 247 ymage) = 3 > - 14'8; 62 % = 7. This average is not in the required interval, so

choice a) is not a correct answer.

. 148+p3;  1484+735 221
Choice b) 25 pyage; = 7 3 ==

so choice b) is a correct answer.

48+pfH; 143486 234
average] 3 i3

= 7.36= 7.4, This average is in the required interval,

Choice c) p#, =775, This average is not in the required interval, so

choice c) is not a correct answer.

: 148+pH;  143+488 2346
Choice d) 25 perage; = 7 = 7 =3
interval, so choice d) is not a correct answer.

Step 4. Does it make sense? Yes.

=78 =79, This average is not in the required

T0ep <73
07478
T.0 < choiceh < 7.8
PTS: 2 NAT: A.CED.A.1 TOP: Modeling Linear Inequalities

ANS:
David must babysit five full hours to reach his goal of $200.

Strategy: Write an inequality to represent David’s income from both jobs, then use it to solve the problem, then
interpret the solution.

STEP 1. Write the inequality.
Let x represent the number of hours that David babysits.

Let y represent the number of hours that David works at the coffee shop.
Write: &x+ 11y = 200

STEP 2. Substitute 15 for y and solve for x.
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156)

Bx+ L1y =200
Bx+ 11{15) = 200
Ex+ 165 =200
Bx = 200- 165
Bx = 35

35
o= piiinl
X_E

x24. 375

STEP 3. Interpret the solution.
The problem asks for the number of full hours, so the solution, x = 4.375, must be rounded up to 5 full hours.

DIMS? Does It Make Sense? Yes. If David works 15 hours at the coffee shop and 5 hours at the library, he
will earn more than 200

3051 + 11{15) = 200
40+ 165 = 200
205 = 200

What does not make sense is why David earns $8 per hour babysitting and Edith, in the previous problem, only
earns $4 per hour.

PTS: 4 NAT: A.CED.A.3 TOP: Modeling Linear Inequalities

ANS: 1

Strategy: There are three terms in each answer choice - sort the information in the problem to write mathematical
terms, then eliminate wrong answers.

Given the Words Write

Strawberries cost $1.60 per pound.... 1.60x
x pounds of strawberries

raspberries cost $1.75 per pound.... 175y
y pounds of raspberries

she only has $10 to spend <10

Combine all three terms and the inequality sign to write: 1.60x+ 1.75y < 10

PTS: 2 NAT: A.CED.A.1 TOP: Modeling Linear Inequalities
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F — Inequalities, Lesson 4, Graphing Linear Inequalities (r. 2018)

INEQUALITIES
Graphing Linear Inequalities

Common Core Standard Next Generation Standard

A-REI.12 Graph the solutions to a linear inequality | Al-A.REI.12 Graph the solutions to a linear inequality in

in two variables as a half-plane (excluding the two variables as a half-plane (excluding the boundary in
boundary in the case of a strict inequality), and the case of a strict inequality), and graph the solution set
graph the solution set to a system of linear inequali- | to a system of linear inequalities in two variables as the
ties in two variables as the intersection of the corre- | intersection of the corresponding half-planes.

sponding half-planes. Note: Graphing linear equations is a fluency recom-

mendation for Algebra I. Students become fluent in
solving characteristic problems involving the analytic
geometry of lines, such as writing down the equation
of a line given a point and a slope. Such fluency can
support them in solving less routine mathematical
problems involving linearity; as well as modeling lin-
ear phenomena (including modeling using systems of
linear inequalities in two variables).

LEARNING OBJECTIVES

Students will be able to:

1) Graph a single inequality involving two variables on a coordinate plane.
a. Determine if the boundary line is a solid line or a dashed line.
b. Determine if the solution set is shaded above or below the boundary line.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
boundary line shading testing a solution
dashed line solid line
linear inequality solution set
BIG IDEAS

A linear ineguality describes a region of the coordinate plane that has a boundary line. Every point in
the region is a solution of the inequality.
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The solution set of a linear inequality includes all ordered pairs that make the inequality true. The graph
of an inequality represents the solution set.

Graphing a Linear Inequality
Step One. Change the inequality sign to an equal sign and graph the boundary line in the same manner
that you would graph a linear equation.
= When the inequality sign contains an equality bar beneath it, use a solid line for the boundary.
Any point (ordered pair) on the boundary line is part of the solution set.
= When the inequality sign does not contain an equality bar beneath it, use a dashed line for the
boundary. Any point (ordered pair) on the boundary line is not part of the solution set.
Step Two. Restore the inequality sign and test a point to see which side of the boundary line the
solution ison. The point (0,0) is a good point to test since it simplifies any multiplication. However, if
the boundary line passes through the point (0,0), another point not on the boundary line must be selected
for testing.
= |f the test point makes the inequality true, shade the side of the boundary line that includes the test
point.
= |f the test point makes the inequality not true, shade the side of the boundary line does not include
the test point.
NOTE: If the dependent variable is isolated in the left expression of the inequality, a simplified way to
determine which side of the line to shade is as follows:
e If the inequality sign contains >, shade above the boundary line.
0 Examples: y>x and y>x are shaded above the boundary line.

e |f the inequality sign contains <, shade below the boundary line.
o0 Examples: y<x and y<x areshaded below the boundary line.

Example Graph y <2x+3
First, change the inequality sign an equal sign and graph the line: » =2x+3. This is the boundary

line of the solution. Since there is no equality line beneath the inequality symbol, use a dashed line for
the boundary.

NOTE: A graphing calculator can be used if the inequality has the dependent variable isolated as the in
the left expression of the inequality

Next, test a point to see which side of the boundary line the solution is on. Try (0,0), since it makes the
multiplication easy, but remember that any point will do.

Page 187



y<2x+3

0<2(0)+3

0<3 True, so the solution of the inequality is the region that contains the point (0,0).
Therefore, we shade the side of the boundary line that contains the point (0,0).

A

Note: Most graphing calculators do not have the ability to distinguish between solid and dashed lines on
a graph of an inequality.

DEVELOPING ESSENTIAL SKILLS

Graph the inequality 3x + 2y < y + 6and determine if point with coordinates (3,8) is in the solution set.

STEP 1. Isolate the dependent variable in the left expression of the inequality.
3x+2y<y+6
3x+y<6
y<-3x+6

STEP 2. Input the transformed inequality in a graphing computer and use the table and graph views to
plot the boundary line.

HORHAL FLOAT AUTO REAL RADIAN MP NORHAL FLOAT AUTO REAL RADIAN MP (] NORMAL FLOAT ALTO REAL RADIAH HP i
PRESS + FOR & Th1

Plotl Plotz Plots Y1
B\Y 18 -3X+6 : :
ENY2= g 93
EN\Y3= 4 _5
ENY4a= 5 -9

= 6 -12

ENYs g 1

\Ys= 8 -18
ENY?= 9 21
E\Ysg= 10 24
ENYo= X=0

Since the inequality < sign contains an equal bar, the boundary line is a solid line and any points on the
boundary line are included in the solution set.

STEP 3. Since the dependent variable is isolated in the left expression, and the inequality sign includes
<, shade the area below the boundary line. (NOTE: The graphing calculator can be set to show < or >
inequalities.)
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NORMAL FLOAT AUTO REAL RADIAN MP HORHAL FLOAT AUTO REAL RADIAN HMP n

Plotl Plotz Plot3

IY1H-3X+6
ENY 2=

N H“m\lh.‘
Il
Il
i

ENYs=
\Ys= i
ENY?= i
INYs= i
EN\Yg9=

STEP 4. Inspect the graph to determine if the point (3,8) is included in the solution set.

STEP 5. Do a check to see if the point (3,8) makes the original inequality true.

3x+2y<y+6
3(3)+2(8)£(8)+6
9+16<14
25<14 not true

Since the inequality is not true for the point (3,8), the point is not in the solution set.

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.D.12: Graphing Linear Inequalities

157) Which inequality is represented in the graph below?

;

1) y=-3x+4 3) y=—4x-13
2) y=-3x+4 4) y=-4x-73

158) On the set of axes below, graph the inequality Zx+y = 1.

159) Which inequality is represented by the graph below?

It is not.
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1) y=£2x-3 3) y=-3x+12
2) yzix-13 4) y=-3x+12

160) Shawn incorrectly graphed the inequality —x— 2y = & as shown below:

Explain Shawn’s mistake.

Graph the inequality correctly on the set of axis below.
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161) Graph the inequality ¥ > Zx—15 on the set of axes below. State the coordinates of a point in its solution.

¥

*

¥

162) Graph the inequality ¥ +4 <—2{x—4) on the set of axes below.
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SOLUTIONS

157) ANS: 1
Strategy: Use the slope intercept form of a line, y = mx + &, to construct the inequality from the graph.
Yi~¥ -4 - _ :
2T 174 3 3. The y-intercept is 4.

The line passes though points (0,4) and (1,1), so the slope is # P
] 1

The equation of the boundary line is ¥ = —3x+ 4, so eliminate choices ¢ and d.

The shading is above the line, so eliminate choice 5.
The inequality is ¥ = —-3x+ 4, so answer choice a is correct.

PTS: 2 NAT: A.REL.D.12 TOP: Linear Inequalities

158) ANS:

5

Strategy: Transpose the inequality, put it in a graphing calculator, then use the table and graph views to create the

graph on paper.
STEP 1. Transpose the inequality for input into a graphing calculator.
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ax+y=1

¥r—2x+1
STEP 2. Inpout the inequality into a graphing calculator
Flakl Flak2 Plokz : " L

MY B -2E+] E N

wWe= ; -2 £

R ot i

“My= ) i -1

wMNe= | z -3

M= ; ". K] L

R Wl - ' = m 3

STEP 3. Use information from the graph and table views to create the graph on paper. Be sure to make the line

dotted.

PTS: 2 NAT: ARELD.12 TOP: Graphing Linear Inequalities
159) ANS: 2 PTS: 2 NAT: AREIL.D.12 TOP: Graphing Linear Inequalities
160) ANS:

Shawn’s mistake was he shaded the wrong side of the boundary line.

—x—Zyza
—x—-4=dy
-x
=4z

7 42y

—X

o
ys— -4
Y=mr+h

Shawn’s y-intercept is correct. & = —4

Shawn’s slope is correct. m = —%

Shawn correctly graphed a solid boundary line. =
Shawn’s mistake was he shaded the wrong side of the boundary line.
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PTS: 4 NAT: A.REI.D.12
161) ANS:

. . . . 4
Strategy: Use the slope intercept form of the inequality to plot the y-intercept at -5, then use the slope of 1 to

find another point on the boundary line. Plot the boundary line as a dashed. Shade the area above the boundary

line. Select any number in the shaded area.

Check (0,0) in the inequality as follows:

¥rdx—35
0z2(0-5
0>-=5% True

PTS: 2 NAT: A.REI.D.12 TOP: Graphing Linear Inequalities

162) ANS:
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PTS: 2 NAT: AREIL.D.12 TOP: Graphing Linear Inequalities
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G — Absolute Value, Lesson 1, Graphing Absolute Value Functions (r. 2018)

ABSOLUTE VALUE
Graphing Absolute VValue Functions

Common Core Standards

F-1F.C.7 Graph functions expressed symbolically
and show key features of the graph, by hand in sim-
ple cases and using technology for more compli-
cated cases. %

F-BF.B.3 Identify the effect on the graph of replac-
ing f{x) by fix) + k, k f(x), fes), and f(x + k) for spe-
cific values of & (both positive and negative); find
the value of & given the graphs. Experiment with
cases and illustrate an explanation of the effects on
the graph using technology. Include recognizing
even-and-edd functions from their graphs and alge-
braic expressions for them.

Next Generation Standards

Al-F.IF.7 Graph functions and show key features of the
graph by hand and by using technology where appropri-
ate. %

(Shared standard with Algebra 1)

Al-F.BF.3a Using f{x) + k, k f{x), and f{x + k):

i) identify the effect on the graph when replacing f{x) by
f(x) + k, kf(x), and f(x + k) for specific values of k£ (both
positive and negative);

ii) find the value of £ given the graphs;

iii) write a new function using the value of &; and

iv) use technology to experiment with cases and explore
the effects on the graph.

(Shared standard with Algebra I1)

Note: Tasks are limited to linear, quadratic, square

root, and absolute value functions; and exponential
functions of the form f(x) =a (b)x where a >0

andb>0(b#1).

LEARNING OBJECTIVES

Students will be able to:

1) Solve and graph absolute value functions with the aid of technology.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary
- learning objective(s)
- big ideas: direct instruction

- modeling

guided practice €Teacher:
connects student work

Student Centered Activities

anticipates, monitors, selects, sequences, and

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal
entry)

absolute value
absolute value function

VOCABULARY

catalog (of graphing
calculator)

ray
transformation

plus or minus (%) sign
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BIG IDEAS
The absolute value of a number is defined as the number’s distance from zero on a number line.
Distance is always positive, so the absolute value of a number is always positive. For example,

|-3/=3, [3=3, |-x|=x.
NOTE: —|x|=—x —|-x|=—x
absolute value parentheses.

Pay attention to whether a negative sign is inside or outside the

An absolute value function is a function that contains an absolute value term or expression.
Examples are |x| and |x+1].

How to Solve an Absolute Value Function

STEP 1: Isolate the absolute value expression.

STEP 2: Remove absolute value signs and add + to opposite expression.
STEP 3: Eliminate the + sign by writing two new equations.

STEP 4. Solve both equations.

Examples:

Solve forx. 4= |x| -2

STEP 1: Isolate the absolute value
expression.

6=
STEP 2: Remove absolute value signs and
add + to opposite expression.

+6=1x
STEP 3: Eliminate the £ sign by writing

Solve forx. 4= |x+3|—2

STEP 1: Isolate the absolute value
expression.

6=|x+3|
STEP 2: Remove absolute value signs and
add + to opposite expression.

+6=x+3
STEP 3: Eliminate the £ sign by writing

two new equations. two new equations.
+Eg +6=x +Eg +6=x+3

—-Eg -6=x -Eg -6=x+3
STEP 4. Solve both equations. STEP 4. Solve both equations.
(Unnecessary in this example.) +Eq +6=x+3

3=x
-Eq —-6=x+3

-9=x

Using a Graphing Calculator with Absolute Value Functions:
Absolute value functions may be input in a graphing calculator by moving all terms to the right
expression of the function and setting the left expression to zero. The inequality is then entered
into the graphing calculator’s y-editor using the ABS function, which is found in the calculator’s
catalog. Once input, the graph and table views of the function may be inspected.

Example: Given: |x+1]-3>6
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STEP 1. Transform
the absolute value
function so that the
left expression
equals zero, as
shown below.

[x+1]-3>6
h+q—9>0
0<|x+1-9

STEP 2.

Input the function.
NOTE: The abs entry is
found in the graphing
calculator’s catalog.

Flokl Flokz Flotz
k1 BabsCE+1 23

wWe=
W=
wMy=
wWe=
“WE=
wMe=

NOTE: Since this example
is an inequality, pay attention
to the inequality sign on the
far left of the calculator’s
input screen.

STEP 3.
Inspect the table and graph
views of the function.

rx
£

|1 |@m@™mn
1
[

-
Ju

Graphing an Absolute VValue Function

STEP 1. Input the absolute value function in the graphing calculator.

STEP 2. Inspect the graph and table views.

STEP 3. Plot three points: 1) the vertex; 2) a second point for the line to the left of the vertex;
and 3) a third point for the line to the right of the vertex.

STEP 4. Draw rays from the vertex through the two points.
DEVELOPING ESSENTIAL SKILLS

Use technology to explain how what happens to the graph of f (x) = |x| under the transformations

g(x) = 2|x| and h(x)

NORMAL FLOAT AUTO REAL RADIAN HMP

Plotl Plot2 Plot3
ENY1BI X
ENY2B21 X1
ENY 3B X+21

ENY 4=

ENYs5=

\NYs=

ENY 7=

ENY 8=

ENY 9=

=|x+2|.

PRESS + FOR aTb1

-
[
-]
M

Y3

NORMAL FLOAT AUTO REAL RADIAN MP

o

N L WNEOSEMNWDWIN
= 00O LMNOMN L0
NI D WO W

el

] NORMAL FLOAT AUTO REAL RADIAN HMP

1]

g(x)=2|x| gets narrower with the vertex at the same point.

h(x)= |x+ 2| shifts two units to the left.
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REGENTS EXAM QUESTIONS (through June 2018)
F.IF.C.7b, F.BF.B.3: Graphing Absolute Value Functions

163) On the set of axes below, graph the function y = |x+ 1].

State the range of the function. State the domain over which the function is increasing.

164) What is the minimum value of the function y = |x+ 3| - 2?
1) -z 3) 3
2) 2 4) -3

165) Graph the function y = |x— 3| on the set of axes below.

y

Explain how the graph of y = |x— 3| has changed from the related graph y = |z]|.
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166) Describe the effect that each transformation below has on the function fx) = |x|, where & = 0.
glx) = |x—«a|
Bix)=|x| -«

167) On the axes below, graph fx) = |3x].

If g{z)=7Tx)— 2, how is the graph of fx) translated to form the graph of giz}?
If 2(x) = fix—4), how is the graph of #(x) translated to form the graph of k(x)?

168) On the axes below, graph Ax) = |3x|.

If g(z)=7Tx)- 2, how is the graph of f1x) translated to form the graph of giz)?
If 2(x) = fix—4), how is the graph of fx) translated to form the graph of k(x)?

SOLUTIONS
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163) ANS:

Therangeis y = 0.
The function is increasing for z = —1.

Strategy: Input the function in a graphing calculator and use the table and graph views to complete the
graph on paper and to answer the questions.

Flokl Flakz Flakz L
~MAaE T E+EL
wMe=
nhas
“My=

o
-y
-3
-z
61
wHe=

wHe= =

LRLl pt) k=] o ptLEL]

PTS: 4 NAT: F.IF.C.7 TOP: Graphing Absolute Value Functions
164) ANS: 1

Strategy: Input function in graphing calculator and inspect the graph and table views to find answer.
Filakl Flakz Flokz ;

R - N I ) s

Yz=1 : =@

o
“My= e - =
~Me= ; -1 i
M= ; ] i
~Ne= : =2
PTS: 2 NAT: F.IF.C.7 TOP: Graphing Absolute Value Functions
165) ANS:
!
)

f,+

H H EnE
|

L
1 I

The graph has shifted three units to the right.
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Strategy: Input both functions in a graphing calculator and compare the graphs.

Flatl Flakz Flotz ;
=T \\\
YR E -
“MMe= [
~hy=
“Me=
“Me=
R Wik
PTS. 2 NAT: F.BF.B.3 TOP: Transformations with Functions and Relations
166) ANS:
gix) = |x— | moves flx) “a” units to the right.
h(x) = |x| —« moves flx) down by “a” units.
PTS: 2 NAT: F.BF.B.3 TOP: Graphing Absolute Value Functions
167) ANS:
;
Y
\
\\
a)
b) If g{x)=flx)— 2, the graph of fix} is translated 2 down to form the graph of g(x}.
c) If k(x)=flx—4), the graph of f1x) translated 4 right to form the graph of &(x).
Strategy: Input the three functions in a graphing calculator and compare the graphs.
Flatl Flakz Flotz
MR SR
MBI IR -2
NWYERSCR—4 0
~hy=
~Me=
~Me=
R Wik
PTS: 4 NAT: F.BF.B.3 TOP: Transformations with Functions and Relations
168) ANS:
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a)
b) If glx)=flx)— 2, the graph of fx) is translated 2 down to form the graph of g(x}.
c) If kix)=flx—4) the graph of f{x) translated 4 right to form the graph of &(x).

Strategy: Input the three functions in a graphing calculator and compare the graphs.

Flakl Flakz Flok:
k=1
~eBIl 3R -2
L= Ll B
wWy=
wWe=
MW=
WMWe=
PTS: 4 NAT: F.BF.B.3 TOP: Transformations with Functions and Relations
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H — Quadratics, Lesson 1, Solving Quadratics (r. 2018)

QUADRATICS
Solving Quadratics

Common Core Standards

ble.

NYSED: Solutions may include simplifying radicals.

Next Generation Standards

A-SSE.B.3 Choose and produce an equivalent form | Al-A.SSE.3 Choose and produce an equivalent form of
of an expression to reveal and explain properties of | an expression to reveal and explain properties of the
the quantity represented by the expression. quantity represented by the expression.

(Shared standard with Algebra I1)

A-REI.B.4a Solve quadratic equations in one varia- | Al-A.REI.4 Solve quadratic equations in one variable.

Note: Solutions may include simplifying radicals.

NOTE: This lesson is in four parts and typically requires four or more days to complete.

Students will be able to:

1) Transform a quadratic equation into standard form and identify the values of a, b, and c.

LEARNING OBJECTIVES

2) Convert factors of quadratics to solutions.

3) Convert solutions of quadratics to factors.

4) Solve quadratics using the quadratic formula.

5) Solve quadratics using the completing the square method.
6) Solve quadratics using the factoring by grouping method.

Overview of Lesson

Overview of Lesson

- activate students’ prior knowledge
- vocabulary

- learning objective(s)

- big ideas: direct instruction

- modeling

Teacher Centered Introduction Student Centered Activities

guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal
entry)

box method of factoring
completing the square
constant

factoring by grouping

factors

forms of a quadratic

linear term

multiplication property of zero

VOCABULARY
quadratic equation
quadratic formula
quadratic term
roots
solutions
standard form of a quadratic
X-axis intercepts
zeros
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Part 1 — Overview of Quadratics
BIG IDEAS

The standard form of a quadratic is: ax® +bx+c=0.
e ax’ isthe quadratic term
e bx isthe linear term
e (s the constant term
Note: If the quadratic terms is removed, the remaining terms are a linear equation.

The definition of a quadratic equation is: an equation of the second degree.

Examples of quadratics in different forms:

Forms

Examples

standard form

6x2 + 11x — 35

2x2 — 4x - 2

—4x? — Tx +12
20x2 -15x - 10

x2 -x -3
5x2 - 2x - 9
3x2 + 4x + 2
—x2 +6x + 18

without the bx term (the
linear term)

2x%2 — 64

without the ¢ term (the
constant term)

x2 - 16
9x% + 49
—2x? - 4
4x2 + 81

2 -9
3x2 — 36
6x2 + 144

x2 —Ix =
2x? + 8x
—x2 — Ox

x2 + 2x
—6x2 — 3x
-5x2 + x
-12x% + 13x
11x%2 — 27x

O O O OO O O O © 0 OO0 0 09 g o000 o0 o o
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factored forms

—~

=
+ +
=N
R

—~

=

|

w
Il

Il
OO O O O o o o o

=

—_
=
+
(o]

TN SN~~~

= =

[ I

=2

= w = =
+ + +
N DN (BN
Il

=
—+
w
SN N N N N N N N
Il

=
|
B~ 01 »;

AN SN N N

(x
(2x+3 3x — 2
—3(x - 4) 2x + 3
other forms x(x-2) =4
x(2x + 3) =12
3x(x + 8) = -2
5x2 =9 —x
—6x2 = -2 + x
x2 = 27x -14
x2+2x =1
4x?2 — 7x =15
—-8x2 + 3x = -100
25x + 6 = 99 x?

(Source: your dictionary.com)

Multiplication Property of Zero: The multiplication property of zero says that if the product
of two numbers or expressions is zero, then one or both of the numbers or expressions must equal
zero. More simply, if x-3 =10, then either x=0 or y=10, or, both x and y equal zero.

Example: The quadratic equation (x+2)(x—4)=0 has two factors: (x+2) and (x—4). The

multiplication property of zero says that one or both of these factors must equal zero, because the
product of these two factors is zero. Therefore, write two equations, as follows:

Eq#1 (x+2)=0 Therefore, x=-2
Eq #2 (x—4)=0 Therefore, x=4
By the multiplication property of zero, x={-2,+4}.

Zeros: A zero of a quadratic equation is a solution or_root of the equation. The words zero,
solution, and root all mean the same thing. The zeros of a quadratic equation are the value(s) of
x when y=0. A quadratic equation can have one, two, or no zeros. There are four general
strategies for finding the zeros of a quadratic equation:

1) Solve the quadratic equation using the quadratic formula.

2) Solve the quadratic equation using the completing the square method.

3) Solve the quadratic equation using the factoring by grouping method.

4) Input the quadratic equation into a graphing calculator and find the x-axis intercepts.
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x-axis intercepts: The zeros of a quadratic can be found by inspecting the graph view of the
equation. In graph form, the zeros of a quadratic equation are the x-values of the coordinates of
the x-axis intercepts of the graph of the equation. The graph of a quadratic equation is called a
parabola and can intercept the x-axis in one, two, or no places.

Example: Find the x-axis intercepts of the quadratic equation (x+ 2)(x—4) =0 by inspecting
the x-axis intercepts of its graph.

NORHMAL FLOAT AUTD REAL RADIAN HMP n MORMAL FLOAT AUTO REAL RADIAN HP n

Flotl Flotz FPlot3

ENY1B(X+2)(X-4)
ENY 2=
EN\Y 3=
ENY 4=
EN\Ys=
\NYeg=
EN\Y?=
EN\Ys=
ENY 9=

The coordinates of the x-axis intercepts are are (-2,0) and (4,0). These x-axis intercepts show

that the values of x when y=0 are -2 and 4, so the solutions of the quadratic equation are
xX= {—2, +4} :

The Difference Between Zeros and Factors

Factor: A factor is:
1) a whole number that is a divisor of another number, or
2) an algebraic expression that is a divisor of another algebraic expression.

Examples:
o 1,2, 3,4,6,and 12 all divide the number 12,
sol,2,3,4,6,and 12 are all factors of 12.

o (x—3)and (x+2) will divide the trinomial expression x*-x-6,
so (x—3) and (x+2) are both factors of the x*—x—6.
Start with Factors and Find Zeros

Remember that the factors of an expression are related to the zeros of the expression by the
multiplication property of zero. Thus, if you know the factors, it is easy to find the zeros.

Example: If the factors of the quadratic equation 2x*+5x+6=0 are (2x+2) and (x+3),

then by the multiplication property of zero: either (2x+2)=0, or (x+3)=0, or both equal
zero. Solving each equation for x results in the zeros of the equation, as follows:
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Start with Zeros and Find Factors
If you know the zeros of an expression, you can work backwards using the multiplication
property of zero to find the factors of the expression. For example, if you inspect the graph of

an equation and find that it has x-intercepts at (3,0) and (-2,0), then you know that the

solutionsare x=3 and x=-2 . You can use these two equations to find the factors of the
quadratic expression, as follows:

x=3
0

(x—3):

x=-2
(x + 2) =0
The factors of a quadratic equation with zeros of 3 and -2 are (x—3) and (x+ 2).

With practice, you can probably move back and forth between the zeros of an expression and the
factors of an expression with ease.
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Part 1 — Overview of Quadratics
DEVELOPING ESSENTIAL SKILLS

Convert the following quadratic equations to standard form and identify the values of a, b, and c:

x(x - 2) =4 x*-2x-4=0 a=1,b=-2,c=-4
x(2x +3) =12 2x*+6x-12=0 a= 2,b=6,c=-12
3x(x+8) = -2 3x?+24x+2=0 a=3,b=24,c=2
5x2 = 9 — y 5x2+x-9=0 a=5,b=1,c=-9
—6x2 = -2 + x —6x2—x+2=0 a= -6,b=-1,c=2
X2 = 27x —-14 x2— 27x+14=0 a=1,b=-27,c=14
X2 + 2x =1 x2 + 2x-1=0 a=1,b=2,c=1
4x2 — 7x = 15 4x2 — 7x-15=0 a=4,b=-7,c=1
—8x2 + 3x = —100 —8x? + 3x +100=0 a=-8,b=3,¢=100
25x + 6 = 99 x2 -99x2+25x + 6=0 a=-99, b=25, c=6
2v2 = 64 2x2 - 64 =0 a=2 ,b=0,c=
0=-16+ x2 x2-16 =0 a=1,b=0,c=-16
49 = -9y2 9x2 + 49 =0 a=9,b=0,c=49
x2 = Tx x2—-7x =0 a=1,b=-7,c=0
2y2 =—+ 8y 2x2 +8x =0 a=2,b=8,c=0
0=-9x— 2 —x2-9x =0 a=-1,b=9,c=0

Find the zeros of the following quadratic equations:

da. x:{—2,3}
a. (x + 2)()6 - 3) =0 b x:{—6,l}
b. (x + l)(x + 6) =0 c. x:{—l,G}
C. (x - 6)(x + 1) =0 d. x:{3,5}
d. (x - 5)(x + 3) =0 e x:{2,5}
e. (x — 5)(x + 2) =0 f. x:{—2,4}
f. (x—4)(x+2)=0 32
g (2x+3)(3x —2) = 0 & x:{‘?g}
h. =3(x — 4)(2x +3) =0 I x:{—g,4}
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Part 2 — The Quadratic Formula

The quadratic formulais: x=

B —b++b*—4ac

2a

Quadratic Formula Song

SOLVING QUADRATIC EQUATIONS STRATEGY #1:

Use the Quadratic Formula

Start with any quadratic equation in the P P V|
formof ax’+bx+c=0 The right expression must be zero.
Identify the values of a, b, and c. a=1, b=2and ¢ =-24
Substitute the values of a, b, and ¢ into {2
3 1 —_ + —_
the quadratic formula, which is x= bt ;; dac
b+ a_
xo PENEda (229 -4
e 2(1)
Solve for x —(2) £ ~f100
X= —
27+
e [2}2_ 10
I= L;l[l = x= % =x=4
- -2
x= 5 r= 5 = fi

The quadratic formula can be used to solve any quadratic equation.

Part 2 — The Quadratic Formula

DEVELOPING ESSENTIAL SKILLS

Solve the following quadratic equations using the quadratic formula. Leave answers in simplest

radical form.
x2-x-3=0 _—bEb —dac
2a

a=1b=-1,c=-3
~(-1)4J(-2) ~4(1)(-3)
2(1)
lei\/@

X =

2
x_li\/ﬁ

2
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https://www.youtube.com/watch?v=VOXYMRcWbF8

20x? -15x - 10 = O

B —b+~b* —4dac
2a
a=20,b=-15,¢=-10

X

—(~15)+,/(~15)° —~4(20)(-10)

X =

2(20)

x_15i\/225+800

40

15441025
TS
x:15iJ§§xJZi

40
x:15i5$ﬁ
40

L34l
8

2x2 - 4x -2 =20

—b+b*>—4dac
a=2, b:-4?c?:-2
~(-4)£y(-4)’ ~4(2)(-2)
2(2)
L 4+./16+16

4
x:4i$§
4
x:4i\/EX\/§
4
4+4/2
.

4

lei\/a

X =
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6x2 + 11x = 35

6x2 + 11x -35= 0

L —b+b* —4dac
2a
a=6,b=11¢=-35

~(10)+(12)° ~4(6)(-35)

X =
2(6)
L -11++/121+840
12
. -11+/961
12

-11+31

X =
12

20 —42
x=—andx=—

12 12

— Tx +12 = 42

—Ax*-Tx +12 = 0

L —b+~b*—4dac
2a
a=-4,b=-7,c=12

(7Y ~4(-4)(12)

) 2(-4)
 7+/49+192

-8
1241

-8

X
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mx

nx

The Box Method
for
Factoring a Trinomial

ax’ +bx+c=0

bx = mx + nx

INSTRUCTIONS EXAMPLE
STEP 1 Start with a factorable quadratic in stand- | solve by factoring: 6x°> —x—12=0
ard form:  ax® +bx+c =0 and a 2-row by 2-
column table.
STEP 2 Copy the quadratic term into the upper 62
left box and the constant term into the lower right
box. 12

STEP 3 Multiply the quadratic term by the con- 62
stant term and write the product to the right of the *
table. 12
6x2x—12 =
STEP 4 Factor the product from STEP 3 until Iex—72x
you obtain two factors that sum to the linear term
—1xx72x
(bx).
2xx—36x
—2xx36x
3xx—24x
—3xx24x
4xx—18x
—4xx18x
6xx—12x
—6xx12x
8xx—9x These two factors sum to bx
—8xx9x
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STEP 5 Write one of the two factors found in
STEP 4 in the upper right box and the other in the
lower left box. Order does not matter.

6x2

-12

STEP 6 Find the greatest common factor of each
row and each column and record these factors to
the left of each row and above each column.

Give each factor the same plus or minus value as
the nearest term in a box.

NOTE: If all four of the greatest common
factors share a common factor, reduce each
factor by the common factor and add the
common factor as a third factor. Eg.

(3x—9)(3x—15) = 3(x—3)(x—5)

2X -3

3x | 6x?

STEP 7  Write the expressions above and beside
the box as binomial factors of the original trino-
mial.

(2x—3)(3x+4) =0

STEP 8 Check to see that the factored quadratic
is the same as the original quadratic.

(2x—3)(3x+4)= 0
6x°+8x—-9x-12=0
6x2—9x—-12=0 check

STEP 9 Convert the factors to zeros.

(2x—3):0
2x=3

Part 3 — The Box Method of Factoring

DEVELOPING ESSENTIAL SKILLS

Solve each quadratic by factoring.

x*-2x-8=0
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(x—4)(x+2) =0
x={—2,4}

x*=3x-10=0 x -5
X | x?
-10
(x—5)(x+2) =0
x:{5,—2}
x?—=2x-15=0 x -5
X | x?
3 -15
(x—5)(x+3) =0
x={-3,5}
6x2+5x—6 3 -2
6x2—4x+9x—6
(2x+3)(3x = 2) = 0 2X | 6x?
3 -6

10x +4x—-6=0
10x? —6x+10x—6=0
(2x + 2)(5x - 3) =0
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Part 4 — Completing the Square

SOLVING QUADRATIC EQUATIONS STRATEGY #3: Completing the Square

completing the square algorithm
A process used to change an expression of the form ax?+bx +c into a perfect square

binomial by adding a suitable constant.

PROCEDURE TO FIND THE ZEROS AND EXTREMES OF A QUADRATIC

Start with any quadratic equation of the general form ax’ +bx+c=10
STEP 1
Isolate all terms with x*and x on one side of the equation. If a#1, divide every
term in the equation by a to get one expression in the form of x*+bx

STEP 2

2
Complete the Square by adding (gj to both sides of the equation.

STEP 3

. - bY . _— .
Factor the side containing x* +bx +(Ej into a binomial expression of the form

STEP 4a STEP 4b
(solving for roots and zeros only) (solving for maxima and minima only)
Take the square root of both sides of the | Multiply both sides of the equation by a.
equation and simplify, Move all terms to left side of equation.

Solve the factor in parenthesis for axis of
symmety and x-value of the vertex..
The number not in parentheses is the y-
value of the vertes.

STEPS: EXAMPLE A EXAMPLE B

Start with any
quadratic equation of x> +2x+3=4 5x*+2x+3=4

the general form
ax’+bx+c=n

Source: NYSED Mathematics Glossary
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STEP 1)

Isolate all terms with
x*and x on one side
of the equation.

If a=1,divide every
term in the equation
by a to get one
expression in the
form of Xx°+bx

x?2+2x=1

STEP 2)
Complete the Square

b 2
by adding (E] to

both sides of the
equation.

STEP 3)
Factor the side
containing

b 2
x? +bx+(§j into a
binomial expression

b 2
of the form (x +§j

(x+1)" =2

STEP 4a)

Take the square
roots of both sides of
the equation and

simplify.
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STEP 4b

Multiply both sides
of the equation by a.
Move all terms to left
side of equation.
Solve the factor in
parenthesis for axis
of symmety and x-
value of the vertex.
The number not in
parentheses is the y-
value of the vertes.

x+ 12 = 1[5
(x+ 1)2 =2

(x+ 1]!2 -2=0 wertex form.

-1 15 the ams of symmetry
-2 13 the 7 value of the vertex
The wertex 15 at [—1,—2)

(x +1)2 =2

- 2
1 ]
5 x+§ =5[E]
h
; 2
1 fi
5x+§ =E
LN
Y 6
5 x+§ —§=IJ wertex fortn.

.

% 15 the ams of symmetry

- % 15 the ¥ walue ofthe vertesx

) 1 A
The wertex iz at [_E ’_E]

Part 4 — Completing the Square

DEVELOPING ESSENTIAL SKILLS

Solve the following quadratic equations by completing the square.

x2 -x-3=0

x2—x—-3=0

x2—x =3
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20x? -15x - 10 = O

20x? -15x =10 = 0
20x%2 -15x = 10
20x2  15x 10
20 20 20

2x2 —4x -2 =0
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6x2 + 11x = 35

X

6x2+11x -35=0
6x2+11x =35
6x2 11x _35

6 6 6

ot 35

6 6
z+&+(2 ﬁ(ﬁj
6 12 6 \12
(HE %5 11
12 6 144

2

_840 1A
12) 144 144
( 11 961

12) 144

11 961
TN

12 144
11 31
i S
12 12

X+
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- 7x +12 = 4x?

—Ax*-Tx=-12
—4x° Ix_-12

4 -4 -4

f+1x:3
4

2 2
x2+zx+(Z :3+(Zj
4 8 8

, 7 (72 192 49
X+—x+|=| =—+—
4" \8) 64 64
( 7V 241
X+—| =—
8) 64
7 241
X+—==%
8 8
7 241
x=—x=
8~ 8
L_T£4241
8
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REGENTS EXAM QUESTIONS (through June 2018)

A.APR.B.3, A.REI.B.4: Solving Quadratics

169) Solve &=* + 20z = 12 for m by factoring.

170) Keith determines the zeros of the function fix) to be —fi and 5. What could be Keith's function?
1) fAx)=(x+5)x+6) 3) fAx)=(x-5)x+6)
2) fx)=(x+3)(x-6) 4) flx)=(x-5)x-1)

171) In the equation 2+ 10x+ 24 = (x+ @)z + B), bisan integer. Find algebraically all possible values of 5.

172) Which equation has the same solutions as 2x* +x—3 =101

1) 2x-1Dix+3) =0 3) (2Zx-3x+1)=10

2) (2x+1Dix-31=10 4) (Zx+3x-1)=10
173) The zeros of the function #1x) = 3x* — 3x— 6 are

1) -1 and -2 3) land?2

2) land -2 4) -1and2
174) The zeros of the function Ax) = 2x* —4x -6 are

1) 3and -1 3) -Zandl

2) 3and1 4) -3 and -1

175) Janice is asked to solve 0 = G4x* + 16x— 3. She begins the problem by writing the following steps:
Linel 0= 64z + 16ix— 73
Line2 0=5+25-3
Line3 0= (E+3)E-1)

Use Janice’s procedure to solve the equation for x.

Explain the method Janice used to solve the quadratic equation.
176) What is the solution set of the equation (x— 2)(x—a) = 0?

1) -2anda 3) 2anda

2) -2and-a 4) 2and-a

177) The function #(x) is defined by the expression x* + 3x - 18. Use factoring to determine the zeros of #(x).
Explain what the zeros represent on the graph of »(x.

178) If the quadratic formula is used to find the roots of the equation x* - fix— 19 = 0, the correct roots are

1) 312,07 3) 3+4./14

2) 342,07 4) —3+4.14
179) Which equation has the same solution as x—fx-12=107

D) x+3*=21 3) x+3F =3

2) (x-3%=21 4) (-3 =73

180) What are the roots of the equation x +4x-16=107
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1) 24245 3 2+4.f5
2) —2+2.f5 4) _z2+4.f5

181) Write an equation that defines #(x) as a trinomial where m(x) = (3x— 1){3-x) + 4x* + 19, Solve for x
when z(x) = 0.

182) If 4x* - 100 = 0, the roots of the equation are
1) -25and 25 3) -5and5
2) -25 only 4) -5 only

183) Ryker is given the graph of the function y = % x* —4. He wants to find the zeros of the function, but is

unable to read them exactly from the graph.

Find the zeros in simplest radical form.

184) A student was given the equation x* +6x—13=10 tosolve by completing the square. The first step that
was written is shown below.
4 6x=13
The next step in the student’s process was x* +fix+e=13+c. State the value of ¢ that creates a perfect
square trinomial. Explain how the value of ¢ is determined.

185) Which equation has the same solutions as x4 x-T7=107
1) x+3=2 3) x-*=16
2) x-1*=2 4) x+DP=16

186) Solve the equation 4x° - 12x=7 algebraically for x.

187) When directed to solve a quadratic equation by completing the square, Sam arrived at the equation
[x— g] = % Which equation could have been the original equation given to Sam?

1) x¥*4is5x+47=10 3) x-sx+7=10
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188)

189)

190)

191)

192)

193)

194)

195)

196)

197)

2) 2ysx+a=1 4) x*-sx43=1

A student is asked to solve the equation 4{3x— 13* - 17 = 83. The student's solution to the problem starts
as 4(3x - 13% = 100

(3x—13° = 25
A correct next step in the solution of the problem is
1) 3x-1=4%5 3) oxf-1=15
2) Gx-1=425 4) ox*—fx+1=75

What are the solutions to the equation x* - 8x =107
1) a+./10 3) -4+ ./10
2) a4+ .07 4) -4+ .26

The solution of the equation {x + N =Tis
1) 34 ,\II'? 3) -3t f\l'l?
2) T+ ,\,I'E 4) =7t '\I'IE

When solving the equation X -8x-T=1 by completing the square, which equation is a step in the
process?

D x-4°=9 3) (x-8)*=9

2) (x-4)* =23 4) (x-83)* =23

Solve the equation for y: {y— 3)* = 4y - 12

Fred's teacher gave the class the quadratic function f{x) = 4x* + 16z + 9.
a) State two different methods Fred could use to solve the equation f{x} = 0.

b) Using one of the methods stated in part a, solve fx) = 0 for x, to the nearest tenth.

What is the solution of the equation Z{x + 2% - 4 = 287
1) 6,only 3) 2and -d
2) 2,only 4) 6and -2

. . . 7
Amy solved the equation 2x* + 5x—-42=10. She stated that the solutions to the equation were — and —#.

2
Do you agree with Amy's solutions? Explain why or why not.

The height, H, in feet, of an object dropped from the top of a building after ¢ seconds is given by

H(t)=-168* + 144, How many feet did the object fall between one and two seconds after it was dropped?
Determine, algebraically, how many seconds it will take for the object to reach the ground.

What are the solutions to the equation 3x* + 10x = &?
b % and -4 3 % and -2

2) —% and 4 4) —% and 2
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198) Find the zeros of flx) = (x— 3)2 - 49 algebraically.

199) Which value of x is a solution to the equation 13— 36 = —12?

1) 36 3 _6
25 3
2) 4 5
34 i

200) The method of completing the square was used to solve the equation 2x* - 12x+ 6 =0. Which equation
is a correct step when using this method?

1) x-3°=5¢ 3) x-31*=3

2) x-*=-6 4) x-1*=-3
201) What are the solutions to the equation 2t - 8x=24?

1) x-—ax2.10 3 x=4x2.2

2) x=-4xz.f10 4) x--4+2.2

202) Solve the equation X —fx=15 by completing the square.

203) What are the solutions to the equation 3(x—4)* = 272

1) land7 3) 4+ .24
2) -land -7 4) _q4+ .24

204) The quadratic equation x* —fix=12 is rewritten in the form (x+2)* = ¢, where g is a constant. What is
the value of p?
1) -1z 3) -3
2) -9 4) 9

205) Solve for x to the nearest tenth: x* +x—5=10,

SOLUTIONS

169) ANS:

m=—and m=-3

| o—

Strategy: Factor by grouping.
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am® 4+ 20m = 12

fmt + 20m—12=10

|| = 96

The factors of 96 are:

1 and 26
2 and 48
Fand 32

4 and 24 (use these)
S’ + 24m—dm—12=10
[Em" +24m] —[4m+12) =10

Bmlm+ N —d4m+T =0
(Bm-Dim+3 =0

Use the multiplication property of zero to solve for m.

gm—4=10 m+3=10
gm =4 m==3
4
TR
m_l
S 2
PTS: 2 NAT: A.SSE.B.3

170) ANS: 3

Strategy: Convert the zeros to factors.

If the zeros of fx) are —f and 5, then the factors of iz} are (x+6) and [x—5).
Therefore, the function can be written as fx) = (x+ 61{x—5).

The correct answer choice is c.

PTS: 2 NAT: A.SSE.B.3

171) ANS:
6 and 4

Strategy: Factor the trinomial x* + 10x + 24 into two binomials.

TOP: Solving Quadratics

TOP: Solving Quadratics
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4 10x+ 24

(e )(xr___)

The factors of 24 are:

1 and 24

Z2and 12

and i

4 and 6 (use these)

(x+4(x+6)
Possible values for @ and ¢ are 4 and 6.

PTS: 2 NAT: ASSE.B.3  TOP: Solving Quadratics
172) ANS: 4
Strategy 1. Factor by grouping.

i+ x-3=10
|| = £

Factors of é are

1 and &

2 and 3 (use these)

2xi 4 dx—2x-3=10
(21{2 + 3x] —-(2x+ 3 =10

A2Zx-D-1{2x+3 =10

(x-12x+3 =10
Answer choice d is correct

Strategy 2: Work backwards by using the disrtibutive property to expand all answer choices and match
the expanded trinomials to the function xt v x—3=10.

(2x— 1)(6;+ N=10 (2x—3)((;:*:.+ 1N=10
2x + fx—x-3 x4+ 2x-3x-3
2’ + 5x— 3 ' —x-3
(Wrong Choice) (Wrong Choice)
b. d.
Zx+Dx-3=10 Ex+3Dx-11=10
2% - Gx+x—-3=10 2 - 2x+3x—3=10
2x° - 5x-3=10 2+ x-3=10
(Wrong Choice) {(Correct Choice)
PTS: 2 NAT: A.SSE.B.3  TOP: Solving Quadratics
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173) ANS: 4
Strategy 1. Factor, then use the multiplication property of zero to find zeros.

- dx—6=10
Wxt—x-2=10
ix-Dix+ =10

r=2-1
Strategy 2. Use the quadratic formula.
g=3b==53and c=-4

—h+ AJb% - dac

2

x=

e R e
- 0
3x A9+

fi

3481

X

P
Il
L
I+
=R

Lo -

L =25ndx=;§=—1

Strategy 3. Input into graphing calculator and inspect table and graph.
Flakl Flakze Plokz ; o 1

SVRY- gy Gry
=M=
M=

~NeE=

r=

(=% |

L LELY k= B =
Lot i

Il |\

i

PTS: 2 NAT: ASSE.B.3  TOP: Solving Quadratics
174) ANS: 1
Strategy #1: Solve by factoring:

-1

Axi=2x*—d4x-46
0=2x"—4x—4
0=2(x"-2x- 3
0=2(x-3ix+1)

x=3and x=-1
Strategy #2: Solve by inputing equation into graphing calculator, the use the graph and table views to
identify the zeros of the function.
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175)

176)

Flokl Flote Flokbz ; b W
s : -
M EZRT-dR-E : 1 0
—_ - 0 -]
wWe= [ i -H
5%33:. MR :.. s % I;E
=Ny= I|II
“EE = J Ca| £
~NeE= :
E =0

The graph and table views show the zeros to be at -1 and 3.
PTS: 2 NAT: A.SSE.B.3  TOP: Solving Quadratics
KEY: zeros of polynomials
ANS:

Use Janice’s procedure to solve for X.
Line4 B=-3and E=1
Line5 Therefore:

dx=-3and sx=1

Explain the method Janice used to solve the quadratic formula.

Janice made the problem easier by substituting B for 8x, then solving for B. After solving for B, she

reversed her substitution and solved for x.

Check:

*=-3

0= fdx® + 16ix— 3

64( -3,8)°+16( -3,8)-3

X =

ca | —

0= 6dx* + 16ix— 3

64(1,8)°+16(1,8)-3

PTS: 4 NAT: A.SSE.B.3a
ANS: 3

The solution set of a quadratic equation includes all values of x when y equals zero.

In the equation

{x—23(x—a) =10, thevalueofyiszeroand (x-2) and [x—a) are factors whose product is zero.

The multiplication property of zero says, if the product of two factors is zero, then one or both of the

factors must be zero.
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177)

178)

179)

Therefore, we can write: x—-2=10 and x—a=10.

x=2 r=d
PTS: 2 NAT: A.SSE.B.3  TOP: Solving Quadratics
ANS:
x={-6,3}
Factor x* + 3x— 1% as follows:
¥ +3x-18=0

(x+8)x—-3=10
Then, use the multiplication property of zero to find the zeros, as follows:
x+6=0 and x-3=10

x=-f =13

The zeros of a function are the x-values when y = 0. On a graph, the zeros are the values of x at the x-
axis intercepts.

PTS: 4 NAT: A.SSE.B.3  TOP: Solving Quadratics
ANS: 1

Strategy: Use the quadratic equation to solve x*—fix—19=0 where a= 1, &=—6,and ¢ = —19.

—ht B - dac

X =

2
-8y A -6)2 - 4(1)(-19)
= 2(1)
G+ 112
6+ 16 - 7
6447
=

Answer choice a is correct.

PTS. 2 NAT: AREI.B.4  TOP: Solving Quadratics
KEY: quadratic formula
ANS: 2

Strategy: Use the distributive property to expand each answer choice, the compare the expanded trinomial

to the given equation x—fx-12=10. Equivalent equations expressed in different terms will have the
same solutions.

| a. | C. |
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PTS: 2

(r+3)° =21
(x+3Dx+3) =121
X+ 6+ 9=121

X yfx-12=10

(x+ 3 =3
x+3x+3)=73
4 fr+9=73

P rbxe6=0

{(Wrong Choice) {(Wrong Choice)
b. d.
(x—3% =21 (x-3% =13
x—3x-31 =21 x-3x-3=173

- fx+9=121

P ofxe9=73

X —fx-12=10 X —fx+di=10
{Correct Choice) {Wrong Choice)
NAT: AREI.B.4  TOP: Solving Quadratics

KEY: completing the square

180) ANS: 2

Strategy 1: Use the quadratic equation to solve x* +4x—16=0 where a=1, =4, and ¢ = —16.

Answer choice b is correct.
Strategy 2: Solve by completing the square:

e —ht B - dar

ac
—4 4 .47 — 4(1)(-16)
= 2(1)
—4+ {50
Lo AE 80
7
—4+ f1645
Lo At 165
2
—4t4.05
T =
Z
x=-2+2.J5
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181)

182)

183)

P rdx-16=10
> rdx=16
(x+2)° = 16+ 22

(x+2)° =20

A (x+ 2}2 = ﬁ
X+ 2= iz«,u'?

r=-2z E«J'rg
Answer choice b is correct.
PTS. 2 NAT: AREI.B.4  TOP: Solving Quadratics
KEY: quadratic formula
ANS:

r=-8%and x=-2

Strategy: Transform the expression {3x— 13(3 - x)+ 4x* + 19 to a trinomial, then set the expression equal
to 0 and solve it.

STEP 1. Transform {3x— 13(3 - z) + 4x* + 19 into a trinomial.
(- (3 -2)+4x* + 19

Oxr—3x =3+ x+4x° + 19

o+ 105+ 16
STEP 2. Set the trinomial expression equal to 0 and solve.

e l0x+16=10

x+E8x+ =10

=-8and-2
PTS: 4 NAT: A.REI.LB.4  TOP: Solving Quadratics
KEY: factoring
ANS: 3
Strategy: Solve using root operations.
47° - 100 =10
4x* = 100
xt =25
Axt = a5
r=15

Answer choice c is correct.
PTS. 2 NAT: AREI.B.4  TOP: Solving Quadratics
KEY: taking square roots
ANS:

xziZ«/E

Page 232



184)

185)

Strategy: Use root operations to solve for x in the equeation ¥ = % x4,
% X -4=10

x=t42
x=iEw‘E

PTS. 2 NAT: AREI.B.4  TOP: Solving Quadratics
KEY: taking square roots
ANS:

2
The value of c is determined by taking half the value of b, when & = 1, and squaring it. In this problem,

e (28]

2
. [ .
The value of c that creates a perfect square trinomial is [—] , which is equal to 9.

PTS: 2 NAT: ARREIL.B.4  TOP: Solving Quadratics
KEY: completing the square
ANS: 4

Strategy: Use the distributive property to expand each answer choice, the compare the expanded trinomial

to the given equation P ybx-7=0. Equivalent equations expressed in different terms will have the
same solutions.

a. C.
(x+ 3% =2 (x- 3% =16
x+Dx+3) =12 x-3x-3 =18
P rfr+9=2 P -fx+9=16
P rex+T7=0 P -gx—T7=0
{(Wrong Choice) {(Wrong Choice)
b. d.
(x-3)7 =12 (x+ 3% =186
x-3x-3)=12 x+Nx+3) =16
X —fr+9=2 X4+ 9=16
o fx+T=0 i fx—T=10
(Wrong Choice) {Cotrect Choice)
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PTS: 2 NAT: ARREIL.B.4  TOP: Solving Quadratics
KEY: completing the square

186) ANS:
Strategy 1: Solve using factoring by grouping.
dxt—12x=7
4x* - 12x-T=10
|| = 25
The factors of 28 are
1 and 28

2and 14 (use these)
47 — 14x+2x-T7=10
[4;:3— 14x]+(2x—7} )
xl2z-TN+12x-T =10
(2x+ D(2x-T =10

Strategy 2: Solve by completing the square.
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4t 17
4 4 4
_

x —3x=E

1 7
X=—E -'EIIldE

Strategy 3. Solve using the quadratic formula, where & =4, &=-12,and ¢ =-7.

~bt B —dac

A= det
2
(12 £ (197 - 4@
e 2@)
C12£ 1444112
= ]
12+ 256
oo 122256
B
1216
T8
EEL
=73
17
X= —E and E
PTS: 2 NAT: A.REI.LB.4  TOP: Solving Quadratics

KEY: factoring
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187) ANS: 4

Strategy: Assume that Sam’s equation is correct, then expand the square in his equation and simplify.

PTS: 2

NAT: A.REIL.B.4

KEY: completing the square

188) ANS: 1

Strategy: The next step should be to take the square roots of both expressions.

The correct answer choice is a.

PTS: 2

NAT: A.REIL.B.4

KEY: completing the square

189) ANS: 2

P —Sx+3=0

3_g, 23 13
x 5x+4 =3
x2—5x=%—
i, _ 12
¥ -ifx= )
x-sx=-3

P —Sx+3=0

TOP: Solving Quadratics

(3x—13° = 25

Jx-1 = A28

Jx-1=45

TOP: Solving Quadratics
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2 —fx=10

A -gxe @) =10+ @7

PTS: 2 NAT: A.REI.B.4
KEY: completing the square
190) ANS: 3

Strategy 1: Solve using root operations.

(x—41% = 10+ 16
(x—41% = 26
x—4=i«,@
x=4i\-%
(x—41% = 26
x—4=i@
x=4i@

TOP: Solving Quadratics

(x+31° =7
Jaent -7
x+3=4f7
x=-32 7

Strategy 2. Solve using the quadratic equation.
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PTS: 2 NAT: A.REI.B.4
KEY: completing the square
191) ANS: 2

PTS: 2 NAT: A.REI.B.4
KEY: completing the square
192) ANS:

The solutionsare ¥=3 and y="7.

(x+3)2=7
P rbr+9=7

X rfx+2=1

—ht b - dac

*= 2t
a=1b=6 c=12

—f+ 4 6% —4(13(2)
= 2(1)
R
N 2
R
N 2

—6+ 247
o BEAT

2

x=—Eiﬁ

TOP: Solving Quadratics

ogx-T=1

P -fx=7

- Bx+ (- = T+ (-4

X —8x+16=T+ 16
(x—4* = 23

TOP: Solving Quadratics
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PTS: 2 NAT: A.REI.B.4

KEY: factoring
193) ANS:

(y-3)" =4y-12
Y- fiy+ 0=dy—12
¥y - 10y+21=10
y-TNy-3=10
y="7=10
y="7
¥-i=10
¥=73

TOP: Solving Quadratics

a) Quadratic formula and completing the square.

b) -0.7 and -3.3

Complete the Square Method

Quadratic Formula Method
fx) =4x* + 16x+ 9
a=4, b=16, c=9
_ —ht b - dac
A= Za
—16+ A (16)° — 4(43(9)
= 29
_—lﬁi 112
t g
-ld+ ~f112  -5416
X = =
a 8
B —l6— s 112 _ 26553
t g ~ T 3

=-677=-07

=-3322=-373
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194)

Ax) = 4x° + 16x+ 9
4x° + 16x+9=10
4% + 16x = -9
4 16 -9
F T8 T
2 4p 2
r+dx= 3
2 2 g 2
X +dx+ () =—E+[2)
[x+2j2=—§+4
2 9 18
(x+2)" = 3t
2 7
(x+2) =3
=
=+ |=
X+d=¢% 3
x+2=i£
4
x=—2i£
2
=
x=—2+§=—ﬂ.67’?=—ﬂ.7
7
x=—2—%=—3.322=—3.3
PTS: 1 NAT: A.REILA.1
ANS: 3

Step 1. Understand that solving the equation means isolating the value of x.

Step 2. Strategy. Isolate x.
Step 3. Execution of strategy.
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Ax+ D -4 =128

Wx+ 217 = 28+4

Ax+2)° =32
dix+ 2}2 a2
d o2
(x+2)° =16
T+d=-+J10
T+ i=H4
T=-2%4
r=12
x=-1
Step 4. Does it make sense? Yes. The values 2 and -6 satisfy the equation 2(x+ 2)* — 4 = 23.
X=2 X=-6
2(x+2)% -4 =28 2(x+2)" -4 =28
202+ -4 =128 -6+ 27 -4 =28
2(4)* -4 = 28 2(—4)* -4 = 28
2(16) -4 = 28 2(16) -4 = 28
32-4=128 32-4=28
28 =28 28 =28
PTS: 2 NAT: A.REI.LB.4  TOP: Solving Quadratics
KEY: taking square roots
195) ANS:

Yes. |agree with Amy’s solution. | get the same solutions by using the quadratic formula.
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196)

2ty Sx—42=10

~b# fb% — dac

2

=

5 (5 - 4(2)(-42)
X =

2(2)
-5+ 4254336
- 4
=51 4f361
-7 4
L o519
-4
Lo
T2
_IH_ .

NOTE: Acceptable explanations could also be made by: 1) substituting Amy’s solutions into the
original equation and showing that both solutions make the equation balance; 2) solving the quadratic by
completing the square and getting Amy’s solutions; or 3) solving the quadratic by factoring and getting
Amy’s solutions.

PTS: 2 NAT: A.REI.LB.4  TOP: Solving Quadratics
KEY: factoring NOT: NYSED classifies this as A.REI.A
ANS:

How many feet did the object fall between one and two seconds after it was dropped?
Strategy: Input the function in a graphing calculator.

Flokl F-1-:-tz2 Flokz & Y
~VMiE-1eET+144 o 144
N z=l i B
%"33: : IE112
wNy= -
N —

6= . . E=5

After one second, the object is 128 feet above the ground.
After two seconds, the object is 80 feet above the ground.
The object fell 128 - &0 = 48 feet between one and two seconds after it was dropped.

Determine algebraically how many seonds it will take for the object to reach the ground.
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Hif) = 168 + 144

0 =168 + 144
162% = 144
2 _ 144
Y= T
£=9
t=13
The object will hit the ground after 3 seconds.
PTS: 4 NAT: ASSE.B.3  TOP: Solving Quadratics
197) ANS: 1
3% 4 10x = 3
32+ 10x-8=10
a=3 b=10 c=-3§
_ —ht Al b? —dac
A= 2a
—10 £ f 10° - 4(3)(-8)
= 203
—10+ -/ 194
yo =N
]
L_-loxid
- fi
4 2 -4
I==3 cm.:fx=T=—4
PTS: 2 NAT: A.REI.B.4
198) ANS:
{10,-4}
Axr=(x-3)" - 40
0=(x-3)"-49
49 = (x-3)°
t7=x-3
ixT=x
=10 and x=-4
PTS: 2 NAT:. A.REIL.BA4
199) ANS: 4
| Given| 13- 38x° |=|—12 |
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Add (12) | +12 =|+12
Simplify | 75— 362* | = 0
Add (36x%) = | +362°
+36x°
Simplify | 25 = | $365°
Divide (36) | 25 Ihx
ki = T35
Simplify | 25
36 =|x
Square Root . 5
e - x
The only correct answer choice is —%.
PTS: 2 NAT: ARREIL.LB.4  TOP: Solving Quadratics
KEY: taking square roots
200) ANS: 1
Given | zx*—12x+6 |~ 0
Divideby 2| 32* —12x4+6 | = 0
7 P
Simplify X - fx+3 = 0
Subtract 3 -3 = -3
Slmpllfy xg — Ax = -3
Complete the Square IR &
2
o -tx+ | = -3+ | =
= |6
Simplify | 22 — gz (-3 | = | -3+ (-7
Factor and Simplify (x- 3" = -3+ 9
Simplify (x- 3:,3 = 6
2xt —6x+ 3 =10
x—fx=-3
X —fx+9=-3+9
(x-31° = 6
PTS: 2 NAT: ARREIL.B.4  TOP: Solving Quadratics

KEY: completing the square

201) ANS: 1

Strategy 1: Use the quadratic equation to solve x*-8x=24 where @ =1, b =-8 and ¢ = —24.
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—ht b —dac

2t

(-8) £ [ (-8)F - 4(1)(-24)
0

2+ 0140

2

x=4x2.10
Answer choice a is correct.
Strategy 2. Solve by completing the square.

X' —8x=24
(x-4)° = 24+ (-4)°

(x—4)" = 24+ 16

(x—43° = 40
Jlx—ar® = a0
=4 =12.J10
r=4x2-010

Answer choice a is correct.

PTS: 2 NAT: ARREIL.B.4  TOP: Solving Quadratics
KEY: completing the square

202) ANS:
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2 —fx=15

2 2
4 —f —f
x ﬁx+[2]—15+[2]

x4 (-0 = 15+ (-7

(x-3F =15+ 90
(x- 3% = 24
SJlx=-37 = 24
x—3=+./24
T=13% 424
=3t /\E/J'E
¥=13z E»JE Answer
PTS. 2 NAT: AREI.B.4  TOP: Solving Quadratics
KEY: completing the square
203) ANS: 1
Wx—41¢ = 27
ix-4'
3 3
(x-4)" =9
x-a =9
-4 =13
=17
PTS: 2 NAT: ARREIL.B.4  TOP: Solving Quadratics
KEY: taking square roots
204) ANS: 3
Strategy: Rewrite x° — fix = 12 in the form of (x+2)* = ¢ and find the value of p.
Notes Left Epression Sign Right Expression
Given 2 _hx = 12
Complete the Square | x* — gx+ (-3)* = 12+ (-3)°
Exponents and 2 —fr+n = 12+9
Parentheses
Factor left expression (x- 37 = 21
and simplify right
expression
Compare to form (x+p)* = q
given in the question.
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PTS: 2 NAT: ARREIL.B.4  TOP: Solving Quadratics
KEY: completing the square

205) ANS:
Answer: -2.8,1.8

Strategy: Use the quadratic formula

STEP 1. Identify the values of a, b, and ¢ in x* +x— 5 =10,
a=1
=1

c=-5
STEP 2. Substitute these values in the quadratic formula and solve.

e —ht )b —dar

2ot
P-4
- 21)
-1+ -1+ 20
PO
2
-1+ )31
P Ll
2
. -1+4 58
B 2
L Tl+4.58 L Tl-458
B 2 B 2
L A58 oo D558
o2 2
X=179w 13 T=—2T9m-238
PTS: 2 NAT: ARREIL.B.4  TOP: Solving Quadratics

KEY: quadratic formula
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H — Quadratics, Lesson 2, Using the Discriminant (r. 2018)

QUADRATICS
Using the Discriminant

Common Core Standard Next Generation Standard

A-REI.4b Solve quadratic equations by inspection Al-A.RELI.4b Solve quadratic equations by:
(e.g., for x2=49), taking square roots, completing the | i) inspection,

square, the quadratic formula and factoring, as ap- ii) taking square roots,

propriate to the initial form of the equation. Recog- iii) factoring,

nize when the quadratic formula gives complex solu- | iv) completing the square,

tions and write them as a + bi, a - bi for real num- v) the quadratic formula, and

bers a and b. vi) graphing.

PARCC: Tasks do not require students to write solutions for Recognize when the process yie|ds no real solutions.
c equations that have roots with non-zero imaginary parts. (Shared standard with Algebra ||)

r, tasks can require the student to recognize cases in which a

. ) Notes:
c equation has no real solutions.

* Solutions may include simplifying radicals or writing
solutions in simplest radical form.

» An example for inspection would be x2 = 49, where a
student should know that the solutions would include 7
and -7.

» When utilizing the quadratic formula, there are no
coefficient limits.

* The discriminant is a sufficient way to recognize
when the process yields no real solutions.

LEARNING OBJECTIVES

Students will be able to:

1) Identify the number and characteristics of solutions to quadratic equations based on analysis of
the discriminant.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
discriminant standard form of a quadratic root
real solutions solution x-axis intercept
imaginary solutions zero

Page 248



BIG IDEAS

Standard Form of a Quadratic: axl 4 bx+e=1

Quadratic Formula: x =

—ht b - dar

2a
Discriminant = &% — 4as

Analyzing the Discriminant

The discriminant can be used to determine the number of and type of solutions to a quadratic equation.

Every quadratic can have zero, one, or two solutions.

Solutions can be real or imaginary numbers.

If the Value of the
Discriminant Is:

Characteristics and
Number of Solutions
of the Quadratic
Equation Are:

Examples

If the value of the
discriminant is

y=x"+2x+5

b* —dac = 2> - 4(1)(5)

graph will touch the x-
axis at one and only
one point.

\/

Negative negative, then there
0> h%—4ac will be two imaginary b2 —4ac =16
number SO|Uti0nS and NORMAL FLOAT AUTD REAL RADIAN HP Il
no x-axis intercepts. \_/l/
y=x*+2x+1
2 2
If the value of the b* —4ac=2"-4()Q)
discriminant is zero, b2 —dac=0
Zero then there WI” be one NORMAL FLOAT AUTO REAL RADIAN MP n
0=>5%—4ac real solution and the
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y=x"+3x—4
If the value of the b® —4ac =3 - 4(1)(-4)
Positive discriminant is a b2 —4dac =25
Perfect Square positive perfect square, | [EEEEEETEFTr—
b:—4ac>0 then there will be two
integer solutions and \ ; /
two x-axis intercepts. \}f/
y=x"+5x+2
If the value of the b® —4ac =5° - 4(1)(2)
Positive discriminant is positive, | 2 _ 4,40 =17
Not a Perfect Square | but not a perfect square, | EEEEETETEEE -
b2 —4dac>0 then there will be two
real number solutions \ 1/
and two x-axis
intercepts. \/i

DEVELOPING ESSENTIAL SKILLS

Determine the number and characteristics of the following quadratic equations by analyzing the

discriminant.
1. -3n’*+ 4n+ 6 = 6
2. -p*+4p-7=-3
3. x*+5x-3=-3
4., 3’ + 3+ 2 =2
5. 6V°-2v+6=4
1. 16; two real solutions
2. 0; one real solution
3. 25; two real solutions
4. 9:two real solutions
5. -44; two imaginary solutions

p’-4p-1=-5
-3x°— 2x+ 4 = 4
2x2 +4x+11=5

6x°+ 6x+ 3 = 3

10. 3¢’ —a— 4 = -2

Answers

© 0N

0; one real solution
4: two real solutions

-32; two imaginary solutions

36; two real solutions

10. 25; two real solutions
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206)

207)

206)

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.B.4: Using the Discriminant

How many real solutions does the equation x* = 2x+5=10 have? Justify your answer.

How many real-number solutions does 4x° + 2x+ 5 =0 have?
1) one
2) two
3) zero
4) infinitely many
SOLUTIONS

ANS:
No Real Solutions

Strategy 1. Evaluate the discriminant b —dacfora=1,b=-2and c= 5.

% —dge

(-2)* - 4(1)(5)
4-—20

-1a

Because the value of the discriminant is negative, there are no real solutions.

Strategy 2.
Input the equation in a graphing calculator and count the x-intercepts.

Flokl Flokz Flak: Eﬁ
Wy BRI J
M= ;
whe=

nhy=
“Ne=
~Ne=0

The graph does not intercept the x-axis, so there are no real solutions.

Strategy 3
Solve the quadratic to see how many real solutions there are.
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207)

P -ix+s5=10

- ix=-5
(=10 = =5+ (-1)°
(x-117=-5+1
(x—1)* =—4
x-1=~-4
x—1=z3
x=1x3;

Both solutions involve imaginary numbers, so there are no real solutions.

PTS: 2 NAT: ARREIB.4  TOP: Using the Discriminant
ANS: 3
Strategy: Use the discriminant, which is b —dac,
If the discriminant is > 0, then the quadratic has two real-number solutions.
If the discriminant is = 0, then the quadratic has one real-numer solution.
If the discriminant is < 0, the the quadratic has zero real-number solutions.
STEP 1. Identify the values of a, b, and c in the quadratic equation 47° + 2x+5=10.
a=4

h=12
=54

STEP 2. Substitute the values into & — 4ac and evaluate.
% — dgr

(2 - 45
4— 80

=7
The quadratic has zero real-number solutions.

CHECK by inputting the quadratic equation in a graphing calculator and looking at the graph view.
Flakl Flakze Plokz ;

g B TS
“Nz=Nl
wHe=
“Ny=
~Ne=
~NeE=

The number of solutions is equal to the number of x-axis intercepts. In this case, the parabola opens upward and
does not cross the x-axis, which means it has zero real-numer solutions.

PTS: 2 NAT: ARREILB.4  TOP: Using the Discriminant
KEY: Al
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H — Quadratics, Lesson 3, Modeling Quadratics (r. 2018)

QUADRATICS
Modeling Quadratics

Common Core Standard Next Generation Standard

A-CED.1 Create equations and inequalities in one Al-A.CED.1 Create equations and inequalities in one

variable and-use-them-to-selve-proeblems. Include variable to represent a real-world context.

equations arising from linear and quadratic func- (Shared standard with Algebra I1)
tions, and simple rational and exponential functions. | Notes:
PARCC: Tasks are limited to linear, quadratic, or exponential « This is strictly the development of the model (equa-

equations with integer exponents. tion/inequality)

* Limit equations to linear, quadratic, and exponen-
tials of the form f(x) =a (b)x wherea>0andb >
0(b#1).

» Work with geometric sequences may involve an ex-
ponential equation/formula of the form an = arn-,
where a is the first term and r is the common ratio.

* Inequalities are limited to linear inequalities.
» Algebra I tasks do not involve compound inequalities.

NOTE: This lesson is related to Expressions and Equations, Lesson 4, Modeling Linear Equations

LEARNING OBJECTIVES

Students will be able to:

model quadratic equations that reflect real-world contexts, including:
a. product of consecutive integer contexts,
b. product of ages contexts, and
c. squared number contexts.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
consecutive integers consecutive odd integers consecutive even integers
BIG IDEAS

General Approach
The general approach to modelling quadratics is:
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A

x andy).

Read and understand the entire problem.
Underline key words, focusing on variables, operations, and equalities or inequalities.
3. Convert the key words to mathematical notation (consider meaningful variable names other than

4. Write the final expression or equation.
5. Check the final expression or equation for reasonableness.

Product of Consecutive Integer Problems: The key to solving product of consecutive integer

roblems is also defining the variables.

Typical Problem in Context

Mathematical Translation

Hints and Strategies

Find three consecutive positive
even integers such that the
product of the second and third
integers is twenty more than ten
times the first integer.

6, 8, 10.

Three consecutive even integers
arex, x+ 2 and x+4.
(x+2x+4)= 10x+ 20

4 fx+ 8= 10x+ 20

¥ —4x-12=10
x—f)x+21=10
x=0

For consecutive integer
problems, define your variables
as x, X + 1, etc.

For consecutive even or odd
integer problems, define your
variables as x, x +2, etc.

Product of Ages Problems: The key to solving product of consecutive integer problems is also

defining the variables.

Typical Problem in Context

Mathematical Translation

Hints and Strategies

Brian is 3 years older than Doug.
The product of their ages is 40.
How old is Doug?

Let d represent Doug’s age.
Let d+3 represent Brian’s age.

Let d(d+3)=40 represent the

product of their ages.
Solve for d.

d(d+3)=40

d®+3d =40

d*+3d—-40=0

(d+8)(d-5)=0

d ={-8,5)

Reject -8 because age
cannot be negative.
Doug is 5 years old.

Define your variables
carefully.

Squared Number Problems:

|_Typical Problem in Context |

Mathematical Translation |

Hints and Strategies
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1

2)

3)

4)
5)

6)

7)

1)

When 36 is subtracted from the 9 Underline key words.

square of a number, the result is Let the square of a number be
five times the number. What is represented by 2

L -, sente
the positive solution® Let five times the number be
represented by 5x

Write:

x* —36=5x
x?-5x-36=0
(x—9)(x+4) =0

x= {—4, 9}

The problem says to select
the positive solution.

DEVELOPING ESSENTIAL SKILLS

Find three consecutive positive even integers such that the product of the second and third integers is twenty more
than ten times the first integer. [Only an algebraic solution can receive full credit.]

When 36 is subtracted from the square of a number, the result is five times the number. What is the positive
solution?

1) 9 3) 3

2) 6 4) 4

Noj is 5 years older than Jacob. The product of their ages is 84. How old is Noj?
The square of a positive number is 24 more than 5 times the number. What is the value of the number?

Find three consecutive odd integers such that the product of the first and the second exceeds the third by 8.

Three brothers have ages that are consecutive even integers. The product of the first and third boys’ ages is 20
more than twice the second boy’s age. Find the age of each of the three boys.

Tamara has two sisters. One of the sisters is 7 years older than Tamara. The other sister is 3 years younger than
Tamara. The product of Tamara’s sisters' ages is 24. How old is Tamara?

Answers

6, 8, 10.

Let x represent the first integer.

Let x+2 represent the second integer.
Let x+4 represent the third integer
Write
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(x+ 2)(x+4) =10x+20
x> +6x+8=10x+20
x*—4x-12=0
(x—6)(x+2) =0
X = {—2, 6}
Reject the negative integer solution for x because the problem calls for a positive integer solution.

2) Let x° represent the square of a number.
Let 5x represent five times the number.

Write:
x?—36=5x
x*—5x-36=0
(x—9)(x+4) =0
X= {—4, 9}
The positive solution is 9.
3) Let N represent Noj’s age.
Let N-5 represent Jacob’s age.
Write:
N(N-5)=84
N?-5N-84=0
(N-12)(N+7)=0
N = {—7,12}

Reject the negative solution because age cannot be negative.
Noj is 12 years old.

4) Let x* represent the square of a number.
Let 5x represent 5 times the number.

Write:
x> =24 +5x
x?—5x—-24=0
(x—8)(x+3)=0
x:{—3,8}

Reject the negative solution
The number is 8.

5) Let x represent the first odd integer.
Let x+2 represent the second consecutive odd integer.
Let x+4 represent the third consecutive odd integer.
Write:
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x(x+2)—(x+4)=8

X’ +2x-x-4=8

¥ +x-12=0
(x+4)(x~3)=0
x:{—4,3}

Reject the even integer solution.
The three consecutive odd integers are 3, 5, and 7

6) Let x represent the age of the first brother.
Let x+2 represent the age of the second brother.
Let x+4 represent the age of the third brother.
Write:
x(x+4) = 20+2(x+2)

x> +4x=20+2x+4

x> —2x=24

x> —2x-24=0

(x+6)(x—4)=0
x={—6,4}

Reject the negative solution because age cannot be negative.
The ages of the three brothers are 4, 6, and 8.

7) Let x represent Tamara’s age.
Let x+7 represent the age of Tamara’s older sister.
Let x-3 represent the age of Tamara’s younger sister.
Write:
(x+7)(x—3) =24
x* +7x-3x-21=24
x* +4x—21=24
x2+4x-45=0
(x+9)(x—5) =0
X = {—9, 5}

Reject the negative solution.
Tamara’s age is 5.

REGENTS EXAM QUESTIONS (through June 2018)

A.CED.A.1: Modeling Quadratics

208) Sam and Jeremy have ages that are consecutive odd integers. The product of their ages is 783. Which equation
could be used to find Jeremy’s age, j, if he is the younger man?
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1) #+2=733 3) 42 =783
2) 4-2=733 4) ;-2 =783
209) Abigail's and Gina's ages are consecutive integers. Abigail is younger than Gina and Gina's age is represented by

x. If the difference of the square of Gina's age and eight times Abigail's age is 17, which equation could be used
to find Gina's age?

1) (x+1¥-8x=17 3) x-3x+1)=17
2) (x-1¥-8x=17 4) 2 -3x-1=17
SOLUTIONS
208) ANS: 3

Strategy: Deconstruct the problem to find the information needed to write the equation.

Letj represent Jeremy’s age. The last sentence says j represents Jeremy’s age.

Let ( J+ 2) represent Sam’s age. The problem tells us that Sam and Jeremy have ages that are consecutive odd

integers. The consecutive odd integers that could be ages are {1,3,579,......} and each odd integer is 2 more
that the odd integer before it. Thus, if Jeremy is 2 years younger than Sam, as the problem says, then Sam’s age
can be represented as (i +2).

The second sentence says, “The product of their ages is 783.” Product is the result of multiplication, so we can
write j[;‘ + 2) =783, Since this is not an answer choice, we must manipulate the equation:

F+2) =783

P 2i=783
Our equation is now identical to answer choice ¢, which is the correct answer.

DIMS? Does It Make Sense? Yes. Jeremy is 27 and Sam is 29. The product of their ages is 27 x 29 = T&3.
In order to input this into a graphing calculator, the equation must be transformed as follows:

F+ 2 =783
P e e |
0=7+27—783
¥ = x4+ 2x— 783
Flotl Flokz Floks o "
z
~MERTHE2E-TES FRE o
W= zH EF
zg 116
Nite |
e, —
h$;= Iz Z0E
RV EX 3T
H=2T
PTS. 2 NAT: A.CED.A.1 TOP: Modeling Quadratics

209) ANS: 4

Page 258



If Gina’s age is x, then Abigail’s age is x— 1.
The square of Gina’s age is represented by x,
Eight times Abigail's age can be represented as &(x— 17.
The difference of the square of Gina's age and eight times Abigail's age is 17 can be represented as
- 8x-11=17.
Check by solving for x, as follows:
-8x-1=17

X -8x+8=17
x-8x-9=1
x—Tix+ =10
x=19
Ginais 9 years old and Abigail is 8 years old.
PTS: 2 NAT: A.CED.A.1 TOP: Modeling Quadratics
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H — Quadratics, Lesson 4, Geometric Applications of Quadratics (r. 2018)

QUADRATICS

Geometric Applications of Quadratics

Common Core Standard

A-CED.1 Create equations and inequalities in one

variable and-use-them-to-selvepreblems. Include

equations arising from linear and quadratic func-
tions, and simple rational and exponential functions.
PARCC: Tasks are limited to linear, quadratic, or exponential
equations with integer exponents.

Next Generation Standard

Al-A.CED.1 Create equations and inequalities in one
variable to represent a real-world context.

(Shared standard with Algebra I1)

Notes:

* This is strictly the development of the model (equa-
tion/inequality).

« Limit equations to linear, quadratic, and exponen-
tials of the form f(x) = a(b)xwherea>0and b >0 (b #
1).

» Work with geometric sequences may involve an ex-
ponential equation/formula of the form an= arn-,
where a is the first term and r is the common ratio.

* Inequalities are limited to linear inequalities.

« Algebra | tasks do not involve compound inequalities.

LEARNING OBJECTIVES

Students will be able to:

1) model quadratic equations that reflect real-world contexts involving the area and
dimensions of two-dimensional geometric figures.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary

- learning objective(s)

guided practice € Teacher:
connects student work

Student Centered Activities

anticipates, monitors, selects, sequences, and

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
area area formulas length width
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BIG IDEAS

Geometric Area Problems: Quadratics are frequently used to model problems involving geometric
area. The keys to solving geometric area problems are to use a geometric area formula and draw a

sketch to represent the problem.

Typical Problem in Context

Mathematical Translation

Hints and Strategies

The area of the rectangular
playground enclosure at South
School is 500 square meters. The
length of the playground is 5
meters longer than the width.

Find the dimensions of the
playground, in meters.

width = 20 and length = 25
A=Ilw

Let 4=500

Let width = w

Let length = w+5

Write:

A=Iw

500 = (w+5)w

500 = w” + 5w
0=w’+5w-500
0=(w+25)(w-20)
w={-25,20}

Reject -25 as a solution because
width cannot be negative.

Start with a formula.
Define variables.

Substitute known information
into the formula.

Sketching a Diagram Can Help to Understand and Solve a Problem

The general strategy for solving problems that involve geometric applications of quadratics is to
substitute terms with a common variable for length and width in common area formulas. Drawing a

picture can also help.

For example: A rectangular garden has length of x+2 and width of 2x-3, and the area of the garden is 72
square feet. What are the dimensions of the garden?

Start by drawing a picture to help understand the problem.

72 square feet

X+2

Then, use the formula for finding the area of a rectangle, which is:

A=hw

2x-3

Substitute information about the length and width of the garden into the area formula for a rectangle, then

write:
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1)

2)

3)

4)

5)

1)

2)

A=Ilw
72 :(x+ 2)(2x—3)

The area of the garden is 72 square feet, so we can write:
Tl=(x+2(2x-1)
Solve for x, then for x+2 and 2x-3. The length is 8 feet and the width is 9 feet.

A={xz+2)2x-1

DEVELOPING ESSENTIAL SKILLS

A contractor needs 54 square feet of brick to construct a rectangular walkway. The length of the walkway is 15 feet
more than the width. Write an equation that could be used to determine the dimensions of the walkway. Solve this
equation to find the length and width, in feet, of the walkway.

A rectangle has an area of 24 square units. The width is 5 units less than the length. What is the length, in units,
of the rectangle?

Jack is building a rectangular dog pen that he wishes to enclose. The width of the pen is 2 yards less than the
length. If the area of the dog pen is 15 square yards, how many yards of fencing would he need to completely
enclose the pen?

A rectangular park is three blocks longer than it is wide. The area of the park is 40 square blocks. If w represents
the width, write an equation in terms of w for the area of the park. Find the length and the width of the park.

What is the length of one side of the square whose perimeter has the same numerical value as its area?

Answers

The formula for the area of a rectangle is 4 =Iw
Let 54 represent A.
Let w represent the width of the rectangle.
Let w+15 represent the length of the rectangle.
Write:
A=Iw

o4 = (w+15)w

54 = w’ +15w
0=w*+15w—54
0=(w+18)(w-3)
Wz{—18,3}

Reject the negative solution.
The width of the sidewalk is 3 feet.
The length of the sidewalk is 18 feet.

The formula for the area of a rectangle is 4 =1Iw
Let 24 represent A.
Let / represent the length of the rectangle.
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Let /-5 represent the width of the rectangle.
Write:

24=1(1-5)
24=1% -5
0=1/*—5/-24
0=(/-8)(/+3)
I={-3,8

Reject the negative solution.
The length of the rectangle is 8 units.

3) The formula for the area of a rectangle is 4 =Iw
Let 15 represent A.
Let I represent the length of the rectangle.
Let I-2 represent the width of the rectangle.
Write:

A=1Ilw

15=1(1-2)

15=1°-2I
0=1*-2/-15
0=(/-5)(/+3)
={-35}

Reject the negative solution.
If the length is 5, the width is 3.
The formula for the perimeter of a rectangle is P =2/ + 2w, so the length of fence needed is

P=2+2w
P=2(5)+2(3)

P=16
16 yards of fencing are needed.

4) The formula for the area of a rectangle is 4 =/w
The units in this problem are blocks.
Let 40 represent A.
Let w represent the width of the rectangle.
Let w+3 represent the length of the rectangle.

Write:
40 = w(w+3)
40 = w” + 3w
0=w’+3w-40
0 :(w+8)(w—5)
w={—8,5}
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5)

210)

211)

212)

Reject the negative solution.
The park is 5 blocks wide and 8 blocks long.

The formula for the area of a square is 4 = s°
The formula for the perimeter of a square is P =4s
Write:

4s = s°
0=s"—4s
0= s(s —4)
s :{0,4}

Reject the zero solution.
The length of one side of the square is 4 units.

REGENTS EXAM QUESTIONS (through June 2018)

A.CED.A.1: Geometric Applications of Quadratics

The length of the shortest side of a right triangle is 8 inches. The lengths of the other two sides are represented by
consecutive odd integers. Which equation could be used to find the lengths of the other sides of the triangle?

) g*+x+)=x° 3 Frx+n=x
2) x*igt=(x+ 1V 4) xiet=(x+2)?

New Clarendon Park is undergoing renovations to its gardens. One garden that was originally a square is being
adjusted so that one side is doubled in length, while the other side is decreased by three meters. The new
rectangular garden will have an area that is 25% more than the original square garden. Write an equation that
could be used to determine the length of a side of the original square garden. Explain how your equation models
the situation. Determine the area, in square meters, of the new rectangular garden.

A rectangular garden measuring 12 meters by 16 meters is to have a walkway installed around it with a width of x
meters, as shown in the diagram below. Together, the walkway and the garden have an area of 396 square meters.

16m

!
|

| ——Walkway

Garden 12m

— ] -— X

!
1

Write an equation that can be used to find x, the width of the walkway. Describe how your equation models the
situation. Determine and state the width of the walkway, in meters.
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213)

214)

215)

216)

217)

210)

A school is building a rectangular soccer field that has an area of 6000 square yards. The soccer field must be 40
yards longer than its width. Determine algebraically the dimensions of the soccer field, in yards.

A landscaper is creating a rectangular flower bed such that the width is half of the length. The area of the flower
bed is 34 square feet. Write and solve an equation to determine the width of the flower bed, to the nearest tenth of
a foot.

A rectangular picture measures 6 inches by 8 inches. Simon wants to build a wooden frame for the picture so that
the framed picture takes up a maximum area of 100 square inches on his wall. The pieces of wood that he uses to
build the frame all have the same width. Write an equation or inequality that could be used to determine the
maximum width of the pieces of wood for the frame Simon could create. Explain how your equation or inequality
models the situation. Solve the equation or inequality to determine the maximum width of the pieces of wood
used for the frame to the nearest tenth of an inch.

Joe has a rectangular patio that measures 10 feet by 12 feet. He wants to increase the area by 50% and plans to
increase each dimension by equal lengths, x. Which equation could be used to determine x?
1) (10+x)(12+x) =120 3) (l5+x)(15+x) =180

2) (10+x)(12+x) =180 4) (15)(18) = 120 + x*

A contractor has 48 meters of fencing that he is going to use as the perimeter of a rectangular garden. The length
of one side of the garden is represented by x, and the area of the garden is 108 square meters. Determine,
algebraically, the dimensions of the garden in meters.

SOLUTIONS

ANS: 4
Strategy: Use the Pythagorean Theorem, the sum of the squares of the lengths of the legs of a right triangle equals

the square of the length of the hypotenuse.

a? 4+ b=t

The shortest side must be one of the legs, since the longest side is always the hypotenuse.
Substitute 8 for a in the equation.

at+ bt =t

2% 4 b = ot
The lengths of sides b and ¢ are consecutive odd integers. Let x represent the smaller odd integer and let {x + 2}
represent the larger consecutive odd integer. Side ¢ must be represented by [x+ 2} because side ¢ represents the

hypotenuse, which is always the longest side of a right triangle. Therefore, side b is represented by x and side ¢ is
represented by (x+ 2). Substitute these values into the equation.

RN SR
84+ x° = [;HE]I2

By using the commutative property to rearrange the two terms in the right expression, we obtain the same equation
as answer choice d.

824 xt = (x+ 2)2

e = (x4 2)2
DIMS? Does It Make Sense? Yes. Transorm the equation for input into a graphing calculator as follows:
O={x+ 2}2 —x*—8* and we find that the other two sides of the right triangle are 15 and 17.
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211)

Flokl Flokz Flotz b YWy
N T
Rl = LA S R e = P o
— is 4
whE= 17 B
i £ |
:ﬁ;; 21 Zi
e i Y
P=15
By the Pythagorean Theorem, & + 15% = 17°
fid + 225 = 289
280 = 289
Everything checks!
PTS. 2 NAT: A.CED.A.1 TOP: Geometric Applications of Quadratics

ANS:
a) 1.252°=(2:)(x- 1)
b) Because the original garden is a square, x° represents the original area, x— 3 represents the side decreased by

3 meters, 2x represents the doubled side, and 1.25x* represents the new garden with an area 25% larger.
c) The length of a side of the original square garden was 8 meters.
The area of the new rectangular garden is 80 square meters.

Strategy: Draw two pictures: one picture of the garden as it was in the past and one picture of the garden as it
will be in the future. Then, write and solve an equation to determine the length of a side of the original garden.

STEP 1. Draw 2 pictures.
Original

New
Garden Garden
X X-3
X 2x
Area of original garden is z*. Area of new garden is 1.25x%,

STEP 2: Use the area formula, & = length = wadth, to write an equation for the area of the new garden.
A = length x width

1.25%°=(25)(x - 3)

STEP 3: Transform the equation for input into a graphing calculator and solve.
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212)

1.252°=(25)(x - 3)
1.25x%=2%" -fix
O=2x"-1.25%% -fx

0=0.75=" -fix

Flotl Flotz Flotbs “ 4

z .

— z g
~ E ron =B £ -3 2E
we= y -1z
'-.33: E '%1.25
“hy= ]
5"35:. : z Ijl5.25
T HE= [

F fo="5

The length on a side of the original square garden was 8 meters.
The area of the new garden is 1.25[8)2 = 1.25(64) = &0 square meters.

DIMS? Does It Make Sense? Yes. The dimensions of the original square garden are 8 meters on each side and
the area was 64 square meters. The dimensions of the new rectangular garden are 16 meters length and 5 meters
width. The new garden will have area of 80 meters. The area of the new garden is 1.25 times the area of the

original garden.

PTS: 6 NAT: A.CED.A.1 TOP: Geometric Applications of Quadratics

ANS:

a) 396 = {16+ 2x)(12+ 2x).

b) The length, 16+ 2x, and the width, 12 + Zx, are multiplied and set equal to the area.
¢) The width of the walkway is 3 meters.

Strategy: Use the picture, the area formula (Area = lemgth « width), and information from the problem to write
an equation, then solve the equation.

STEP 1. Use the area formula, the picture, and information from the problem to write an equation.
Area = length » width

36 =16+ 2012+ 2x)

STEP 2. Solve the equation.
36 =16+ 2012+ 22

=16 1D+ (1620 + (2 12+ (2ax 2x)
306 = 192+ 32x + 247+ 4x°
306 = 192 + 56x + 4x°
306 = 4x° + Six + 192
0=4x° + 56x+ 192 396
0= 4x° + 562 — 204
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Flotl P1§tz Flokz & 4

N B ET 55 —-204 1 Eph

wWe= -

N | -

“MNy=

:Esf. ? %EE
6= =

The width of the walkway is 3 meters.

DIMS? Does It Make Sense? Yes. The garden plus walkway is 16+ 2(3) = 22 meters long and 12+ 2(3) = 18
meters wide. Arsa = 22 x 18 = 394, which fits the information in the problem.

PTS: 4 NAT: A.CED.A.1 TOP: Geometric Applications of Quadratics
213) ANS:
The soccer field is 60 yards wide and 100 yards long.
Strategy: Draw and label a picture, then use the picture to write and solve an equation based on the area formula:
Area = length = wadth
STEP 1. Draw and label a picture.
Area Width (w)
6000
Length
(w + 40)
STEP 2: Write and solve an equation based on the area formula: &trea = width x  length
G000 = wiw + 40}
G000 = w + 40w
0= w* + 40w — 6000
0= (w+ 100w —60)
w=—100 reject - distance should be positive
w=al
w+40 =100
DIMS? Does It Make Sense? Yes. If the width of the soccer field is 60 yards and the length of the soccer field
is 100 yards, then the area of the soccer field will be 6,000 square yards, as required by the problem.
PTS: 4 NAT: A.CED.A.1 TOP: Geometric Applications of Quadratics
214) ANS:
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a) Equation34 = I[% f]
b) The width of the flower bed is approximately 4.1 feet.

Strategy: Draw a picture, then write and solve an equation based on the area formula, &tea=length x width,

STEP 1. Draw a picture.

Width
(1/2)

Area =34

Length
(1)

STEP 2: Write and solve an equation based on the area formula.
Area=length x width,

weff

_£
==

68 = J*

8.2 ]

4.1 8w

PTS. 2 NAT: A.CED.A.1 TOP: Geometric Applications of Quadratics
215) ANS:
The maximum width of the frame should be 1.5 inches.

Strategy: Write an inequality, then solve it.

STEP 1. Write the inequality.
The picture is 6 inches by 8 inches. The area of the picture is [ x 8) square inches.
The width of the frame is an unknown variable represented by x.

Two widths of the frame (2x) must be added to the length and width of the picture. Therefore, the area of the
picture with frame is (6 + 2x)(& + 2x) square inches

The area of the picture with frame, (6 + 2x)(& + 2x) square inches, must be less than or equal =) to 100.
Write (fi+ 2x0(8+ 2x) = 100

STEP 2: Solve the inequality.
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216)

Notes Left Expression Sign | Right Expression
Given (6+2x3(8 + 2x) < 100
Use Distributive 48 + 12x + 167 + 472 = 100
Property to Clear
Parentheses
Commutative 47 4 172+ 1fix+ 47 = 100
Property
Combine Like Terms 4% 4 98x 4 48 = 100
Subtract 100 from 4x% 4 285 — 52 = 0
both expressions

Use the Quadratic Formula: a=4, b=28, ¢=-52

e —ht b - dac

2at

—28+ ngﬂ —4(4)[-52)
2(4)
-28+ +/ 1616

g
-84 AJ1616
B g
_ —23140.1995
B 8
_ —23+40.1995
B g

L 12.1995
T s

=

x=1.5mches

DIMS? Does It Make Sense? Yes. If the frame is 1.5 inches wide, then the total picture with frame will be
(B+2x 158+ 2x1.5)

(9011

29 seuare ches

PTS: 6 NAT: A.CED.A.1 TOP: Geometric Applications of Quadratics

ANS: 2

Strategy: STEP 1. First, determine the area of the current rectangular patio and increase its size by 50%, which
will be the size of the new patio. STEP 2. Then, increase each dimension of the current rectangular patio by x,
as follows:

STEP 1.
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217)

Area=length x width
Current Patio
A=10x12

A=120
New Patio
A= 120x 150%
A=120=x1.5

A =180
The new patio will have an area of 180 square feet. Eliminate choice (a).
STEP 2.
(l0+x(12+x) =180
Choose answer b.

PTS: 2 NAT: A.CED.A.1 TOP: Geometric Applications of Quadratics
ANS:
The garden is a rectangle that measures 18 meters by 6 meters.

Strategy: . Solve as a system of two equations, because the question requires solving for two variables: length
and width.

STEP 1. Draw a picture that illustrates the information in the problem.

Perimeter equals
2w+2l

Area =108 Length (1)

Width (w)

STEP 2. Using the picture, write two equations using length and area formulas for rectangles. Let / represent the
unknown length of the garden and let w represent the unknown width of the garden.

The first equation, &g, is based on the formula for the perimeter of a rectangle, which is = = 2/ + Zw.
The second equation, Eg,, isbased on the area formula for rectangles, which is 4 = fw

By, 45 = 21+ 2w
By, fw =108

STEP 2. Isolate the length variable Zg,
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fw =108
108
By, 1=7

a W
STEP 3. Solve &z, and £z, asa system using substitution, as follows:
a
By, 45 = 2l + 2w

10
T ow

45 = 2[@] + 2w
W

43w = 2(108) + Zw*
i — 48w+ 216 =1

By

Jw? - 48w = 216
W — 24w = —108
wh— 24w+ (-1 = - 108+ (-12)°
(w—12* = —108 + 144
(w=12" = 36
Ww==f

The garden is 6 meters wide. The length of the garden can be found using £z, {= %

PTS: 4 NAT: A.CED.A.1 TOP: Geometric Applications of Quadratics
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H — Quadratics, Lesson 5, Vertex Form of a Quadratic (r. 2018)

QUADRATICS
Vertex Form of a Quadratic

Common Core Standards Next Generation Standards

F-1F.C.8 Write a function defined by an expression | Al-F.I1F.8 Write a function in different but equivalent
in different but equivalent forms to reveal and ex- forms to reveal and explain different properties of the
plain different properties of the function. function.

(Shared standard with Algebra I1)

F-1F.C.8a Use the process of factoring and complet- | Al-F.1F.8a For a quadratic function, use an algebraic
ing the square in a quadratic function to show zeros, | process to find zeros, maxima, minima, and symmetry of
extreme values, and symmetry of the graph, and in- | the graph, and interpret these in terms of context.

terpret these in terms of a context. Note: Algebraic processes include but not limited to
factoring, completing the square, use of the quadratic
formula, and the use of the axis of symmetry.

LEARNING OBJECTIVES

Students will be able to:

1) Transform quadratics equations to and between standard, factored, and vertex forms of a
quadratic.
2) Identify the zeros, maxima, minima, and axis-of symmetry of parabolas.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
axis of symmetry parabola vertex form of a quadratic
completing the square standard form of a parabola X-axis intercepts
maxima turning point zeros
minima vertex
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BIG IDEAS

The graph of a quadratic is called a parabola, and a parabola has several characteristics,
including:

1)
2)
3)
4)

5)

vertex, also known as the turning point. The vertex is the highest or lowest point on a
parabola and is usually expressed as a coordinate pair.

maxima is the y-value of the turning point when the graph opens downward.

minima is the y-value of the turning point when the graph opens upward.

axis of symmetry is a vertical line that passes through the vertex of a parabola and divides
the parabola into two symmetrical halves. It is sometimes called the line of reflection.
zeros, also known as roots or solutions, are the x-values of the coordinates of the x-axis

intercepts.

There are three general forms of a quadratic equation:

1) standard form, given by ax®—bx—c =0, where ax”is the quadratic term, bx is the linear
term, and c is the constant. A positive value of a indicates the parabola opens upwards
and a negative value of a indicates the parabola opens downward. As the value of a
approaches zero, the appearance of the parabola approaches the appearance of a horizontal
line.

2) vertex form, given by a(x—h)*+k =0, where (/,k) is the vertex of the parabola and x =
is the axis of symmetry.

3) factored form, given by a(x—r)(x—s), where r and s are solutions.

y . In standard form, the
e} Axis of Symmetry function rule for this
: parabola is:
5l x*=2x-3=0
: This form reveals that the
Al - parabola opens upward
: and has a y-intercept of 3.
3__ 1
E In vertex form, the
2t @ function rule for this
X-i['ItEE'CEptS parabola is:
= - (x —1)2 -4=0
- : : : : ; ; .=y The form reveals the
-5 -4 -3 -2 1 4 5 6 vertex is at (1,-4) and the
E axis of symmetry is x=1.
1
- In factored form, the
: function rule for this
: parabola is
y-intercept . (x-3)(x+1)=0
This form reveals the
=l Vertex solutions are x ={-1,3}
|
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The ability to transform quadratic equations between standard, vertex, and quadratic forms is useful
for identifying the characteristics of their graphs.

DEVELOPING ESSENTIAL SKILLS

Complete the following table.

Standard Form Vertex Form Factored Form Vertex and Solutions
AXis of
Symmetry
x> =10x+21=0
(x-1)"-4=0
(x—2)(x+4)=0
3(x—5)(x—3):0
x2+4x-5=0
AnNswers
Standard Form Vertex Form Factored Form Vertex and Solutions
AXis of
Symmetry
x?-10x+21=0 (x—5)2—4=O (x—?)(x—S):O (5,—4) x:{3,7}
x=5
x2-2x-3=0 (x—1)2—4:O (x—3)(x+1):0 (l,—4) x:{—l,?)}
x=1
x*+2x-8=0 (x+1)2—9:O (x—2)(x+4):O (—1,—9) x:{—4,2}
x=-1
3x?—24x+45=0 3(x_4)2_3:o 3(x—5)(x—3)=0 (4,—3) x={3,5}
x=4
x2+4x-5=0 (x+2)2_9:0 (x+5)(x—1)=0 (—2,—9) x:{—5,1}
x=-2

REGENTS EXAM QUESTIONS (through June 2018)

F.IF.C.8: Vertex Form of a Quadratic

218) a) Given the function fix) = -x° + 8x+ 9, state whether the vertex represents a maximum or minimum point

for the function. Explain your answer.
b) Rewrite f{x) in vertex form by completing the square.
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219)

220)

221)

222)

223)

218)

If Lylah completes the square for fix) = x* = 12x+ 7 in order to find the minimum, she must write Ax) inthe

general form fix) = (x—a)* + 4. What is the value of a for f{x)?

1) 6 3) 12

2) -f 4) -12

In the function #x) = {x— 2)* + 4, the minimum value occurs when x is
1) -2 3) -4

2) 2 4) 4

Which equation is equivalent to y— 34 = x{x - 12)?

1) y=&-17ix+12) 3) y=(x-6)+2
2) y=(x-1Tx-2) 4) y=(x-6r-2

Which equation and ordered pair represent the correct vertex form and vertex for j{x) = x4 - 12x+ 77
3) jix)=i(x—6"-29, (6-29)
4)  ix)=(x—6)* - 29, (-6,-29)

1) )= (x—6)° +43 (6,47
2) jix)=(x—60 +43, (—6,47)

The function f{x) = 3x* + 12x+ 11 can be written in vertex form as

D Az = (3x+6)° - 25 3) Mxy=3(x+2)i-1

2) flx)=3(x+6)7-25 4 x)=3x+ ) 47
SOLUTIONS

ANS:

a) The vertex represents a maximum since a < 0.
b) Ax)=-ix-4"+25
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f(x):—x2 +8x+9

—x*+8x+9=0

}(set f(x) to 0)

—x*+8x=-9
-x* 8x 9. . . .. . .
—1+—1 = (isolate both variables with 1 as coefficient of leading variable)
x2—8x=9

x? —8x+(-4)" =9+(-4)
(x—4)2 =9+16  (complete the square)
(x—4)" =25

~1(x—4)" =-1(25)

, (multiply by a)
—l(x—4) +25=0

vertex is at (4,25), but this information is not required by the problem.

PTS: 4 NAT: F.IF.C.8 TOP: Graphing Quadratic Functions
219) ANS: 1

Strategy: Transform #x) = x* — 12Zx+ 7 into the form of fix) = (x—)* + & and find the value of a.

- 12x+ T =%
-o12x+7=10
2 -12x=-7

2 )
q -12 -12
x 12x+[ 5 ] = T+[ 5 ]

- 12x+ (-6 = =T+ [-6)°
(x—6)° = =7+ 36

(x— 61" = +29
(x-6)-29=0

fx) = (x—6)° - 29
If —2 =-0, then @ = 6.

PTS: 2 NAT: ASSE.B.3  TOP: Solving Quadratics
KEY: completing the square
220) ANS: 2

The
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Strategy #1. Recognize that the function flx) = (x - 2 +4 s expressed in vertex form, and that the vertex is
located at (2,4). Accordingly, the minimum value of #{x)occurs when x = 2.

Strategy #2: Input the function rule in a graphing calculator, then examine the graph and table views to
determine the vertex. The problem wants to know the x value of the when f{x}is at its minimum.

Flokli Floke Flak: lI: :"‘: I'I'I'I
W ECHE=-205+4 “v’r S
~z=1 s i E
"‘F: £ d
“My=
W;f E E3
M6 =1

The minimum value of f{x) =4 when x is equal to 2.

Strategy #3: Substitute each value of x into the equation and determine the minimum value of fx).

Axi=(x-"+4
A-2=(-2-2+4
A-21= (-7 +4
A-21=16+4
A-21=120

AD=(2-25%+4
A2y =(0) +4
A2 =4

A—41=(-4-2" +4
A4y = (-6 +4
A—41=36+4
A—41=40

A== +4

A4y =(2"+4
Ar=4+4

A4 =8

PTS: 2 NAT: ASSE.B.3 TOP:

Vertex Form of a Quadratic
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NOT: NYSED classifies this as A.SSE.3
221) ANS: 4

Strategy: Simplify the equation y— 34 = x(x— 12},

y- M =xix-12)

y—34=x"-12x

¥ = x - 12x+ 34

y=x"—12x+36-2

y=(x-67-2

PTS: 2 NAT: ARREIL.B.4  TOP: Solving Quadratics

KEY: completing the square
222) ANS: 3

Step 1. Understand from the answer choices that the problem wants us to choose the answer that is equivalent

to jix)=x" - 12x+7.

Step 2. Strategy: Input jix) = x*-12x+7ina graphing calulator and inspect the table and graph views of

the function, then eliminate wrong answers.
Step 3. Execute the strategy.

Flokl Flatz Flak: ] & Y
i ERT-12547 3 -z
M= ] y -zt
M= ] fammm| -:8
why = : 7 -z
“NMe= ] :| -2t
Mg = i a ot
wha = 3 =5

Choice c) is correct because it is the only answer choice that shows the vertex at (6, -29).

Step 4. Does it make sense? Yes. You can see that j{x) = x* - 12x+7 and j{x) = (x— 6)* - 20, (6,29
are the same funtion by inputting both in a graphing calculator.

Flotl Flotz Floks Ty W Y

z - -
=M B —12:=§+? o 2
WNWeRoR-e2T-29 £ -zH -zH
= B -z9 -z8
- 7 -2i -2i
~hy= B -ZE -ZE
W= ] -z0 =0

~NeE=
PTS: 2 NAT: F.IF.C.8 TOP: Vertex Form of a Quadratic

223) ANS: 3
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PTS: 2

it 4 12x+ 11
it 4+ 12 =—11

Jr:"+-4x=—1

|
3

2
a 4 -11
x +4x+[2] 7 +[
X+ =—+
2* 3“ 4

[ Y
—
-]

(x+ 2)2 =

L | —

x+ 2 =1
Wx+23 -1=10

NAT: A.SSE.B.3b TOP: Families of Functions
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H — Quadratics, Lesson 6, Graphing Quadratic Functions (r. 2018)

QUADRATICS

Graphing Quadratic Functions

Common Core Standard

F-1F.B.4 For a function that models a relationship
between two quantities, interpret key features of
graphs and tables in terms of the quantities, and
sketch graphs showing key features given a verbal
description of the relationship. Key features include:
intercepts, intervals where the function is increas-
ing, decreasing, positive, or negative, relative maxi-
mums and minimums, symmetries; end behavior,
and periodicity.

PARCC: Tasks have a real-world context. Tasks are limited to
linear functions, quadratic functions, square root functions, cube
root functions, piece-wise defined functions (including step func-

tions and absolute value functions) and exponential functions
with domains in the integers.

F-1F.C.7 Graph functions expressed symbolically
and show key features of the graph, by hand in sim-
ple cases and using technology for more compli-
cated cases.

Next Generation Standard

Al-F.IF.4 For a function that models a relationship be-
tween two quantities:

i) interpret key features of graphs and tables in terms of
the quantities; and

ii) sketch graphs showing key features given a verbal de-
scription of the relationship.

(Shared standard with Algebra I1)

Notes:

« Algebra | key features include the following: intercepts,
zeros; intervals where the function is increasing, decreas-
ing, positive, or negative; maxima, minima; and symme-
tries.

« Tasks have a real-world context and are limited to the
following functions: linear, quadratic, square root, piece-
wise defined (including step and absolute value), and ex-

ponential functions of the form f(x) = a(b))r
where a > 0and b > 0 (b#1).

Al-F.IF.7 Graph functions and show key features of the
graph by hand and by using technology where appropri-
ate.

(Shared standard with Algebra I1)

LEARNING OBJECTIVES

Students will be able to:

1) Create a table of values from a function rule.

2) Sketch a graph from a table of values.

3) Identify and interpret in context key features of graphs, including: intercepts, zeros; intervals
where the function is increasing, decreasing, positive, or negative; maxima, minima; and

symmetries.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary
- learning objective(s)
direct instruction

- big ideas: entry)

- modeling

guided practice €Teacher:
connects student work

Student Centered Activities

anticipates, monitors, selects, sequences, and

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal
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VOCABULARY

axis of symmetry minima turning point
decreasing intervals negative slope vertex
increasing intervals no slope Zeros
intercepts positive slope
maxima symmetries
BIG IDEAS

Identify key features of graphs:

y .

[ Axis of Symmetry

24 '
X-intercepts
; i \
—-—— k5 ——X
5 -4 -3 -2 0 3 2 4 5 6
_1__ :
y-intercept ;
; Vertex

axis of symmetry: the axis of symmetry is the vertical line whose equation is x =1
decreasing intervals: the function is decreasing over the interval x < 0

increasing intervals: the function is increasing over the interval 0 < x

intercepts: the x-axis intercepts are -1 and 3, the y-axis intercept is -3

maxima: there is no maxima

minima: the minima is -4

negative slope: the slope is negative on the left side of the axis of symmetry

no slope: the function has no slope at the vertex (1,-4)

positive slope: the slope is positive on the right side of the axis of symmetry
symmetries: the graph left of the axis of symmetry is symmetrical to the graph right of the axis
of symmetry

turning point: the turning point is (1,-4)

vertex: the vertex is at (1,-4)

zeros: the zeros are x ={-1,3}, these are also the roots and solutions of the function.
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Sketching Graphs of Quadrilaterals

STEP 1 Create a table of values.

e Use a graphing calculator whenever possible.
e Include the vertex in the table.

STEP 2 Select coordinate pairs that are easy to plot on a Cartesian plane.

Start with the vertex.

Select integer values when possible.

Select an equal number of points on either side of the vertex
5 coordinate pairs are usually enough.

STEP 3 Connect the plotted points.

e Use the graph view of the function as a model for your sketch.
e Label the graph.
0 Include the function rule and at least three coordinates of plot points,
and/or
0 Show the function rule and construct a table of values of plotted points
on the page with the graph.

Example
Use technology to show three views of the following function: x*—-2x-3

Plotl Plot2 Plot? X Y1 :

2 4 21 ;

E\Y1BX?-2X-3 3| ;

\Yz=H - f

EN\Y3= 01 Ej3 ......... f/\ .......
INZE ME— i

ENY5= 3 0 :

\Ye= ! 3 j

\Y7= . 3 :

ENYa= _

X=1 owsar erous unso weur oz e O]

DEVELOPING ESSENTIAL SKILLS

Sketch graphs of each of the following functions using technology and graph paper:

x*-10x+21=0

(x—l)2 -4=0
(x—2)(x+4)=0
3(x—5)(x—3):0

x*+4x-5=0

Answers

Note: Students may submit answers on graph paper.
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HORHAL FLOAT AUTO REAL RADIAW HP ﬂ

2
x“=10x+21=0 Plotl Pletz Plot?

\Y 1K -10M+21
"NZE |

ENY 3=

INY4=

NORMAL FLOAT AUTO REAL RADIAN HP n

\ ./

NYs= : N
INYe= I
ENY7= T

E\Ya= bEEZZ + LOB FAPI 1]
WOEHHE EFOHL HNLOD EEWT EHDIHH Wi

2 0 0 0 RA 1 HORHAL FLOAT AUTO REAL RADIAN HF n MORHAL FLOAT AUTO REAL RADIAN HF n
FRESS * FOR &Th1
X _1 - 4 = 0 Plotl  Plotz  Platd A Yi

2 1
ENY1B(X-1)"-4 12

L/

T

O E—
n
Tk

LANEE
ENYa=

b @

ENY5=
INYe=
INY?=
m\Ye=

M.,wi,,_m

oy
b= 1

>
L}
furd

HORHAL FLOAT AUTOD REAL RADIAN HF n

>
]
—

ot h bl fle =l
ki '

(x o 2) (x + 4) 0 Plotl Flotz  Plotd
ENY1B(R-2) (K+4)

ENYz=

ENY 3=
ENY4=
ENYs=

o hadin ]

=

pXi
BEE22 » LOE 1P 7]
I a———— MOBMUT Lrovy unio ewr borsu we L)

n MORHAL FLOAT AUTO REAL RADIAN HF n HORHAL FLOAT AUTO REAL RADIAW HP ﬂ
FRESS * FOR &Tb1

Y1

3(x—5)(x—3)=0

A
-1 (L4
L] 45
1 4
r4 9
i s \ )
H o
o \V
? 2y
] [
3 7z
= K=dh
z | T
x“+4x-5=0 -
N
NYz= > %
LANEE -3 -8
Ya= f— -
E\Ys= [ -5 f
\Ye= 1 o
NY 7= § Is
ANY =
W=-2

REGENTS EXAM QUESTIONS (through June 2018)

F.IF.B.4, F.IF.C.7: Graphing Quadratic Functions

224) Let ki) = —16° + fidt + 80 represent the height of an object above the ground after 7 seconds. Determine
the number of seconds it takes to achieve its maximum height. Justify your answer.

State the time interval, in seconds, during which the height of the object decreases. Explain your
reasoning.

225) A toy rocket is launched from the ground straight upward. The height of the rocket above the ground, in

feet, is given by the equation k() = —164* + fi4¢, where ¢ is the time in seconds. Determine the domain for
this function in the given context. Explain your reasoning.

226) A ball is thrown into the air from the edge of a 48-foot-high cliff so that it eventually lands on the ground.
The graph below shows the height, y, of the ball from the ground after x seconds.
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192
176
160
144
128
112
96
80
64
48
32

1 2 3 4 5 6

For which interval is the ball's height always decreasing?
1) n=£x=25 3) 25<x=55
2) Dexess 4) x=12

227) Morgan throws a ball up into the air. The height of the ball above the ground, in feet, is modeled by the
function &(f) = —16° + 24t, where ¢ represents the time, in seconds, since the ball was thrown. What is
the appropriate domain for this situation?

1) 0=¢£15 3) D=hiH=15
2) 0=tx9 4) 0=hH=9

228) The height of a rocket, at selected times, is shown in the table below.
Time (sec) 0 1 2 31415 6 | 7
Height (ft) | 180 | 260 | 308 | 324 | 308 | 260 | 180 | 68

Based on these data, which statement is not a valid conclusion?

1) The rocket was launched from a height of 3) The rocket was in the air approximately 6
180 feet. seconds before hitting the ground.

2) The maximum height of the rocket 4) The rocket was above 300 feet for
occurred 3 seconds after launch. approximately 2 seconds.

229) A football player attempts to kick a football over a goal post. The path of the football can be modeled by

the function %&{x) = —2—;5 i %x, where x is the horizontal distance from the kick, and %(x} is the height

of the football above the ground, when both are measured in feet. On the set of axes below, graph the
function ¥ = ki{x) over the interval 0 = x < 150,
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» X

Determine the vertex of y = &{x). Interpret the meaning of this vertex in the context of the problem. The
goal post is 10 feet high and 45 yards away from the kick. Will the ball be high enough to pass over the
goal post? Justify your answer.

230) On the set of axes below, draw the graph of y = X —d4x-1.

¥

State the equation of the axis of symmetry.

231) If the zeros of a quadratic function, F, are =3 and 5, what is the equation of the axis of symmetry of F?
Justify your answer.

232) Alex launched a ball into the air. The height of the ball can be represented by the equation

h= -8+ 40+ 5, where £ is the height, in units, and ¢ is the time, in seconds, after the ball was launched.
Graph the equation from ¢ =10 to ¢ = 5 seconds.
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Height (units)

Time (in seconds)
State the coordinates of the vertex and explain its meaning in the context of the problem.

233) An Air Force pilot is flying at a cruising altitude of 9000 feet and is forced to eject from her aircraft. The
function k() = —16¢* + 128¢+ 9000 models the height, in feet, of the pilot above the ground, where ¢ is the
time, in seconds, after she is ejected from the aircraft. Determine and state the vertex of &(f). Explain
what the second coordinate of the vertex represents in the context of the problem. After the pilot was

ejected, what is the maximum number of feet she was above the aircraft's cruising altitude? Justify your
answer.

234) The expression ~4.95% 4 50t + 2 represents the height, in meters, of a toy rocket ¢ seconds after launch.
The initial height of the rocket, in meters, is
1) 0 3) 4.9
2) 2 4) 50
235) The graph of a quadratic function is shown below.
i
25
20
15

10

0 = 3
0 5 10 15 20 25

An equation that represents the function could be
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1) 3)

q{x}=%{x+15)3—25 q{x}=%{x—15)3+25

2) 4)

q{x}=—% (x+ 15 = 25 q{x}=—é (x— 15 + 25

236) Graph the function f1x) = —x* - fix on the set of axes below.

f(x)

State the coordinates of the vertex of the graph.

237) The graph of the function fTx) = ax* + bx+¢ is given below.

f(x)

L

)
Y
>

L

Could the factors of fix) be (x+Z) and {(x—3)? Based on the graph, explain why or why not.
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238) When an apple is dropped from a tower 256 feet high, the function k&t = —16* + 256 models the height of
the apple, in feet, after r seconds. Determine, algebraically, the number of seconds it takes the apple to hit
the ground.

SOLUTIONS

224) ANS:
The object reaches its maximum height at 2 seconds.
The height of the object decreases between 2 seconds and 5 seconds.

Strategy: Inut the function in a graphing calculator and inspect the graph and table of values.

Flokd FMEEFMH éHDDN.

- Miln=
::ME lex"+6d4x+20 LS =
o= Ascl=1
WMy = “Ymin=A
e zisio
MYE= l-ixres=1

h T
(-1 |}
i i
i 1zH
z 144
% 1zH
y i
3 i

+
PTS: 4 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions
225) ANS:

The rocket launches at ¢ = 0 and lands at ¢ = 4, so the domain of the function is 0 = x = 4.
Strategy: Input the function into a graphing calculator and determine the flight of the rocket using the
graph and table views of the function.

Flatl Flotz Floks THOOL
N B 1B R ﬁmﬁfﬁ'
o= max=1H
W= Ascl=1
Wy = Ymiln=g
wMe= Ymax=1684
WME= Y=c 1=
- ses=1
4 Ik
0 0
1 4H
s BY
E_ i
0
E -B1
b =19z
e =g
The toy rocket is in the air between 0 and 4 seconds, so the domain of the functionis 0 =x <4.
PTS: 2 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions
226) ANS: 3
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Strategy: ldentify the domain of x that corresponds to a negative slope (decreasing height) in the
function, then eliminate wrong answers.

STEP 1. The axis of symmetry for the parabola is x = 2.5 and the graph has a negative slope after
x= 2.5 all the way to x = 5.5, meaning that the height of the ball is decreasing over this interval.

STEP 2. Eliminate wrong answers.

Answer choice a can be eliminated because the the slope of the graph increases over the interval
D=x=25.

Answer choice b can be eliminated because the the slope of the graph both increases and decreases over
the interval 0 =x = 2.5.

Answer choice c is the correct choice, because it shows the domain of x where the graph has a negative
slope.

Answer choice d can be eliminated because the the slope of the graph increases from x = 2 until x=2.5.

PTS: 2 NAT: F.IF.B4 TOP: Graphing Quadratic Functions
227) ANS: 1
Rt = 168 + 24¢
= — 168 + 24¢
=-8H2t- 7
—-8t=10 and d=-3=10

;o0 2t=3

_3 3

t=10 =3

The appropriate domain for this functionis 0 =¢ = 1.5.

PTS. 2 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions
KEY: context

228) ANS: 3
Strategy: Eliminate wrong answers.
Eliminate “The rocket was launched from a height of 180 feet” because the ordered pair (0, 180) indicates
this statement is true.
Eliminate “The maximum height of the rocket occurred 3 seconds after launch” because the ordered pair
(3,324) is the vertex of the parabola modeled by the table.
Select “The rocket was in the air approximately 6 seconds before hitting the ground” because the ordered
pair (7, 68) shows that the rocket had not yet hit the ground after 7 seconds.
Eliminate ‘The rocket was above 300 feet for approximately 2 seconds” because the rocket was above 300
feet during the 2 second interval between the ordered pairs (2, 308) and (4, 308).

PTS: 2 NAT: F.IF.B.4
229) ANS:
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:Il,:f;l I | 11
“4vrl RERNEENEN o
il Pl [ 11 [
2 AL Lokl L1 | 1 |
At L ]
a) W I §y 0 Ty 90 ok 0 i | *®

b) The vertex is at [75, 25). This means that the ball will reach it highest (25 feet) when the horizontal

distance is 75 feet.
¢) No, the ball will not clear the goal post because it will be less than 10 feet high.

Strategy: Input the equation into a graphing calculator and use the table and graph views to complete the
graph on paper, then find the vertex and determine if the ball will pass over the goal post.

STEP 1. Input A(x) = —2—;5 x4 %x into a graphing calculator. Set the window to reflect the interval
0 =x =150 and estimate the height to be approximately % the domain of x.
Flakl Flakz Flobz THOOLI
- 4 erl mmin=H
2B C122SR5 e RNy
W= Ascl=1
Yu=l Ymin=H
o= Ymax=06
WE= Yo l=1
dares=1
b 1 i W
n |} i 7.9iks
i BEEEE 1Yy B.MBZZ
c 1.z1t8 it a
K 1.95 is 9.5zH9
;| T
B .84 EIE- i1.062
+ 1 =14
Observe that the table of values has integer solutions at 15 unit intervals, so change the ATbl to 15.
HELE SETUF HELE SETLF
Thlst art=0 ThlStart=A
albhl=1 aThl=15
Indrnt.: Indrnt.: (X A=k
DerFend: [erend: % A=k

The change in 4Tbl results in a table of values that is easier to graph on paper.

# Y4 & "4
| |
iE g it g
30 16 0 16
LE 1 yE 21
B ZH &l ZH
7L ZE 7L L
B ZH gi ZH
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230)

Use the graph view and the table of values to complete the graph on paper.

STEP 2. Use the table of values to find the vertex. The vertex is located at [TS, 25).

& 4

0 16
e 21
hzq
ZE

gi N
10E 2l
120 16

=T o

STEP 3. Convert 45 yards to 135 feet and determine if the the ball will be 10 feet or higher when z = 135

& W
o ZH
1ok cl
in
a
ica 0
16t -ii
iga “cH
=130 o y=- zﬁ(”ﬂ +—U3ﬂ=—m+9D_9
The ball will be 9 feet above the ground and will not go over the 10 feet high goal post.
PTS: 6 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions
ANS:
Input the equation in a graphing calculator, then use the table and graph views to draw the graph.
Flokl F1¢t2 Flot: F }i Y
A B —d-1 = -

— - 1] 1
W= [ i -y
-.\_-l.l.|3= .:... PP % :LEI
= 5\_/"! 4 1
“35— . s y
“THE= s

=1

The axis of symmetry is xz = 2
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PTS: 2 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions
NOT: NYSED classifies this as A.REI.D

231) ANS:
The equation of the axis of symmetry is x=1.

The axis of symmetry is the vertical line that is midway between the zeros of a quadratic.

-3+ 5
5 = |

PTS. 2 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions

KEY: no context
232) ANS:

1

‘EM ..l. {?'Il;i ‘;6‘)

gt f

£ vot

4 1 l 1

1
I

Time (in seconds)
The ball reaches a maximum height of 55 units at 2.5 seconds.

Strategy: Input the equation in a graphing calculator, then use the table of values to plot the graph and

answer the questions.
NHORMAL FLOAT AUTO REAL RADIAM HMP MORMAL FLOAT AUTOD REAL RADIAM HMP

PRESS + FOR ATh1
Plotl FPlot2 Plots Y1

E\Y 1B -8X2+40%+5
ENY 2=
ENY 3=
ENY4=
ENYs5=
\Ye=
ENY?=
ENYsg=

= w0 m oW
n

>
1l
[}

PTS: 4 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions

233) ANS:
The vertex occurs at (4, 9256). This means that 4 seconds after the pilot ejects from the plane, she is

9,256 feet above the ground.

After being ejected at a crusing altitude of 9,000 feet, the maximum number of feet she was above cruising
altitude was 9256 — 9000 = 256 feet.
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NORMAL FLOAT AUTOD REAL RADIAN MP n
Plotl Plotz Plot3 WINDOW
B\Y1B-16X*+128X+9000 Xmin=N
E\Y2= Xmax=60
ENYz= Xscl=1
E\Y4= Ymin=0
E\Ys5= Ymax=10000
\Yg= Yscl=1
E\Y 7= Xres=1
E\Ysg= aN= L 2272T7272727273
TraceStepr=.45454545454546
I i: rg\ AF ~Th I
e Y1
] 9000
1 9112
2 9192
3 924p
I 925c
5 924p
6 9192
7 9112
8 9000
g 8856
10 8680
»=d
PTS: 4 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions
KEY: context
234) ANS: 2

The initial height of the rocket is when ¢ = [.
—4.9¢% 4 50t + 2

—4.9(0y* + 50(0) + 2

D+0+2
2
PTS. 2 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions
KEY: context
235) ANS: 4

The graph shows the vertex to be at (15, 25).

Each of the answer choices is in vertex form: 3= a(x—k)* + &, where / is the x-coordinate of the vertex
and k is the y-coorindate of the vertex. Stubstituting the x and y coordinatges of the vertex into
y=alx-k" +k resultsin y=aix—157° + 25. Since the parabola opens downward, the value of a must

be negative. The correct answer is ¢(x) = —% (x—15)° + 25.

PTS. 2 NAT: F.IF.B.4 TOP: Graphing Quadratic Functions
KEY: no context
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236) ANS:

237)

238)

X
(’]’J‘Cﬂ /\ 0 E)/
-1 5
f 4 -2 8
\ -3 9
-4 8
f 5 5
' -6 0
J/ i HINT: Use
_ graphing
{ calculator!

The coordinates of the vertex are (-3, 9)

PTS: 2

KEY: no context
ANS:

Yes, because the factors of a function and the zeros of a function are related through the multiplication
property of zero. The multiplication property of zero states that the product of any number and zero is
zero. This also means that if the product of two numbers is zero, then one or both of the factors must be
zero.

NAT: F.IF.B.4 TOP: Graphing Quadratic Functions

If the factors of fix) are (x+ 2) and {x— 3), then the function rule is f{x) = (x+ 21(x—3) and the zeros
of the function will occur when fTx3 = 0. By the multiplication property of zero, when {(x+ 2)(x—3) =10
, either (x+2), (x-3), orboth (x+2) and (x- 3}, must equal zero.

If (x+2)=10,then x=-2, which is shown as an x-intercept on the graph.

If (x—3)=0,then x =3, which is also shown as an x-intercept on the graph.

PTS: 2
ANS:
Answer: 4
Strategy: The apple will be on the ground when its height is zero, so evaluate the function
R = —168° + 256 for k(#) = 0.

NAT: F.IF.C.7 TOP: Graphing Quadratic Functions

B = 168 + 256

= —16¢* + 256
164% = 256
=16
t=4

Check:

R4y = —16(41° + 256

R4y = —16(16) + 256

R(4) = —256 + 256

) =10
PTS: 2 NAT: F.IF.C.7 TOP: Graphing Quadratic Functions
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I — Systems, Lesson 1, Solving Linear Systems (r. 2018)

SYSTEMS
Solving Linear Systems

Common Core Standards Next Generation Standard

A-REI.C.5 Prove that, given a system of two equa- | STANDARD REMOVED
tions in two variables, replacing one equation by the
sum of that equation and a multiple of the other pro-
duces a system with the same solutions.

A-REI.C.6 Solve systems of linear equations ex- Al-A.RELl.6a Solve systems of linear equations in two
actly and approximately (e.g., with graphs), focusing | variables both algebraically and graphically.
on pairs of linear equations in two variables. Note: Algebraic methods include both elimination and

PARCC: Tasks have a real-world context. Tasks have hallmarks substitution.
of modeling as a mathematical practice (less defined tasks, more
of the modeling cycle, etc.).

LEARNING OBJECTIVES

Students will be able to:

1) Solve systems of linear equation by graphing.
2) Solve systems of linear equations using the substitution method.
3) Solve systems of linear equations using the elimination method.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY

context view non-distinct system of equations
distinct point of intersection table view
elimination method solution to a system of
equation rule view equations
graph view substitution method
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BIG IDEAS

Facts About Systems of Linear Equations

1. A system of linear equations is a collection of two or more linear equations that have the same set of
variables.

2. A solution of a system of linear equations is the set of values that simultaneously satisfy each and
every linear equation in the system. Systems of linear equations can be grouped into three categories
according to the number of solutions they have.

a) Infinitely Many Solutions: A system of linear equations has infinitely many solutions when
the equations represent the same line on a graph.

b) No Solutions: A system of linear equations has no solutions when the equations represent
parallel lines on a graph.

c) One Solution: A system of linear equations has one and only solution when the equations
represent distinct, non-parallel lines on a graph.

3. For asystem of linear equations to have one solution, the number of distinct linear equations in the
system must correspond to the number of variables in the system. For example, two variables require
two distinct linear equations, three variables require three distinct linear equations, etc.

Distinct vs Non-Distinct Equations
Two equations are distinct if they describe different mathematical relationships between the variables.
For example y =2x and y =3x describe different mathematical relationships between the variables x
and y.

Two equations are non-distinct if they describe the same mathematical relationships between the variables.
For example y=2x and 2y =4x and 3y =6x all describe the same mathematical relationships

between the variables x and y, which is the idea that the value of y is two times the value of x. When
linear equations are non-distinct, their graphs and tables of values will be identical.

Views of Linear Equations vs Views of Systems of Linear Equations

Linear equations can be expressed in four different ways, called views. These views are:

1) an equation (or function rule) view;

2) atable view;

3) agraph view; and

4) acontext view.
Systems of linear equations can be expressed using the same four views. With systems of linear
equations, however, each of the four views shows two or more equations simultaneously, and it becomes
important to know which values are associated with each equation. Color is used in the following
examples to help distinguish between equations.
Single Linear Equation | Single Linear Equation | System of Linear

Equations
Context View Two numbers are in the | If 6 is subtracted from Two numbers are in the
ratio 2:5. the sum of two num- ratio 2:5. If 6 is sub-
bers, the result is 50. tracted from their sum,

the result is 50. What
is the larger number?

Equation View x_2 (x+y)-6=50 x 2
y 5 y_5
(x+y)—6=50
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Equation View
(Calculator Input)

NORMAL FLOAT AUTO REAL RADIAN HP n

Plotl Plot2 Plot3
ENY185X2
INYz=0
ENY 3=
E\Y4=
ENYs5s=

NYs=
EN\Yz=
E\Yg=
ENY9=

Table View

Note that the table view
for the system of linear
equations has only one
column for the x values.

NORMAL FLOAT AUTO REAL RADIAN MP
PRESS *+ FOR aTb1

NORMAL FLOAT AUTO REAL RADIAN MP

1]

Plotl  Plotz Flot3

NORMAL FLOART AUTO REAL RADIAN MP
PRESS + FOR aTb1
Yz

NORMAL FLOAT AUTO REAL RADIAN MP n

Plotl Plot2 Plot3

NORMAL FLOAT AUTO REAL RADIAN MP
PRESS + FOR aTb1

Graph View

NORMAL FLOAT AUTD REAL RADIAN HP u

X=12

NORMAL FLOAT AUTD REAL RADIAN MP n

|
|

B NORHAL FLOAT AUTO REAL RADIAN HP _

X=16

-
/|

Solutions to systems of equations

The solution to a system of linear equation is ordered pair of values that satisfies each equation in
the system simultaneously (at the same time).
¢ In the function rule view, the solution is the ordered pair of values that makes each

equation balance.

2
EXAMPLE: The system {

x—y=3
x+y=3

has a common solution of (2,1).

When the valuesx =2 and y =1 are inputs, both equations balance, as shown below:

(22)

2x—y=3
2(2)-(1)=3
4-1=
3=3 check

(21)
x+y=3
(2)+(1)=3
3=3 check

¢ Inthe table view, the solution is the ordered pair of values that are the same for both

equations.

WORMAL FLOAT AUTO REAL RADIAN MP 1
PRESS + FOR aTb1

X Y1 Y2
] -3 3

1 -1 2
. 1 1

3 3 0

y 5 -1
5 7 -2
6 9 -3
? 11 -y
8 13 -5
9 i5 -6
160 17 -7
X=2

e Inthe graph view, the solutions are the coordinates of the point of intersection.
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NORMAL FLOAT AUTD REAL RADIAN MP n
CALC INTERSECT
Ya=-K+3

Intersection
x=2
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Solution Strategies

Elimination Method — an Algebraic Strateqgy

Overview of Strategy: Eliminate one variable by addition or subtraction, then solve for the
remaining variable, then the second variable.

STEPS

EXAMPLE

STEP 1 Solve the following system of equations by elimination.
Read and understand the AM +3C =12
problem. 5C +6M =19
STEP 2 3C+4M =12
Line up the like terms in 5C +6M =19

columns

STEP 3

Multiply each equation by the
leading coefficient of the other
equation, which will result in
both equations having the same
leading coefficient.

5(3C+4M :12):>15C+20M =60
3(5C+6M =19) = 15C +18M =57

STEP 4

Add or subtract the like terms in
the two equations to form a
third equation, in which the

15C +20M =60

subtract 15C +18M =57

leading coefficient is zero. 0C+ 2M = 3
STEP 5 0C+ 2M = 3
Splve th_e new equation for the oM =3
first variable.
Iy :
2
STEP 6 4M +3C =12
Input the value found in STEP 5 3
into either of the original 4(Ej+ 3C=12
equations and solve for the
second variable. %Jr 3C-12
6+3C=12
3C=6
C=
STEP 7 4M +3C =12 5C+6M =19
Check your solutions in both 3 3
equations. 4(Ej+ 3(2)=12 5(2)+ 6(5) =19
2+6:12 10+§:19
2 2
6+6=12 10+9=19
12=12 check 19=19 check
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Substitution Method — an Algebraic Strateqy

Overview of Strateqy:

Isolate one variable in either equation, then substitute its equivalent

expression into the other equation. This results in a new equation with only one variable. Solve
for the first variable, then use the value of the first variable in either equation to solve for the

second variable.

STEPS

EXAMPLE

the other equation.

STEP1 Solve the following system of equations by substitution.
Read and understand the AM +3C =12
problem. {5C+ 6M =19
STEP 2 AM +3C =12
Isolate one variable from one AM =12-3C
equation. 3
M=3-=C

4
STEP 3
Substitute the isolated value into 5C+6M =19

5C+6(3—%Cj=19

STEP 4
Solve the new equation with one
variable.

5C+6[3—%Cj:19

5C+18—%C:19

20C+72-18C =76

2C=4
c=[2]
STEP 5 4M +3C =12
Input the value found in STEP 4 AM +3(2) -12
into either of the original
equations and solve for the 4M =6
second variable.
M=|—
2
STEP 6 AM +3C =12 5C+6M =19
Check your solutions in both 3 3
equations. 4(§j+3(2) =12 5(2)+6(§j =19
L i6=12 10+28 19
2 2
6+6=12 10+9=19
12 =12 check 19=19 check
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DEVELOPING ESSENTIAL SKILLS

Solve each of the following systems by two algebraic methods:

substitution.

1) by elimination; and 2) by

4x+2y =16
3x+3y=15

3x+y=7
2x+2y =6

2x+3y =80
4x+2y =80

{
{

Sa+4b =065
4a+3b =50

2m+4j=28
3m+2; =30

4x+2y =16
3x+3y=15
Elimination

Eq.#1
Eq.#2

Answers
Eq.#1 Ax+2y=16
Eq.#2 3x+3y=15

3(4x+2y=16) >12x+6y =48
4(3x+3y=15)—>12x+12y =60

Eq.#1b
Eq.#2b

12x+6y =48
12x+12y =60

Ox+ 6y=12

Ox+ 6y=12
6y=12

v=[2]

Eq.#1

Substitution

4x+2y =16
4x+2(2)=16
4x+4=16
4x =12

x=3]
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3x+y=7
2x+2y =56
Elimination

Substitution

3x+3y=15
X=—y+5
4x+2y =16
4(-y+5)+2y =16
—4y+20+2y=16
—2y=-4

v=[2]
3x+3y=15
3x+3(2) =15
3x+6=15

3x=9

x=[3

3x+ y=17
2x+2y =6

2(3x+y=7) —>6x+2y=14
3(2x+2y:6)—>6x+6y=18

Ox+4y=4

=

3x+y=7
3x+1=7
3x=06

x=[2]
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3x+y=7
y=-3x+7
2x+2y =6
2x+2(—3x+7)=6
2x—6x+14=6
—4x=-8
x=[2]
x+y="7
32)+y=T7
y=[1
2x+3y =80
{4x+2y:80
Elimination
2x+3y =80
4x+2y =80

4(2x+3y =80) — Bx+12y = 320
2(4x+2y=80) —>8x+4y =160

Ox+8y =160

v=[20]

2x+3(y)=80
2x+3(20)=80
2x+60 =80
2x =20

x=[10]

Substitution
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4x+2y =80
y=-2x+40
2x+3y =80
2x+3(—2x+40)=80
2x—6x+120=80
—4x=-40
x=[10]
4(10)+2y =80
40+2y =80
2y =40

y=[20]

4a+3b=50
Elimination

{Sa +4b =65

5a +4b =65
4a+3b=50

4(5a +4b = 65) — 20a +16b = 260
5(4a+3b) =50 — 20a +15b = 250

Oa+1p=10
b=10
4q+3b=50
4a+3(10)=50

4a+30=50
4a =20

a=ls]

Substitution
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Sa+4b =65

az_—4b+13
5
4a+3b =50

4(_?417 +13]+3b =50

_?1619+52+3b:50

-16bh +260+15h = 250
-b=-10
b=[10]
Sa+4b =65
5a +4(10) =65
5a+40=165
5a =25
a=[g|
2m+4j=28
{3m+2j =30
Elimination
2m+4j=28
3m+2j=30

3(2m+4j =28) - 6m+12, =84
2(3m+2j=30)—6m+4; =60

Om+8j =24

j=0
2m+4(j):28
2m+4(3):28
2m+12 =28
2m =16

m=|8|

Substitution
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2m+4j =28
m=-2j+14

3m+2j=30

3(-2j+14)+2;=30

—6j+42+2;j=30

—4;=-12

Jj=13]

2m+4j =28

2m+4(3) =28

2m+12 =28

2m =16

m=[g]

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.C.5, A.REI.C.6: Solving Linear Systems

239) Albert says that the two systems of equations shown below have the same solutions.

First System Second System
8x + 9y = 48 8x + 9y = 48
12x + 5y = 21 —8.5y = —51

Determine and state whether you agree with Albert. Justify your answer.

240) Which system of equations has the same solution as the system below?

dx+ 2y =16
Jx-y=4
1) Zx+2y=16 3) xz+y=16
br—dy=4 Gx—y=4
2) Zx+iy=16 4) fx+fy=48
fix—dy=38 fix+dy=38
241) Which pair of equations could not be used to solve the following equations for x and y?
dx+ 2y =22
—Zx+ 2y=-8
1) dx+2y=322 3) 12x+fy=Af
dx—2y=1% bx— oy =24
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2) 4x+2y=22 4)  Bx+dy=44

—dx+4dy=-16 —8x+ 8y =-13
242) A system of equations is given below.
x+dy=>5
dx+y=4
Which system of equations does not have the same solution?
1) 3x+6éy=15 3) x+ly=5
dx+y=4 fx+ 3y = 12
2) 4x+8y=120 4) x+iy=5
dx+y=4 dx+ dy=12

243) A system of equations is shown below.
Equation 4: 5x+ %y =12
Equation B: 4x—3y =13
Which method eliminates one of the variables?
1) . . 1 3) Multiply equation 4 by 2 and equation B
Multiply equation 4 by 3 and add the by —f and add the results together.

result to equation B.
2) Multiply equation B by 3 and add the 4) Multiply equation B by 5 and equation 4

result to equation 4. by 4 and add the results together.
244) Which system of equations does not have the same solution as the system below?
dx+ 3y =10
—fx—y=-18

1) —12x—%y=-30 3)  24x+ 18y =4l

12x + 10y = 32 —24x - 20y = -4
2)  Z20x+ 15y =350 4) 40x+ 30y = 100

—18x— 1oy =—48 30x+ 30y = -98

245) Guy and Jim work at a furniture store. Guy is paid $185 per week plus 3% of his total sales in dollars, x,
which can be represented by gix) = 185+ 0.03x. Jim is paid $275 per week plus 2.5% of his total sales in
dollars, x, which can be represented by #fx) = 275+ 0.025x. Determine the value of x, in dollars, that will

make their weekly pay the same.

246) In attempting to solve the system of equations y = 3x— 2 and &x— Zy = 4, John graphed the two equations
on his graphing calculator. Because he saw only one line, John wrote that the answer to the system is the
empty set. Is he correct? Explain your answer.

247) What is the solution to the system of equations below?

y=2x+8
d—2x+y) =12
1) no solution 3) L6
2) infinite solutions 4) [1 9]
5
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248) The line represented by the equation 4y + Zx = 33.4 shares a solution point with the line represented by the

table below.

X y

-5 | 3.2

-2 | 38

2 4.6

4 5

11 6.4
The solution for this system is
1) (—14.0,-1.4) 3) (1.9.4.6)
2) (—6.850) 4) (6.0,54)

SOLUTIONS

239) ANS:

. . =3
Albert is correct. Both systems have the same solution [? . ﬁ].

Strategy: Solve one system of equations, then test the solution in the second system of equations.

STEP 1. Solve the first system of equations.
Fg. 1 8x+ %y =43

By 2 llx+5y=21
Liultiply Eq. 1 by 3 and Multply Eq. 2 by 2.
Then solve for the first variable
ddxr+ 2Ty =144
2x+ 10y =42
17y = 102
y=10
Solve for the second wariable.
Bx+ 9(A) = 48
dx=-0d

L3
!

The saolution 1s [_?36]
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STEP 2: Test the second system of equations using the same solution set.

8x+ By =48 —8.5y=-51
- —3.506) = -51
3[§]+9[aj=43 (&)
-51 =-51

—fi+ 54 = 48

48 = 48
DIMS? Does It Make Sense? Yes. The solution [%36] makes both equations balance.
PTS: 4 NAT: ARREIL.C.5 TOP: Solving Linear Systems

240) ANS: 2

Strategy: Find equivalent forms of the system and eliminate wrong answers.

STEP 1. Eliminate answer choices ¢ and d because the first equation in each system is not a multiple of
any equation in the original system.

STEP 2. Eliminate answer choice a because fx— 2y =4 is not a multiple of 3x—3y =4,
Choose answer choice b as the only remaining choice.

DIMS? Does It Make Sense? Yes. Check using the matrix feature of a graphing calculator.

ATRIXIAT 2 ®2 PATRIXZIET Z %1 [[g] Y[E]
¥ B 1) ch— : [%]
I
z2z2="1 z21=4
The solution set (3, 5] also works for the system in answer choice b.
ATREIAIAR] 2 *& ATRIAIEB] 2 ®1 |tA1 B x
2 famm e o 2]
A1 Y IE]
2]
=
2,2="2 z21=8 i
PTS: 2 NAT: A.REI.C.5  TOP: Solving Linear Systems

241) ANS: 4
Strategy: Eliminate wrong answers by deciding which systems of equations are made of multiples of the
original system of equations and which system is made of equations that are not multiples of the orginal
system of equations.
Choice (a) is a multiple of the original system of equations.

[4x+ 2y = 22] | e =22)
-1

(_—2): + 2y = —Ej
Choice (b) is a multiple of the original system of equations.

dx—2y=17
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242)

243)

244)

[ x4 2y =22

1(4x+ 2y = 22) |
| —dx+4y = —16 j

2(~2x+ 2y = -8
Choice (c) is a multiple of the original system of equations.
[ 12x+ 6y = 66 34+ 2y = 22)
| ax—fy=24

-3(-2x+ 3y =-8)
Choice (d) is not a multiple of the original system of equations.

8x+4y=44] 8% + 4y = 44

=

| —8x+ 8y =-8 —8x+ By =-48

PTS. 2 NAT: ARREIL.C.5  TOP: Solving Linear Systems

ANS: 4

Strategy: Determine which equations in the answer choices describe the same relationshops between

variables as the equations in the problem. If one equation is a multiple of another equation, both equation

describe the same relationship between variables and both equations will have the same solutions.

Eliminate 3x+ 6y = 15 because 3x+ fy = 15 = 3(x+ 2y =5

x+y=4
Eliminate 4x + 8y = 20 because 4x+ 8y = 20 = 4(x+ 2y =5

x+y=4
Eliminate x+ 2y=35 because

6x+ 3y = 12 fix+ 3y=12 = 3(Ix+y=4)
Choose x+2y=35 Dbecause
dx+ 2y =12 4x + 2y = 12 1z not a multiple of 2x + y = 4

PTS: 2 NAT: A.REIL.C5 TOP: Other Systems
ANS: 2

STEP 1: Multiply equation B by 3
Bg. A LHx+8y=12

By B 3(dx-3y=8)
By B, 1x-%y=124
STEP 2: Add Eq.A and Eq.B:
By A Sx+%y=12
g b, lx—%y=24

6x = 36
Note that the y variable is eliminated.

PTS: 2 NAT: ARREIL.C.5 TOP: Solving Linear Systems

ANS: 4
Strategy: Determine which systems are multiples of the original system.
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245)

246)

4x+ 3y =10 lmes— 3= —13x— %y =-30

—fx—5y=—18 Hmes— 2= 122+ 10y = 32
4x+ 3y =10 times 5 = 20x+ 15y =50
—6x—Sy=-16 fimes 3= —18x— 15y =—-48
dx+ 3y =10 times = 24x+ 18y = al
—6x—Sy=-16 times &4 = —24x - 20y = -4
4x+ 3y =10 times 10 = 40x + 30y = 100

—6x—Iy=-16 Hmes VY70 3ax + 30y = -94
NOTE: The second equation is not a multiple of

—fx—5y=-1d
3ax+ 30y = 94
PTS: 2 NAT: A.REI.C.5  TOP: Solving Linear Systems
ANS:
$18,000

Strategy: Set both function equal to one another and solve for x.
STEP 1. Set both functions equal to one another.
glx) =185+ 0.03x
Ax) =275+ 0.025%
185+ 0.0%x = 275+ 0.025x
0.03x—0.025x=275— 185

0.005x =290
x= 151000
PTS: 2 NAT: ARREIL.C.6  TOP: Solving Linear Systems
ANS:

No. There are infinite solutions.

The equations y=3x-2 and fix— 2y = 4 describe identical relationships between the variables x and y.
When 6z — 2y =4 is transformed to sloped intercept format (¥ = zx + &), the result is y = 3x— 2.
Therefore, this systems consists of two identical relationships between variables, and every solution to

¥ = 3x- 12 solves both equations. Thus, there are infinite solutions.

Given (Eq. fx—2y |=| 4
#2)

Divide (2) fix—2y |=| 4

2 2

Simplify ixz-y |=| 2
Subtract (3x) -3X =| -3x

Simplify -y = -
3x+2
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247)

248)

Multiply (-1) |y = [ 3x-2

PTS. 2 NAT: AREI.C.6  TOP: Solving Linear Systems
KEY: substitution

ANS: 1

Use substitution to solve.

y=2x+3
d—2x+y) =12
A-2x+(2x+ &) = 12
3[8] = 12
24 = 12

There is no solution to this system of equations.

PTS: 2
KEY': substitution
ANS: 4

Step 1. Understand that this question is asking for the coordinates of the intersection of two different

NAT: A.REI.C.6

TOP: Solving Linear Systems

lines: the first line is represented by the equation 4y + Zx = 33.4 and the second line is represented by the

table.

Step 2. Strategy: a) Identify the function rule for the data in the table; b) transform 4y + Zx = 33.4 into
¥y =mx+ & format; and c) input both equations into a graphing calculator to find their intersection.

Step 3. Execution of strategy:

a) Use linear regression to identify an equation for the table.

L1 L Lz s
-k FE | m————
- =g
c 4.5
Y £
i1 i|=

ar Stats
s 2=lar Stats
: Med-Med
LinkEegdax+hkhi
: Quyadkea
:CubickRea
JEuartReg

[ e
g=3x+hk
=I2
b=d4. 2

The table values can be represented by the equation ¥ =.2Zx+ 4.2
b) Transform 4y + 2x = 33.6 into y = mx+ & format.

cl Input both equations in a gra

dy+ 2xr= 330

dy = —Zx+33.8
P 334

e

phing calculator.

Flokl Flotz Flots
MiE.Z2a+d. 2
SNrECC2Ad N EFCIT
“Nz=Nl

wHy=

wHe=

“Ne=

wHe=

r

manrr.rr o
T mmeers |-
Trioriarior |-

S

- LR gt =]
r :{

=
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The lines intersect at (6, 5.4). Choice d) is the correct answer.

PTS: 2 NAT: ARREI.C.6  TOP: Solving Linear Systems
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| — Systems, Lesson 2, Modeling Linear Systems (r. 2018)

SYSTEMS
Modeling Linear Systems

Common Core Standard Next Generation Standard

A-CED.A.2 Create equations in two or more varia- | Al-A.CED.2 Create equations and linear inequalities in
bles to represent relationships between quantities; two variables to represent a real-world context.

graph equations on coordinate axes with labels and Notes:

scales. « This is strictly the development of the model (equa-

tion/inequality).
* Limit equations to linear, quadratic, and exponentials of
the form f(x) = a(b)x where a > 0 and

b>0(b#1).
NOTE: This lesson is related to Expressions and Equations, Lesson 4, Modeling Linear Equations.

LEARNING OBJECTIVES

Students will be able to:

1) Create function rules for systems of linear equations from real-world contexts.
2) Solve problems involving systems of equations based on real-world contexts.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
system of equations defining variables key words
BIG IDEAS

General Approach
The general approach is as follows:
1. Read and understand the entire problem.
2. Underline key words, focusing on variables, operations, and equalities or inequalities.
3. Convert the key words to mathematical notation (consider meaningful variable names
other than x and y).
Write two or more equations with the same variables.
5. Check the final system of linear equations for reasonableness.

e
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Example

Equations

Check

Jack bought 3 slices of cheese pizza
and 4 slices of mushroom pizza for
a total cost of $12.50.

Grace bought 3 slices of cheese
pizza and 2 slices of mushroom
pizza for a total cost of $8.50.

What is the cost of one slice of
mushroom pizza?

Equation #1.
3C+4M =12.50

Equation #2.
3C+2M =8.50

Variables:

Let C represent the cost of one slice of cheeses pizza.

Let M represent the cost of one slice of mushroom pizza.

3()@(1.50)+4(M2.00) =12.50
4.50+8.00=12.50
12.50=12.50

3()@(1.50)+ 2(M2.00) = 850
4.50+4.00 =8.50
8.50 =8.50

Solution:

Eq#l  3C+4M =12.50
Eq.#2 3C+2M = 850

Subtract Eq.#2 from Eq.#1
Eq.#3 0C+2M = 4.00

Solve Eq.#3

M= 2.00

[ The cost of one slice of mushroom pizza is $2.00]

Replace M in Eqg#2 with 2.00
Eq#2  3C+2(M2.00)= 850

3C+4.00=8.50
3C =8.50-4.00

3C =450
450

C=——=150
3
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DEVELOPING ESSENTIAL SKILLS

Write and solve a system of linear equations for each real-world context below:

Problem 1

Problem 2

Tanisha ordered three slices of pizza and
two colas. Tanisha’s bill was $6.00.

Rachel ordered two slices of pizza and
three colas. Rachel’s bill was $5.25.

What was the price of one slice of pizza?
What was the price of one cola?

Tanisha and Rachel had lunch at the mall.

When Tony received his weekly allow-
ance, he decided to purchase candy bars
for all his friends.

Tony bought three Milk Chocolate bars
and four Creamy Nougat bars, which cost
a total of $4.25 without tax.

Then he realized this candy would not be
enough for all his friends, so he returned
to the store and bought an additional six
Milk Chocolate bars and four Creamy
Nougat bars, which cost a total of $6.50
without tax.

How much did each type of candy bar
cost?

Problem 3

Problem 4

Alexandra purchases two doughnuts and
three cookies at a doughnut shop and is
charged $3.30.

Briana purchases five doughnuts and two
cookies at the same shop for $4.95.

All the doughnuts have the same price
and all the cookies have the same price.
Find the cost of one doughnut and find
the cost of one cookie.

Ramon rented a sprayer and a generator.

On his first job, he used each piece of
equipment for 6 hours at a total cost of
$90.

On his second job, he used the sprayer for
4 hours and the generator for 8 hours at a
total cost of $100.

What was the hourly cost of each piece of
equipment?

Problem 5

The cost of 3 markers and 2 pencils is $1.80.
The cost of 4 markers and 6 pencils is $2.90.

What is the cost of each item? Include appropriate units in your answer.
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Answers

Problem 1 080233a Equations Check
Tanisha and Rachel had lunch at the mall.
Tanisha ordered three slices of pizzaand | Equation #1. Equation #1.
two colas. Tanisha’s bill was $6.00.

_ _ 3P+2C=6.00 3(/51.50)+2(;z‘.75)=6.oo
Rachel ordered two slices of pizza and
three colas. Rachel’s bill was $5.25. 4.50+1.50=6.00
What was the price of one slice of pizza? 6.00=6.00
What was the price of one cola? Equation #2. Equation #2.

2P+3C=5.25 2(%1.50)+3(;@‘.75):5.25

Variables: 3.00+2.25=5.25
Let P represent the cost of a slice of pizza. 5.25=5.25

Let C represent the cost of a cola.

Solution

Eq.#1 3P+2C =6.00
Eqg.#2 2P+3C =5.25
Multiply Eq.#1 by 2
Multiply Eq.#2 by 3

Eqg#1 6P +4C =12.00
Eqg.#2 6P +9C =15.75
Subtract Eq.#1 from Eq.#2
Eq#3 5C =3.75

C = 375 .75
5

Substitute .75 for C in Eq.#1
3P +2(£.75)=6.00
3P+1.50=6.00

Substitute .75 for C in Eq.#1

3P — 4.50 3P+2(£75)=6.00
3P+1.50=6.00
3P=450
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Problem 2 010232a Equations

Check

When Tony received his weekly allow-
ance, he decided to purchase candy bars
for all his friends.

Tony bought three Milk Chocolate bars
and four Creamy Nougat bars, which cost | Equation #1.

a total of $4.25 without tax.
3M +4C =4.25

Then he realized this candy would not be
enough for all his friends, so he returned
to the store and bought an additional six
Milk Chocolate bars and four Creamy
Nougat bars, which cost a total of $6.50 Equation #2.

without tax.
6M +4C =6.50

How much did each type of candy bar
cost?

Variables:
Let C represent the cost of a Creamy Nougat bar.

Let M represent the cost of a Milk Chocolate bar.

Equation #1.

3(M.75)+4(z‘.5o): 4.25
2.25+2.00 = 4.25
4.25=4.25

Equation #2.
6(M.75)+4( £ 50) = 6.50

4.50+2.00=6.50
6.50 =6.50

Solution

Eq#1  3M+4C=4.25
Eq.#2 6M +4C=6.50
Subtract Eq.#1 from Eq.#2

Eq#3 3M+0C=2.25
2.25

M=2222 75
3

Substitute .75 for M in Eq.#1

3(M.75)+4C:4.25

2.25+4C =4.25

4C =2.00

_200_
4

C .50
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Problem3  010332a Equations Check
Alexandra purchases two doughnuts and | Equation #1. Equation #1.

three cookies at a doughnut shop and is

charged $3.30. 2D+3C=3.30 2(7.75)+3(£60)=3.30
Briana purchases five doughnuts and two 1.50+1.80=3.30

cookies at the same shop for $4.95. 3.30=3.30

All the doughnuts have the same price Equation #2. Equation #2.

and all the cookies have the same price.

Find the cost of one doughnut and find 5D +2C =4.95

the cost of one cookie.

Variables:
Let D represent the cost of a donut.

Let C represent the cost of a cookie.

5(7.75)+2( £ 60) = 4.95
3.75+1.20=4.95
4.95=4.95

Solution

Eq#1  2D+3C=3.30
Eq.#2 5D+2C=4.95
Multiply Eq.#1 by 5
Multiply Eq.#2 by 2

Eq#1 10D +15C =16.50
Eq.#2 10D+ 4C= 9.90
Subtract Eq.#2 from Eq.#1
Eq.#3 0D+11C=6.60

c=2%9_ 60
11

Substitute .60 for C in Eq.#1
10D +15(£.60) =16 50

10D +9=16.50

10D =7.50

D= 7.50 _
10

15
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Problem 4 060133a Equations Check

Ramon rented a sprayer and a gen- Equation #1.

erator. ,8( /@(
6(85)+6(4£10)=90

On his first job, he used each £ ion #1 ( ) ( )

piece of equipment for 6 hours at quation #1. 30+60=90

a total cost of $90. 6S +6G =90 90 =90

On his second job, he used the Equation #2.

sprayer for 4 hours and the gener-

ator for 8 hours at a total cost of 45 +8G =100

$100. Equation #2.

What was the hourly cost of each

piece of equipment? 4(/8(5) + 8()6(10) =100

Variables: 20+80=100
100=100

Let S represent the hourly cost of a sprayer.

Let G represent the hourly cost of a generator.

Solution

Eq.#1 6S+6G =90
Eq.#2 45+8G =100
Multiply Eq.#1 by 4
Multiply Eq.#2 by 6

Eq#1 245 +24G =360
Eq.#2 245 +48G =600
Subtract Eq.#1 from Eq.#2
Eq.#3 0S+24G =240
240
ST
Substitute 10 for G in Eq.#1

65 +6(610)=90
65 +60 =90
65 =30

_30_
6

G= 10

S 5
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Problem 5 080837ia Equations Check
The cost of 3 markers and 2 Equation #1. Equation #1.
pencils is $1.80. 3M +2P=1.80 3(%-50)4'2(1)/-15):1-80
The cost of 4 markers and 6 pen- 150+.30=1.80
cils is $2.90.
Equation #2. 1.80=1.80
What is the cost of each item? )
Include appropriate units in your | 4M +6P=2.90 Equation #2.
answer. 4( M 50)+6( #.15)=2.90
Variables: 2.00+.90 = 2.90
Let M represent the cost of a marker. 2.90=2.90

Let P represent the cost of a pencil

Solution

Eq.#1 3M +2P=1.80
Eq.#2 4M +6P=2.90
Multiply Eq.#1 by 4
Multiply Eq.#2 by 3
Eq.#1 12M +8P =7.20
Eq.#2 12M +18P =8.70
Subtract Eq.#1 from Eq.#2
Eq.#3 0M +10P=1.50

10P =1.50
p=22_1s
10

Substitute .15 for P in Eq.#1
Eq#1 3M +2( /.15)=1.80

3M +.30=1.80

3M =1.50

m =220 59
3
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249)

250)

251)

252)

253)

254)

255)

REGENTS EXAM QUESTIONS

A.CED.A.2: Modeling Linear Systems

An animal shelter spends $2.35 per day to care for each cat and $5.50 per day to care for each dog. Pat
noticed that the shelter spent $89.50 caring for cats and dogs on Wednesday. Write an equation to
represent the possible numbers of cats and dogs that could have been at the shelter on Wednesday. Pat
said that there might have been 8 cats and 14 dogs at the shelter on Wednesday. Are Pat’s numbers
possible? Use your equation to justify your answer. Later, Pat found a record showing that there were a
total of 22 cats and dogs at the shelter on Wednesday. How many cats were at the shelter on Wednesday?

During the 2010 season, football player McGee’s earnings, m, were 0.005 million dollars more than those
of his teammate Fitzpatrick’s earnings, /. The two players earned a total of 3.95 million dollars. Which
system of equations could be used to determine the amount each player earned, in millions of dollars?

1) m+f=7395 3) f-3%%=m
m+0.005=7F m+0.005=F

2) m—-395=F 4) m+ =395
F+0.005 = m F+0.005 =m

Jacob and Zachary go to the movie theater and purchase refreshments for their friends. Jacob spends a
total of $18.25 on two bags of popcorn and three drinks. Zachary spends a total of $27.50 for four bags of
popcorn and two drinks. Write a system of equations that can be used to find the price of one bag of
popcorn and the price of one drink. Using these equations, determine and state the price of a bag of
popcorn and the price of a drink, to the nearest cent.

Mo's farm stand sold a total of 165 pounds of apples and peaches. She sold apples for $1.75 per pound
and peaches for $2.50 per pound. If she made $337.50, how many pounds of peaches did she sell?

1) 11 3) 65

2) 18 4) 100

At Bea's Pet Shop, the number of dogs, d, is initially five less than twice the number of cats, c. 1f she
decides to add three more of each, the ratio of cats to dogs will be % Write an equation or system of

equations that can be used to find the number of cats and dogs Bea has in her pet shop. Could Bea's Pet
Shop initially have 15 cats and 20 dogs? Explain your reasoning. Determine algebraically the number of
cats and the number of dogs Bea initially had in her pet shop.

Last week, a candle store received $355.60 for selling 20 candles. Small candles sell for $10.98 and large
candles sell for $27.98. How many large candles did the store sell?

1) 6 3) 10

2) 8 4) 12

The Celluloid Cinema sold 150 tickets to a movie. Some of these were child tickets and the rest were
adult tickets. A child ticket cost $7.75 and an adult ticket cost $10.25. If the cinema sold $1470 worth of
tickets, which system of equations could be used to determine how many adult tickets, a, and how many
child tickets, ¢, were sold?

1) a+c=150 3) a+c=150

10.25a + 775 = 1470 TT5a 4+ 10,252 = 14710
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2) a+ec=1470 4) a+c=1470
10,25z + 7. 75 = 150 T T5a+ 10,25 = 150
256) For a class picnic, two teachers went to the same store to purchase drinks. One teacher purchased 18

juices boxes and 32 bottles of water, and spent $19.92. The other teacher purchased 14 juice boxes and
26 bottles of water, and spent $15.76.

Write a system of equations to represent the costs of a juice box, j, and a bottle of water, w.

Kara said that the juice boxes might have cost 52 cents each and that the bottles of water might have cost
33 cents each. Use your system of equations to justify that Kara’s prices are not possible.

Solve your system of equations to determine the actual cost, in dollars, of each juice box and each bottle of
water.

257) Alicia purchased A half-gallons of ice cream for $3.50 each and P packages of ice cream cones for $2.50
each. She purchased 14 items and spent $43. Which system of equations could be used to determine
how many of each item Alicia purchased?

1) 350+ 2.50P = 43 3) 3.50H+2.50P =14
H+P=14 H+P=43

2) 3.50P+2.50H =43 4) 3.50P+2.50H = 14
P+ H=14 Pt H=43

258) Two friends went to a restaurant and ordered one plain pizza and two sodas. Their bill totaled $15.95.
Later that day, five friends went to the same restaurant. They ordered three plain pizzas and each person
had one soda. Their bill totaled $45.90. Write and solve a system of equations to determine the price of
one plain pizza. [Only an algebraic solution can receive full credit.]

259) lan is borrowing $1000 from his parents to buy a notebook computer. He plans to pay them back at the
rate of $60 per month. Ken is borrowing $600 from his parents to purchase a snowboard. He plans to
pay his parents back at the rate of $20 per month. Write an equation that can be used to determine after
how many months the boys will owe the same amount. Determine algebraically and state in how many
months the two boys will owe the same amount. State the amount they will owe at this time. lan claims
that he will have his loan paid off 6 months after he and Ken owe the same amount. Determine and state
if 1an is correct. Explain your reasoning.

260) The graph below models the cost of renting video games with a membership in Plan 4 and Plan B.
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Explain why Plan B is the better choice for Dylan if he only has $50 to spend on video games, including a
membership fee. Bobby wants to spend $65 on video games, including a membership fee. Which plan
should he choose? Explain your answer.

261) Dylan has a bank that sorts coins as they are dropped into it. A panel on the front displays the total
number of coins inside as well as the total value of these coins. The panel shows 90 coins with a value of
$17.55 inside of the bank. If Dylan only collects dimes and quarters, write a system of equations in two
variables or an equation in one variable that could be used to model this situation. Using your equation or
system of equations, algebraically determine the number of quarters Dylan has in his bank. Dylan's mom
told him that she would replace each one of his dimes with a quarter. If he uses all of his coins, determine
if Dylan would then have enough money to buy a game priced at $20.98 if he must also pay an 8% sales
tax. Justify your answer.

262) There are two parking garages in Beacon Falls. Garage 4 charges $7.00 to park for the first 2 hours, and
each additional hour costs $3.00. Garage B charges $3.25 per hour to park. When a person parks for at
least 2 hours, write equations to model the cost of parking for a total of x hours in Garage 4 and Garage B.
Determine algebraically the number of hours when the cost of parking at both garages will be the same.

SOLUTIONS
249)ANS:
a) 235 + 5.50d = 89.50
b) Pat’s numbers are not possible, because the equation does not balance using Pat’s numbers.
C) There were 10 cats in the shelter on Wednesday

Strategy: Use information from the first two sentences to write the equation, then use the equation to see
if Pat is correct, then modify the equation for the last part of the question.

STEP 1: Write the equation
Let ¢ represent the number of cats in the shelter.
Let d represent the number of dogs in the shelter.

2.35¢ + 5.504 = 89.50
STEP 2: Use the equation to see if Pat is correct.
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2.35¢ + 5.50d = §9.50
235087+ 5.50(14) = §9.50
1880 + 77.00 = £9.50

95 80 = 89.50

STEP 3: Modify the equation to reflect the total number of animals in the shelter.
Let ¢ represent the number of cats in the shelter.
Let (22-¢) represent the number of dogs in the shelter.
2. 35 + 5.50(22-¢) = 89.50

235+ 121 - 5500 = 89.50
=3 15 =-31.50
e=10
DIMS? Does It Make Sense? Yes. If there were 10 cats in the shelter and 12 dogs, the total costs of

caring for the animals would be $89.50.
235 + 5,504 = 89.50

2.35(10) + 5.50(12) = §9.50
23,50+ 66 = §9.50
39.50 = §9.50

PTS: 4 NAT: A.CED.A.2 TOP: Modeling Linear Equations

250) ANS: 4
Strategy: Eliminate wrong answers and choose between the remaining choices..

The problem states that McGee (m) and Fitzpatrick’s (f) combined earning were 3.95 million dollars.
This can be represented mathematically as # + = 3.95. Eliminate answer choices b and ¢ because they
state that # — = 3.95, which is the difference of their salaries, not the sum.

Choose between answer choices @ and d. Choice a says that Fitzpatrick (f) makes more. Choice d says
that McGee (m) makes more. The problem states that McGee (m) makes more, so choice d is the correct
answer.

DIMS? Does It Make Sense? Yes. Solve the system in answer choice D using the substitution method,
as follows:
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Eql m+f=7395
Eg.2 f+0.005=m
Substitute (f+ D.I]DﬂjfnrminEq. |

(f+0005) +f=395
27+ 0.005 = 3.95
2f= 3.95-0.005
2f= 3.945
_ 3045

2

F= 19725 million dollars
Fitzpatrick earns $1,972,500 and McGee earns $3, 950, 000— $1, 972, 500 = $1, 977, 500, which is
$1,977 500- $1,972, 500 = $5, 000 more than Fitzpatrick. $5,000 is 0.005 million dollars, so everything
agrees with the information contained in the problem.

PTS: 2 NAT: A.CED.A.3 TOP: Modeling Linear Systems
251) ANS:
a) 18.25 = ip + 34
2750 =4p+ 2d

b) Drinks cost $2.25 and popcorn costs $5.75

Strategy: Write one equation for Jacob and one equation for Zachary, then solve them as a system of
equations.

STEP 1: Write 2 equations.
18.25 = +2p + 3d

Jacob spends atotal of $18.25 ontwo bags of popeorn and three drinks

18.25 = 2p + 3d

2750 = +4p + 2
Zachaty spends a total of $27.50 for four bags of popeorn and two drinkes.

27.50 = 4p + 2d

STEP 2. Solve both equations as a system of equations.
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252)

Eql 1825=1p+3d
Eq2 27.50=dp+2d
Eewrtite both equations
Eq.l Ip+3d=1825
Eq2 4p+2d=27350
Ilultiply Eq.1 hy 2
Eqla 4p+6d = 3650
Eq2 4p+2d=27.50
Subtract Eq.2 from Eqla
Eq.3 4d = 9.00
d=13225
Substitute 2.25 for din Eq. 1
Eql 1825=121p+3d
Eql  18.25=2p+3(2.25)
Eql 18.25=2p+6.75
Eql 1825-6.75=2p
Eq.l 1130=2p
Eql $575=p
Drinks cost $2.25 and popcorn costs $5.75

DIMS? Does It Make Sense? Yes. Both equations balance if drinks cost $2.25 and popcorn costs
$5.75, as shown below:
Eq.l 1825=2p+ 34

Eq2  27.50=4p+ 2d
Substitute and Solve
Eq.l 20575+ 3(2.25)=18.25
1150+ 6.75=18.25
18.25=158.25

Eq.2  4(5751+ 2(2.25) = 27.50
23.00+4.50 = 27.50
27.50 = 27.50

PTS: 2 NAT: A.CED.A.3 TOP: Modeling Linear Systems
ANS: 3
Strategy: Write and solve a system of equations to represent the problem.

Let a represent the number pounds of apples sold.
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Let p represent the number of pounds of peaches sold.

STEP 1. Write a system of equations.
EQ.1 w+p=165
Eq.2  $1.75x+ 82500 = $337.50

STEP 2. Solve the system.
Fg.l a+p =103
Bg.2  1.75a+2.5p = 337.50
Multiply Eq. 1 by 1.75
Bgla 175a+ 175 = 1.75(165)
Subtract Eqg. 1a from Eog.2
T5p = 337.5— 1.75(165)

TFip =4875
_ 4875
F=77
=85
DIMS? Does It Make Sense? Yes. If z =65, then « = 100, and these values make both equations
balance.
Eq.1 @ +p =165 Eq. 2 $L75a + $2.50p = $337.50
100+ 65 = 165 $1.750100) + $2.50(65) = $337.50
165 = 165 F175.00+ $162.50 = $337.50
$337.50 = $337.50
PTS: 2 NAT: ARREI.C.6  TOP: Solving Linear Systems
253) ANS:

PART 1: Write an equation or system of equations.
STEP 1. Write an equation from the first sentence to describe the initial relationship between the number
of dogs and cats.
Let ¢ represent the initial number of cats.
Let d represent the initial number of dogs.
d=2c-45

STEP 2. Express the current ratio of cats and dogs in the fraction form of [%]

STEP 3. Modify the current ratio of cats and dogs to show the addition of three cats and three dogs.

c+ 3
d+3
STEP 4. Write a proportion that equates the modified ratio with the fraction g
c+3 3
d+3 4

STEP 5. Write a system of equations using the equation from STEP 1 and the proportion from STEP 4.
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PART 2. Answer the question, “Could Bea’s Pet Shop initially have 15 cats and 20 dogs?” and explain
our reasoning.
No. The initial relationship between the number of cats and dogs can be expressed
mathematically as & = 2z — 5. This equation does not balance when & = 20 and « = 15.
d=2e-5

20 = 2(15)- 5

20 = 25
Part 3. Solve the system of equations to determine the initial number of dogs and cats.

;;_32 - d=2c-5
2o -2 =4+ 3) d=20)-5
fic— =4+ 12 d=18-3
2e = 18 d =13

c="4

| The initial number of cats is 9 and the initial number of dogs is 13. |

PTS: 6 NAT: A.CED.A.3 TOP: Modeling Linear Systems
254) ANS: 2
Strategy: Write and solve a system of equations to represent the problem.

Let L represent the number of large candles sold.
Let S represent the number of small candles sold.

STEP 1. Write a system of equations.
Eq.1 L+5=20
Eq.2 2795 x L+ 31098 x 5= §355.60

STEP 2. Solve the system.
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L+5=120
a=20-14
2T 98L+ 10,955 = 355.60
Substitute
27984+ 10.98(20 - L) = 355,60
ZT98L+ 21940 10.98L = 355.40
174 = 35560 219.4

175 =136
_ s
- 17
L=8
DIMS? Does It Make Sense? Yes. If & =3, then 5= 12, and these values make both equations
balance.
Eq.1 IL+5=120 Eq.2 $2798x L+ 31098 x 5= §355.60
g+ 12=20 A7 08 x B4+ $10.98 » 12 = $355.40
20=120 $223. 84+ $131.76 = §355.60
$355.60 = $355.60
PTS. 2 NAT: AREI.C.6  TOP: Modeling Linear Systems
255) ANS: 1

Step 1. Recognize this problem as having two variables, a and c.
Step 2. Strategy: Write a system of equations to model the problem.
Step 3. Use information from the first two sentences to write the first equation.
The Celluloid Cinema sold 150 tickets to a movie.
Some of these were child tickets and the rest were adult tickets.
a+ec=150
Eliminate answer choices b) and d).
Use information from the next two sentences to write the second equation.
A child ticket cost $7.75 and an adult ticket cost $10.25.
If the cinema sold $1470 worth of tickets, ....
1025z + 7. 750 = 1470

Eliminate choice ¢). The answer is choice a).
Step 4. Does it make sense? Yes. Answer choice a) shows that the number of adult tickets added to the
number of children tickets equals 150, and the income from the adult tickets added to the income from the
children tickets equals 1470.

PTS: 2 NAT: A.REI.C. TOP: Modeling Linear Systems
256) ANS:

PART 1. Write a system of equations.

Eg.1. 18+ 32w =1992

Eq. 2. 14j+ 23w =157

PART 2. Use the system to justify that Kara’s prices are not possible.
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Eq. 1. 187+ 32w = 1992 Kara’s prices work in equation 1.
18(0.52) + 32(0.33) = 19.92
936+ 10.56 = 19.92

19.92 = 1954
Eq. 2. 147 + 23w = 1576 Kara’s prices do not work with equation 2.

14(0.52) + 23(0.33) = 15.76
T2B4+ 85815778
1586 = 1576
Kara’s prices do not work with both equations, so they do not solve the system of equations.

PART 3 Solve the system of equation to find the price of each juice box and each bottle of water.

Eq. 1. 187 + 32w = 19,92
Eq. 2. 145 + 23w = 15.76
Eq.2a  j= [—2@:;15.?6]

Substitute using Eqg. 1 and Eq. 2a

18[—2ﬁw+ 1576

A ] + 32w =19.92 A bottle of water costs 24 cents.

[14]18[W]+ (14)32w = (14)19.92
18(=26w + 15.76) + (141 32w = (14119 92
465w + 287 65 + 448w = 17888
20w = 278,88 — 183 63
20w = -4 30
w =24

Solve for juice.
187 + 32w = 19.92 A box of juice costs 68 cents.

187 +32(0.24) = 19.92
187 +7..63 = 19.92

. 19.92-7.68
Rt

F=0.68

PTS: 6 NAT: A.CED.A.2
257) ANS: 1
STEP 1. Define the variables.
Let H represent the number of half-gallons of ice cream.
Let P represent the number of packages of ice cream cones.
STEP 2: Write two equations:
Eq. #1 3505+ 2.50F =43
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This equation says that $3.50 times the number of half-gallons of ice cream plus $2.50 times the number of
packages of ice cream cones is $43.00

Eq#2 H+FP=14
This equation says the the number of half-gallons of ice cream and the number of packages of ice cream
cones is 14.

PTS: 2 NAT: A.CED.A.3 TOP: Modeling Linear Systems
258) ANS:
One plain pizza costs $12.05

Step 1. Define Variables
Let P represent the cost of one plain pizza
Let S represent the cost of one soda.
Step 2. Write 2 equations.

Eg.#1 P+ 25=1595 (from first and second sentences)

Eq. #2 3P+ 55=45.90 (from third, fourth and fifth sentences)
Step 3. Multiply Eq. #1 times 3

Eq. #la 3F+65=4785
Step 4. Subtract Eq.#2 from Eq.#1a

Fg #la 3P+ A5 =4785

—Eg #2 3P+55=4590

&=1095
Step 5. Solve for P by substituting 1.95 for S in Eq.#1.
P+ i5=15895

P+ 2(1.95) = 15.95
P+3.90 = 15.95

F=1205
Step 6. Check to see that 5= 1.55 and ~ = 12.05 satisfy both equations.
Eq. #1 P+ 25=1595

12.05+ 2(1.95) = 15.95
15.95 = 15.95 check

Eq. #2 3P+ 55 = 45.90
3(12.05) + 5(1.95) = 45.90
45.90 = 45.90 check

PTS: 4 NAT: A.CED.A.3 TOP: Modeling Linear Systems
259) ANS:
Strategy - Part 1:

1000 - élm = 600 — 20mm
Let m represent the number of months.

lan’s debt is modeled by Ji#) = 1000 — é0z

Ken’s debt is modeled by £(#) = 600 20w

lan and Ken will owe the same amount when E{z) = f{m), so set both expressions equal, as follows:
1000 — A0z = 600 — 208
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260)

261)

Strategy - Part 2
lan and Ken will owe the same amount after 10 months. Both will owe $400.

Given 1000 - 60m | =

A0 — 20
Add (60m)

+Alz +60m

Simplify 1000 =

G600 + 40
Subtract (600) | -600 -600
Simplify 400 =

40m
Divide (40) 400 =

E 40
40

Answer 10 = m

Solve for amount owed after 10 months.
A0y = 1000 - 600 10% = 400
ET10) = 600 - 20{10) = 400

Strategy - Part 3
lan is wrong. He will still owe his parents $40 after 16 months.
{16y = 1000 - 60(16) = 40

PTS: 6 NAT: A.CED.A.3 TOP: Modeling Linear Systems
ANS:
When the cost is $50, the graph shows that Plan A purchases a smaller number of games than Plan B.

When $65 is spent, both plans purchase the same amount of games, so it doesn’t matter.

PTS: 2 NAT: A.CED.A.3 TOP: Modeling Linear Systems

ANS:

Equation 1. 104+ 25g = 1755

Equation 2. &+ =50

Dylan has 57 quarters

With all 90 coins being quarters, Dylan would not have enough money to buy the game and pay the sales
tax.

Strategy: Let d represent the number of dimes and let g represent the number of quarters. Write two
equations: 1) one to represent the total amount of money; and 2) another to represent the total number of
coins. Convert all money to cents to avoid working with decimals.
STEP 1. Write two equations.

Equation 1. 10+ 25g = 1755

Equation 2. &+¢ =90
STEP 2. Multiply equation 2 by 10, so that the second equation has 10d as a term.

Equation 2b. 10 (d+g = 90 < 10d + 10g = 500

STEP 3. Subtract equation 2b from equation 1 and solve for g, as follows:
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262)

10d + 25g = 1755
~(10d + 10g = 900}

15g = 855

_ 855
=73

g =57

The number of quarters Dylan has is 57.

STEP 4. Find out how much money Dylan will have if his mother replaces all the dimes with quarters.

Dylan will still have 90 coins, but they will all be quarters.
90 x 25 = 2250 cents, or $22.50.
STEP 5. Determine how much a $20.95 game costs with 8% sales tax.

$20.94

x L.0&

F22 65
STEP 6. Compare the amount Dylan has from STEP 5 to the amount Dylan needs from STEP 6.

$22.50 < $22.65
Dylan does not have enough money.

PTS: 6 NAT: A.CED.A.3 TOP: Modeling Linear Systems
ANS:
Strategy: Write and solve a system of linear equations.
STEP 1.

Let A(x) represent the cost of parking in Garage 4.
Let B(x) represent the cost of parking in Garage B.
Let x represent the number of parking hours.

STEP 2.

Write two equations.

A =T+ 3(x- 2
Forallx=2
Bix) = 6.50+ 3.25(x - 2)
STEP 3
Let A(x) = B(x) to determine the number of hours when the cost of parking will be the same.
Alx)1= B(x)

T+ 3x-2=6504+3250x-2)
T+3x-6=0650+325x-4.50
1+ 3x=7325x
| =25x

1
E =X
4=x
The cost of parking in both garages will be the same for 4 hours.
CHECK
Hours |  Alx) B(x)
2 $7.00 | $6.50

Page 335



3 $10.00 | $9.75
4 $13.00 | $13.00
PTS: 4 NAT: A.CED.A3

TOP: Modeling Linear Systems
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I — Systems, Lesson 3, Graphing Linear Systems (r. 2018)

SYSTEMS
Graphing Linear Systems

Common Core Standard

A-RELI.6 Solve systems of linear equations exactly
and approximately (e.g., with graphs), focusing on
pairs of linear equations in two variables.

PARCC: Tasks have a real-world context. Tasks have hallmarks
of modeling as a mathematical practice (less defined tasks, more
of the modeling cycle, etc.).

Next Generation Standard

Al-A.RELI.6a Solve systems of linear equations in two
variables both algebraically and graphically.
Note: Algebraic methods include both elimination and

substitution.

LEARNING OBJECTIVES

Students will be able to:

1) Create function rules, tables of values, and graphs of systems of linear equations from

real-world contexts.

2) Use graphs of systems of equations to solve problems involving real-world contexts.

Overview of Lesson

Teacher Centered Introduction

- activate students’ prior knowledge
- vocabulary

- learning objective(s)

Overview of Lesson guided practice €Teacher:
connects student work

Student Centered Activities

- developing essential skills

- Regents exam questions

anticipates, monitors, selects, sequences, and

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
context view infinite solutions solution
distinct equation no-solution system of linear equations
function rule view same equation table view
graph view simultaneous
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BIG IDEAS

Graphing Method of Solving and System of Linear Equations

Objective: Find the coordinates of the point where the graphs of the equations intersect.

Identify the coordinates of the point where the
two lines intersect. This is the solution to the
system of equations.

Manually With Graphing Calculator
STEP #1. STEP #1.
Put the equations into slope-intercept form: Put the equations into slope-intercept form:
y=mx+b. y=mx+b.
STEP #2. STEP #2.
Graph both equations on the same coordinate | Input both equations in a graphing calculator.
plane.
STEP #3. STEP #3.

Use the table and/or graph views to identify
the coordinates of the point where the two
lines intersect. This is the solution to the
system of equations. NOTE: Some
calculators also have a calculate intersection
feature.

STEP #4.

Check your solution by substituting it into the
original equations. If both equations balance,
you have the correct solution.

STEP #4.

Check that you have input the equations
properly and that both table and graph views
show the same solution.

DEVELOPING ESSENTIAL SKILLS

Solve each of the following systems by graphing.

4x+2y =16
3x+3y=15

3x+y=7
2x+2y =56

2x+3y =80
4x+2y =80

S5a+4b =165
4a+3b =50

2m+4j=28
3m+2; =30

Answers

Adx+2y=16
3x+3y=15
Graphing

16—-4x

dx+2y=16>y=

—>y=8-2x—>y=-2x+8

15-3x

3x+3y=15—>y=

—>)y=5-x=y=-x+5
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Flakl Flatz Flots
W B -Z2R+E
B w5
W=

~Wy=

~We=

“NE=

RS

Inkerseckion
n=z

Screenshots from Tl 84 Graphing Calculator

Ax+y=7
2x+2y =6
Graphing

Ax+y=71—->y=-3x+7

2x+2y=6—>2y=-2x+6—>y=—x+3

Flaki Flakz Flabz -y Ly L=
Al -ty IR 3
R Y = ki O i y z
W= c i i

F F "z i
why= iy K -1
N SENE
i E= Inkerseckion
Me= Nz ¥=1

Screenshots from Tl 84 Graphing Calculator
2x+3y=80
4x+2y =80
Graphing

2x+3y=80—->3y=80-2x—> y=

4x+2y=80—>2y=80-4x—> y=

80 —2x
3
80 —4x

-2
3

80

> y=—x+—

3

—>y=40-2x > y=-2x+40

Flakl Flotz Flok:
SR l=| it ald st i

el -ZR+46
s
wNy=
~Ne=
6= Intcrseckion
wMe= S [ ]
Screenshots from TI 84 Graphing Calculator
S5a+4b =65
4a+3b =50
Graphing
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S5a+4b=65—>5a=65-4b —>a= 65;4b—>a=_?4b+13

4a+3b=50—>4a=50-3b—>a= S0-3b >a :_—35+§
4 4 2
# Y9 Yz Y
7 7N 7.2E 7.
g B.5 B.5 B.
g c.H C.7C c.
i0 £ £ £
ii .z 4.zE g,
Ty 3.k z
Eh z.h z.7°C z
w=13 +
Screenshots from TI 84 Graphing Calculator
2m+4j =28
3m+2j=30
Graphing
2m+4j=28—>2m=28-4j >m= 28-4] —>m=-2j+14
Im+27 =30 > 3m=30—2j - m =02 —>m:_?2j+10
Flati Flatz Floks , Yq Yz
B -2e+1d O 14 10
wWeBC 230 EF1E 1 1z 9.3333
W= z i0 B.6GGT
_ = g g
“hy= y B 7 ITIT
wMMe= E g E.EEEF
~NE= Interseckion
wWe= T " Tv=p +

Screenshots from T1 84 Graphing Calculator
REGENTS EXAM QUESTIONS

A.REI.C.6: Graphing Linear Systems

263) Next weekend Marnie wants to attend either carnival 4 or carnival B. Carnival 4 charges $6 for
admission and an additional $1.50 per ride. Carnival B charges $2.50 for admission and an additional $2
per ride.

a) In function notation, write 4{x) to represent the total cost of attending carnival 4 and going on x rides.
In function notation, write Bix) to represent the total cost of attending carnival B and going on x rides.

b) Determine the number of rides Marnie can go on such that the total cost of attending each carnival is the
same. [Use of the set of axes below is optional.]

¢) Marnie wants to go on five rides. Determine which carnival would have the lower total cost. Justify
your answer.
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264) A local business was looking to hire a landscaper to work on their property. They narrowed their choices
to two companies. Flourish Landscaping Company charges a flat rate of $120 per hour. Green Thumb
Landscapers charges $70 per hour plus a $1600 equipment fee. Write a system of equations representing
how much each company charges. Determine and state the number of hours that must be worked for the
cost of each company to be the same. [The use of the grid below is optional.] If it is estimated to take at
least 35 hours to complete the job, which company will be less expensive? Justify your answer.

265) Franco and Caryl went to a bakery to buy desserts. Franco bought 3 packages of cupcakes and 2 packages
of brownies for $19. Caryl bought 2 packages of cupcakes and 4 packages of brownies for $24. Letx
equal the price of one package of cupcakes and y equal the price of one package of brownies. Write a
system of equations that describes the given situation. On the set of axes below, graph the system of
equations.
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» X

Determine the exact cost of one package of cupcakes and the exact cost of one package of brownies in
dollars and cents. Justify your solution.

266) Central High School had five members on their swim team in 2010. Over the next several years, the team
increased by an average of 10 members per year. The same school had 35 members in their chorus in
2010. The chorus saw an increase of 5 members per year. Write a system of equations to model this
situation, where x represents the number of years since 2010. Graph this system of equations on the set of
axes below.

X

Explain in detail what each coordinate of the point of intersection of these equations means in the context
of this problem.

267) Zeke and six of his friends are going to a baseball game. Their combined money totals $28.50. At the
game, hot dogs cost $1.25 each, hamburgers cost $2.50 each, and sodas cost $0.50 each. Each person
buys one soda. They spend all $28.50 on food and soda. Write an equation that can determine the
number of hot dogs, x, and hamburgers, y, Zeke and his friends can buy. Graph your equation on the grid
below.
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268)

263)

Determine how many different combinations, including those combinations containing zero, of hot dogs
and hamburgers Zeke and his friends can buy, spending all $28.50. Explain your answer.

Rowan has $50 in a savings jar and is putting in $5 every week. Jonah has $10 in his own jar and is
putting in $15 every week. Each of them plots his progress on a graph with time on the horizontal axis
and amount in the jar on the vertical axis. Which statement about their graphs is true?
1) Rowan’s graph has a steeper slope than 3) Jonah’s graph has a steeper slope than

Jonah’s. Rowan’s.
2) Rowan’s graph always lies above Jonah’s. 4) Jonah’s graph always lies above Rowan’s.

SOLUTIONS

ANS:
a) Alxy=150x+46
Blx)=2x+ 250
b) The total costs are the same if Marnie goes on 7 rides.

c) Carnival B has the lower cost for admission and 5 rides. Carnival B costs $12.50 for admission and
rides and Carnival A costs $13.50 for admission and 5 rides.

5

Strategy: Write a system of equations, then input it into a graphing calculator and use it to answer parts »

and ¢ of the problem.

STEP 1. Write a system of equations.
AX = 150x+ 6
Bixi=2x+ 250
STEP 2. Input the system into a graphing calculator.
Let A{x) =¥,
Let B{x) = F,
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Flokl Flokz Flok: " Ly Ve ]
~N1B1 . SEYE 1 7.E Y.k ;
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-_-:I.l.IE= G| 1Ec | 1dE
M= it

STEP 3. Use the different views of the function to answer parts b and c of the problem.

Parta) The total costs are the same at 7 rides.

Part b) Carnival B costs $12.50 for admission and 5 rides and Carnival A costs $13.50 for admission and
5 rides, so Carnival B has the lower total cost.

PTS: 6 NAT: A.REI.C.6  TOP: Modeling Linear Systems
264) ANS:
a) Mxy=120x
3z} = T0x+ 1600

b) The costs will be the same when 32 hours are worked.
c) If the job takes at least 35 hours, Green Thumb Landscapers will be less expensive.

Strategy: Write a system of equations, then set both equations equal to one another and solve for x, then
answer the questions

STEP 1. Write a system of equations.
Let x represent the number of hours worked.
Let F{x) represent the total costs of Flourish Landscape Company.
Let G{x) represent the total costs of Green Thumb Landscapers.
Write: Ax) = 120x

{x) = TFx+ 1600
STEP 2. Set both functions equal to one another to find the break even hours..
Ax = 120x
Gz =70x+ 1600
120x ="70x+ 1400
50x = 1600

=132
STEP 3. Input the equations into a graphing calculator to verify the break even amount and determine
which company is cheaper for 35 hours or more of work.

Flotl Flotz Flotz T R e
=1 E1 2N PR zBun | zE4n
Y zBYER+1e8R EX o0 | 3910
W3 = iy qoEn | 39@En

— g yzon | 4o
why= B yizo | 4izn
~He= 37 yuyn | yign
WM E = *a ycEn | 42E0
7= R

Green Thumb is less expensive.

PTS: 6 NAT: ALREIL.C.6  TOP: Modeling Linear Systems
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265) ANS:
Step 1. Write two equations.

Franco’s Purchase: Franco bought 3 Caryl’s Purchase: Caryl bought 2 packages
packages of cupcakes (3x) and 2 packages of | of cupcakes (2x) and 4 packages of brownies
brownies (2y) for $19. (4y) for $24.
T+ i8=19 0+ 45 =24
Jx+dy =13 ix+4y =24
y=-3x+19 dy=-ix+ 24
_ —3x+ 19 _Tidx+ 24
N Y=
Step 2. Input both equations in a graphing calculator, then complete the graph.

Flokl Flakz Flobz 7 1 e
R IR+ 19002 P B £
~WeBO Z2e+2d 004 z B.C £
WM m = E: £ YK

= y 2. y
“My= c z 3.5
“NMe= B .k z
WM = 7 -1 z.k
~Ne= Bi=1

y

A

N

w\'h\ MMMMM

N\
\ 1
SRR
\ . X

Determine the exact cost of one package of cupcakes and the exact cost of one package of brownies in
dollars and cents. Justify your solution.

Cupcakes Brownies
_ —3x+ 13 _Tdx+ 4 _Tdx+
-T2 Y=73 Y=
-3+ 24
N 4
iy
Y="3
_
Y=
y =425
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—Gx+ 19 -ix+24 A package of brownies costs $4.25
2 h 4

4[=3x+ 17 = 2[-2x+ 24)
-l2x+Th=—4x+ 48
TH—48 = 12x-4x
28 =8x

3h=x
A package of cupcakes costs $3.50.
Check by inserting both values in both equations.

Franco Caryl
T+ 2E=19 20+48 =24
33500+ 2(4.25) = 19 23500+ 4(4.25) = 24
10,50+ 8.50 =19 700+ 17.00 =24
19=1% 24 = 24
PTS: 6 NAT: A.REIL.C.6  TOP: Graphing Linear Systems
266) ANS:
Step 1. Create a table of values to model membership in the two clubs, as follows:
2010 | 2011 [ 2012 |2013 | 2014
X 0 1 2 3 4
Swim 5 15 25 35 45 | rate of change is a constant: 10 members
¥ per year
Chorus 35 40 45 50 55 | rate of change is a constant: 5 members
¥, per year
Step 2. Use y = mx+ & to write two linear equations to model the data in the table.
Yi=10x+5
Yy=5x+35

Step 3. Graph the system of equations.

1 lou

The intersection of these two equations means that in the sixth year, which is 2016, the swim team and
chorus will each have 65 members.
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PTS: 6 NAT: A.REIL.C.6  TOP: Graphing Linear Systems
267) ANS:
Seven friends have $28.50. They spend 7 x 0.50 = 3.50 on sodas, leaving 25.00 for hot dogs and
hamburgers. If hotdogs (x) cost $1.25 and hamburgers (y) cost $2.50, the following equation can be used
to determine the number of hot dogs and hamburgers the 7 friends can buy.
1.25x+ 2.5y =125

25y =25-1.45x
= lEl—le
y=Ty
——lx+ 10
Y=73

1
i
|
]
1

s+

| — .

D :
B S EEEEEE :
EEESSunENE
i i o
L] [ ] TS

Net+ bDegs

There are 11 combinations, as each dot represents a possible combination.

PTS: 6 NAT: A.REI.C.6  TOP: Graphing Linear Systems
268) ANS: 3
Strategy: Create equations that model Rowan’s and Jonah’s savings plans, then compare the slopes.

STEP 1. Create Equations
¥ = ax+ b, where @ represents the slope ofthe line

Riw) = 50+ 5w

Fiw)= 5w+ 50 The slope of Rowan's graph iz ?ii? . Of sitnply 5.

Jw) = 10+ 15w

Jiw) = 15w+ 10 The slope of Jonah's graph iz 115;:1;& . ot simply 15

STEP 2. Compare the slopes.
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Jonah’s slope is greater than Rowan’s slope because 15 = 5. Therefore, Jonah’s graph will have a steeper
slope.

DIMS? Does It Make Sense? Yes. Input both equations in a graphing calculator, as follows:
Rlw) = 5w+ 50 Transform Rowan's equationto ¥, = 5x+ 50 for input.

Jlw) = 15w+ 10 Transform Jonah's equationto ¥V, = 15w + 10 for mput.

Flotl FlotZz Flots THOON]

Y1 B5s+5H amin=N

wYeE1SHE+1A amax=1H

we= Ascl=1

Ay= Ymin=H

M= Ymax=10A

M= Ve l=1

“Ma=1 mres=1 .

Jonah’s graph, which is bold, is steeper than Rowan’s graph.

PTS. 2 NAT: A.CED.A.2 TOP: Graphing Linear Systems
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I — Systems, Lesson 4, Modeling Systems of Linear Inequalities (r. 2018)

SYSTEMS

Modeling Systems of Linear Inequalities

CC Standard

A-CED.A.3 Represent constraints by equations or
inequalities, and by systems of equations and/or ine-
qualities, and interpret solutions as viable or non-vi-
able options in a modeling context. For example,
represent inequalities describing nutritional and
cost constraints on combinations of different foods.

NG Standard

Al-A.CED.3 Represent constraints by equations or ine-
qualities, and by systems of equations and/or inequalities,
and interpret solutions as viable or non-viable options in a
modeling context.

e.g., Represent inequalities describing nutritional and cost
constraints on combinations of different foods.

LEARNING OBJECTIVES

Students will be able to:

1) Create a system of linear inequalities from a real-world context.

Overview of Lesson

Teacher Centered Introduction

- activate students’ prior knowledge
- vocabulary

- learning objective(s)

- big ideas: direct instruction entry)

- modeling

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

Student Centered Activities

VOCABULARY

see key words below
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BIG IDEAS

Modeling systems of linear inequalities is similar to modeling system
that an inequality sign is used instead of an equal sign.

s of linear equations, except

Key English Words and Their Mathematical Translations

These English Words Usually Mean Examples: English becomes math
is, are equals the sum of 5 and x is 20 becomes 5 + x = 20
more than, greater than inequality X is greater than y becomes x >y
> x is more than 5 becomes x > 5
5 is more than x becomes 5 > x
greater than or equal to, a minimum of, inequality X is greater than or equal to y becomes
at least > the minimum of x is 5 becomes
x is at least 20) becomes
less than inequality X is less than y becomes
< x is less than 5 becomes
5 is less than x becomes
less than or equal to, a maximum of, Inequality Xis less than or equal to y becomes
not more than < The maximum of x is 5 becomes
X is not more than becomes

General Approach

The general approach is as follows:
1. Read and understand the entire problem.
2. Underline key words, focusing on variables, operations, and
3.
other than x and y).
4. Write two or more inequalities with the same variables.

5.

equalities or inequalities.

Convert the key words to mathematical notation (consider meaningful variable names

Check the final system of linear inequalities for reasonableness.

Example

Inequalities

A high school drama club is putting on their annual theater production.
There is a maximum of 800 tickets for the show. The costs of the
tickets are $6 before the day of the show and $9 on the day of the show.
To meet the expenses of the show, the club must sell at least $5,000
worth of tickets.

a) Write a system of inequalities that represent this situation.

b) The club sells 440 tickets before the day of the show. Is it possible to
sell enough additional tickets on the day of the show to at least meet the
expenses of the show? Justify your answer.

Inequality #1.
b+d <800
Inequality #2.

6b +9d > 5000

Variables:
Let b represent the number of tickets sold before the day of the show.
Let 4 represent the number of tickets sold the day of the show.

Solution Strategy:
Substitute 440 for 5 in both inequalities
Inequality #1.
b+d <800

440+d <800
d <360

They can sell no more than 360 tickets on

the day of the show.
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Inequality #2.

6b+9d >5000
6(440) +9d > 5000
2640 +9d > 5000

They need to sell at least 263 tickets on the day of the show.

94 >5000-2640
9d > 2360

d>262.22

Yes, it is possible to sell enough additional tickets on the day of the show to meet expenses.

NOTE: Systems of inequalities often have an infinite number of solutions.
Graphing systems of inequalities is covered in Systems, Lesson 5, Graphing Systems

solution sets for such systems.
of Linear Inequalities.

Graphs are useful to represent the

DEVELOPING ESSENTIAL SKILLS

Model each context below with a system of inequalities.

solve.

Define the variables. Do not

Contexts

Systems of Inequalities

Nazmun has at least $5,000 in a savings
account at the bank. Her savings account
balance is more than 5 times greater
than her checking account balance.

Let S represent Nazmun’s savings ac-
count balance.

Let C represent Nazmun’s checking ac-
count balance.

¢ 2>5000

Write:
s >5¢

The senior spirit committee is selling food
to raise money for the prom. They need
to raise at least $500. A deluxe meal
with dessert costs $10. A sandwich
meal with potato chips costs $5. They
have enough food to sell at most 100
meals.

Let d represent the number of deluxe
meals.

Let s represent the number of sandwich
meals.

10d +5s5 =500

Write:
{d +5 <100

Dr. Steve is going to Sal’s Diner to buy
sandwiches. A small sandwich costs
$3.50 and larger hoagie costs $5.00. He
needs to buy at least 20 sandwiches, and
he can spend no more than $88.

Let s represent the number of sand-
wiches.
Let h represent the number of hoagies.

3.55+5h <88

Write:
{s +h>20

The girls soccer team is doing a fund-
raiser for new soccer uniforms. They
need to raise at least $2,000. A local
merchant has promised to donate up to
150 plain and deluxe t-shirts to help the
team with their fundraiser. Plain t-
shirts sell for $8 each and fancy t-shirts
sell for $12 each.

Let p represent the number of plain t-
shirts.
Let d represent the number of deluxe-
shirts.

8p+12d >2000

Write:
{p +d <150
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Tenzin is working math problems to pre- | Let x represent the number of multiple

pare for the high stakes math exam re- choice problems.
quired for graduation. He wants to work | Let y represent the number of open-end
at least 200 math problems before the problems.
exam. He estimates that it will take 10 10x +15y <1300
i i i - Write:
minutes to work a multiple choice prob X4y =200

lem and 15 minutes to work an open-end
problem. He can spend at most 1300
minutes working math problems before
the exam. Write a system of inequalities
to help Tenzin decide how many multiple
choice problems and how many open-end
problems he should work before the
exam.

REGENTS EXAM QUESTIONS (through June 2018)

A.CED.A.3: Modeling Systems of Linear Inequalities

269) A high school drama club is putting on their annual theater production. There is a maximum of 800
tickets for the show. The costs of the tickets are $6 before the day of the show and $9 on the day of the
show. To meet the expenses of the show, the club must sell at least $5,000 worth of tickets.

a) Write a system of inequalities that represent this situation.
b) The club sells 440 tickets before the day of the show. Is it possible to sell enough additional tickets on
the day of the show to at least meet the expenses of the show? Justify your answer.

270) A drama club is selling tickets to the spring musical. The auditorium holds 200 people. Tickets cost $12
at the door and $8.50 if purchased in advance. The drama club has a goal of selling at least $1000 worth
of tickets to Saturday’s show.

Write a system of intequalities that can be used to model this scenario.

If 50 tickets are sold in advance, what is the minimum number of tickets that must be sold at the door so
that the club meets its goal? Justify your answer.

271) The drama club is running a lemonade stand to raise money for its new production. A local grocery store
donated cans of lemonade and bottles of water. Cans of lemonade sell for $2 each and bottles of water
sell for $1.50 each. The club needs to raise at least $500 to cover the cost of renting costumes. The
students can accept a maximum of 360 cans and bottles. Write a system of inequalities that can be used to
represent this situation. The club sells 144 cans of lemonade. What is the /east number of bottles of
water that must be sold to cover the cost of renting costumes? Justify your answer.

272) Jordan works for a landscape company during his summer vacation. He is paid $12 per hour for mowing
lawns and $14 per hour for planting gardens. He can work a maximum of 40 hours per week, and would
like to earn at least $250 this week. If m represents the number of hours mowing lawns and g represents
the number of hours planting gardens, which system of inequalities could be used to represent the given

conditions?
1) m+g=40 3) m+g=40
12m+ 14g 2 250 12m+ 14g = 250
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2) m+g=40 4) m+gz=40
12m+ 14g £ 250 12m+ 14g = 250

SOLUTIONS

269) ANS:

270)

a) Fy.l 2+ d 2800
Bg.2  $6p+ 394 = 5000

b) Yes, it is possible. They will need to sell 263 or more tickets on the day of the show.

360 tickets left.

Strategy:  Write a system of equations, then use it to answer part b.

STEP 1.

Let p represent the number of tickets sold before the day of the show.

Let d represent the number of tickets sold on the day of the show.
Write:  Hg.1 p+d =800

Ez.2  $6p+ 594 = $5000

STEP 2. Substitute 440 for p in both equations and solve.

Eg1 p+d = E00 Bz 2 $6p+ 394 > $5000
440 + & = &00 $E0440) + $94 = §5000
o = B00 — 440 $2640 + $94 = §5000
& = 360 $9d = $5000 - $2640
394 = $2360
12520
d = 262.2

They have

DIMS? Does It Make Sense? Yes. They could cover their costs by selling 263 tickets and make almost

$9000 over costs if they sell 360 tickets on the day of the show.

PTS. 2 NAT: A.CED.A.3 TOP: Modeling Systems of Linear Inequalities

ANS:
Answer: 48 Tickets

PART 1: Write a system of inequalitites.
Let D represent the number of tickets sold at the door.
Let A represent the number of tickets sold in advance.
120+ 8.504 = 1000

D+ A =200
PART 2: Solve for 50 tickets sold in advance.
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271)

272)

120+ 8.504 = 1000
1200+ 8.50050) = 1000
1200+ 4325 2 1000

1200 = 575
575
o il
Dz 12
D=47916
The drama club needs to sell at least 48 tickets at the door to meet its goal of making $1000.
PTS: 4 NAT: A.RELLA.2
ANS:

STEP 1. Write a system of inequalities.
Let L represent a can of lemondae.

Let W represent a bottle of water.

Write:

Equation 1
25+ 150 = 500

Equation 2
L+ W= 360
STEP 2. Use Equation 1 to determine the least amount of W required when L=144.
20+ 150 = 500

201447+ 1.5W = 500
288+ 1.5W 2 500
1502 212

212
ekl
W 1.5

W= 141,33

You cannot sell . 33 bottles of water, so the drama club needs to sell at least
142 bottles
of water

PTS: 4 NAT: A.CED.A.3 TOP: Modeling Systems of Linear Inequalities
ANS: 1
Strategy: Translate the words into two inequalities.
Let m represent the number of hours mowing.
Let g represent the number of hours gardening.
He is paid $12 per hour for mowing lawns and $14 per hour for planting gardens. He can work a
maximum of 40 hours per week, and would like to earn at least $250 this week.
Inequality #1 Hours per week.
m+g =40
This inequality says:
the number of hours mowing (m) and the number of hours gardening (g)
must be less than or equal to 40 hours.
Inequality #2 Money earned
lim+ 14g = 250
This inequality says:
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the money earned mowing (12m) and the money earned gardening (14g)
must be greater than or equal to $250.
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I — Systems, Lesson 5, Graphing Systems of Linear Inequalities (r. 2018)

SYSTEMS
Graphing Systems of Linear Inequalities

Common Core Standard Next Generation Standard

A-REI.12 Graph the solutions to a linear inequality | Al-A.REI.12 Graph the solutions to a linear inequality in
in two variables as a half-plane (excluding the two variables as a half-plane (excluding the boundary in
boundary in the case of a strict inequality), and the case of a strict inequality), and graph the solution set
graph the solution set to a system of linear inequali- | to a system of linear inequalities in two variables as the
ties in two variables as the intersection of the corre- | intersection of the corresponding half-planes.

sponding half-planes. Note: Graphing linear equations is a fluency recom-

mendation for Algebra I. Students become fluent in
solving characteristic problems involving the analytic
geometry of lines, such as writing down the equation
of a line given a point and a slope. Such fluency can
support them in solving less routine mathematical
problems involving linearity; as well as modeling lin-
ear phenomena (including modeling using systems of
linear inequalities in two variables).

LEARNING OBJECTIVES

Students will be able to:

1) Graph the solution set of a system of linear inequalities.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
boundary line shading solution set
dashed line solid line testing a point
BIG IDEAS

A linear inequality describes a region of the coordinate plane that has a boundary line. Every
point in the region is a solution of the inequality.

Two or more linear inequalities together form a system of linear inequalities. Note that there
are two or more boundary lines in a system of linear inequalities.
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A solution of a system of linear inequalities makes each inequality in the system true. The
graph of a system shows all of its solutions.

Graphing a Linear Inequality
Step One. Change the inequality sign to an equal sign and graph the boundary line in the same
manner that you would graph a linear equation.
= When the inequality sign contains an equality bar beneath it, use a solid line for the
boundary.
= When the inequality sign does not contain an equality bar beneath it, use a dashed or
dotted line for the boundary
Step Two. Restore the inequality sign and test a point to see which side of the boundary line the
solution ison. The point (0,0) is a good point to test since it simplifies any multiplication.
However, if the boundary line passes through the point (0,0), another point not on the boundary
line must be selected for testing.
= |f the test point makes the inequality true, shade the side of the boundary line that includes
the test point.
= |f the test point makes the inequality not true, shade the side of the boundary line does not
include the test point.

Example Graph »y <2x+3
First, change the inequality sign an equal sign and graph the line:  y =2x+3. This s the

boundary line of the solution. Since there is no equality line beneath the inequality symbol, use a
dashed line for the boundary.

Next, test a point to see which side of the boundary line the solution is on. Try (0,0), since it
makes the multiplication easy, but remember that any point will do.
y<2x+3

0<2(0)+3
0<3 True, so the solution of the inequality is the region that contains the point (0,0).
Therefore, we shade the side of the boundary line that contains the point (0,0).

_____ A

11
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Note: The TI-83+ graphing calculator does not have the ability to distinguish between solid and
dashed lines on a graph of an inequality. The less than and greater than symbols are input using

the far-left column of symbols that can be accessed through the feature.

Graphing a System of Linear Inequalities. Systems of linear inequalities are graphed in the
same manner as systems of equations are graphed. The solution of the system of inequalities is
the region of the coordinate plane that is shaded by both inequalities.

Example: Graph th L A=
xample: Graph the system: 3r+6y<—6
First, convert both inequalities to slope-intercept form and graph.
4y =6x —3x+6y<-6
4_y>@ 6y <—6+3x
4 4 6y<3x-6
2o p, S 3x 8
2 6 6 6
_3 o 1
o b=0 yszx—l
mzi, b=-1
2

Next, test a point in each inequality and shade appropriately.

. . . : 3 .
= Since point (0,0) is on the boundary line of y = Ex , select another point, such as (0,1).
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3
>=
Yy 2x

Test (0,1)

1>—

1>0 This is true, so the point (0,1) is in the solution set of this inequality.
Therefore, we shade the side of the boundary line that includes point (0,1).

: i : 1 :
= Since (0,0) is not on the boundary line of y < Ex—l, we can use (0,0) as our test point, as

follows:

yﬁix—l
2

Test (0,0)
1

0<=(0)-1
>(0)

0<-1 This is not true, so the point (0,0) is not in the solution set of this inequality.
We therefore must shade the side of the boundary line that does not incude the point (0,0).

Note that the system of inequalities divides the coordinate plane into four sections. The solution
set for the system of inequalities is the area where the two shaded regions overlap.

DEVELOPING ESSENTIAL SKILLS

Graph the solution sets of the following systems of inequalities. State if the origin (0,0) is or is

not in the solution set.

1.
y<2x+4
y=>-x-2

{

2.
y<x-3
y=>-2x+2

{

3.
y>x-3
y=>-2x+2

{

4.
y<x-3
y<-2x+2

{

5.
y=>2x—-3
y<-2x+2
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Answers

1. The origin is in the solution set.

NORMAL FLOAT AUTO REAL RADIAN HMP NORMAL FLOAT AUTD REAL RADIAN MP n
PRESS + FOR aTh1

NORHMAL FLOAT AUTO REAL RADIAN HMFP

Plotl Plotz Plot3
IhY182X+4

BV 8-X-2
[ENY3=

INYa=

ENYs=

\Ys=

ENY 7=

ENYg=

ENYg= RA=-6

MNLo®
1SRN W E

AR I
i Cwr e

oo Lo
I~ =

NORMAL FLOAT AUTO REAL RADIAN MP HORMAL FLOAT AUTO REAL RADIAN MP 1 HORMAL FLOAT AUTO REAL RADIAN MP n
PRESS + FOR aTh1

Plotl Plot2 Plotd Y1 e
IhY18X-3
VY 2B -2X+2
ENY 3=
ENY4=
ENYs5=

\Y6=
ENY 7=
ENYg=
EN\Y9= X=-6

RO,
BN W o

cwroR o
= o

s

o T~

set.

NORHMAL FLOAT AUTOD REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN HMP NORMAL FLOAT AUTO REAL RADIAN MP n
PRESS + FOR &Tb1

Plotl FPlotz FPlot3
EVY18X-3
VY 2B -2X+2

ENY 3=

ENY4=

ENYs=

\Ye=

ENY 7=

ENYg=

E\NY 9=

NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN HMP 1 NORMAL FLOAT AUTOD REAL RADIAN HMP n
PRESS + FOR aThb1

Plotl Plot2 Plot3 Y1 Y2
hhY1BX-3
InY 2B -2X+2
ENY 3=
ENYa=
EN\Ys=

\Ys=
ENY?=
ENYg=
ENY 9= N="-§

U
s AL | o

= "\H“““““““

rwroRo
= =

1

o oo

NORHAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN HP n
PRESS *+ FOR &Tb1
Plotl Plotz Plot3 Ji 1I1Yz
IVY1E3X-3 T T
EnY2H-2X+2 % gg ?
ENY 3= 3 3 c
ENY4= -1 6 y
= [} =3 2
ENYs : . z
\Ye= 2 3 -2
ENY?= 3 6 -y
y 9 -6
ENYs=
ENY 9= ¥=-6
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REGENTS EXAM QUESTIONS

A.REI.D.12: Graphing Systems of Linear Inequalities

273)Which ordered pair is not in the solution set of ¥ = L x+5and y=3x-27

2
1) .3 3) (3.4)
2) 4.3 4) 4.4
274) Given: y+x > 2
yE3ix-12
Which graph shows the solution of the given set of inequalities?

1) Y | 3) y

77N
R AL
I

CATAT 2
e N
SRR

SRRRAA
-
2RI
ZAZHY
LA 2
SRR

2) 4)
275) Which point is a solution to the system below?
2y «-12x+4
¥<—bhxr+4
1) 1 3) [ 1
& )
2) (0,8) 4) (-312)

276) What is one point that lies in the solution set of the system of inequalities graphed below?
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277)

278)

=

=«

A

4%

NIRYAD 3) 0.7
2) (3.0 4) (-3,5)

. A T
A !
y

Y

. . . 1 .
First consider the system of equations ¥ = —S R+ 1 and y=x-3. Then consider the system of

. .. 1 . . .
inequalities ¥ = ks 1 and ¥ <x—5. When comparing the number of solutions in each of these

systems, which statement is true?
1) Both systems have an infinite number of ~ 3) The system of inequalities has more

solutions. solutions.
2) The system of equations has more 4) Both systems have only one solution.
solutions.

The Reel Good Cinema is conducting a mathematical study. In its theater, there are 200 seats. Adult
tickets cost $12.50 and child tickets cost $6.25. The cinema's goal is to sell at least $1500 worth of tickets
for the theater.

Write a system of linear inequalities that can be used to find the possible combinations of adult tickets, x,
and child tickets, y, that would satisfy the cinema's goal.

Graph the solution to this system of inequalities on the set of axes below. Label the solution with an S.

Marta claims that selling 30 adult tickets and 80 child tickets will result in meeting the cinema'’s goal.
Explain whether she is correct or incorrect, based on the graph drawn.
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279) Which graph represents the solution of ¥ = x+ 3 and y = -2x-2?

1) 2
N
N
- X
L
=
- Nannn
1
y
2) 4
| N
N
L] -\\
e NS
T N
4; N *
ey
NN
W
N N

¥

280) The graph of an inequality is shown below.

3)

4)

y
4

3
\% <
s
<3
X
B
NN
o
W ool
SNNNAN NS
i
N AP
T
[
N o
N 1 %
X
| A
| C
| 11
NENZZZ5
| I

> X

02z

20 230 240 250
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a) Write the inequality represented by the graph.
b) On the same set of axes, graph the inequality x+ 2y < 4.
c) The two inequalities graphed on the set of axes form a system. Oscar thinks that the point (2,1} isin

the solution set for this system of inequalities. Determine and state whether you agree with Oscar.
Explain your reasoning.

281) Determine if the point (0,4} is a solution to the system of inequalities graphed below. Justify your
answer.

282) The sum of two numbers, x and y, is more than 8. When you double x and add it to y, the sum is less than
14. Graph the inequalities that represent this scenario on the set of axes below.
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Kai says that the point (f, 2} is a solution to this system. Determine if he is correct and explain your
reasoning.

283) Solve the following system of inequalities graphically on the grid below and label the solution S.
Jx+dy = 20

Tedy-138

Is the point (3,7} in the solution set? Explain your answer.

284) On the set of axes below, graph the following system of inequalities:
dy+3x 214

dr—y <l
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Determine if the point (1,2} is in the solution set. Explain your answer.

285) Edith babysits for x hours a week after school at a job that pays $4 an hour. She has accepted a job that
pays $8 an hour as a library assistant working y hours a week. She will work both jobs. She is able to
work no more than 15 hours a week, due to school commitments. Edith wants to earn at least $80 a week,
working a combination of both jobs. Write a system of inequalities that can be used to represent the
situation. Graph these inequalities on the set of axes below.

Determine and state one combination of hours that will allow Edith to earn at least $80 per week while
working no more than 15 hours.

286) An on-line electronics store must sell at least $2500 worth of printers and computers per day. Each
printer costs $50 and each computer costs $500. The store can ship a maximum of 15 items per day. On
the set of axes below, graph a system of inequalities that models these constraints.

Number of Computers

Number of Printers
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Determine a combination of printers and computers that would allow the electronics store to meet all of the
constraints. Explain how you obtained your answer.

SOLUTIONS

273)Which ordered pair is not in the solution set of ¥ = —% x+5and y£3x-27

1) (53) 3) (3.4
2) (4,3 4) 4.4)
274) Given: y+x > 2
yE3x-2
Which graph shows the solution of the given set of inequalities?
1) 3)
2)

275) Which point is a solution to the system below?

Zy o—ldxr+4

y<—fx+4

1) 1 3) 1
3] 5
2) (0,6 4) (-3,2)

276) What is one point that lies in the solution set of the system of inequalities graphed below?
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277)

278)

=

=«

A

4%

NIRYAD 3) 0.7
2) (3.0 4) (-3,5)

. A T
A !
y

Y

. . . 1 .
First consider the system of equations ¥ = —S R+ 1 and y=x-3. Then consider the system of

. .. 1 . . .
inequalities ¥ = ks 1 and ¥ <x—5. When comparing the number of solutions in each of these

systems, which statement is true?
1) Both systems have an infinite number of ~ 3) The system of inequalities has more

solutions. solutions.
2) The system of equations has more 4) Both systems have only one solution.
solutions.

The Reel Good Cinema is conducting a mathematical study. In its theater, there are 200 seats. Adult
tickets cost $12.50 and child tickets cost $6.25. The cinema's goal is to sell at least $1500 worth of tickets
for the theater.

Write a system of linear inequalities that can be used to find the possible combinations of adult tickets, x,
and child tickets, y, that would satisfy the cinema's goal.

Graph the solution to this system of inequalities on the set of axes below. Label the solution with an S.

Marta claims that selling 30 adult tickets and 80 child tickets will result in meeting the cinema'’s goal.
Explain whether she is correct or incorrect, based on the graph drawn.
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279) Which graph represents the solution of ¥ = x+ 3 and y = -2x-2?

1) 2
N
N
- X
L
=
- Nannn
1
y
2) 4
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N
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¥

280) The graph of an inequality is shown below.
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a) Write the inequality represented by the graph.
b) On the same set of axes, graph the inequality x+ 2y < 4.
c) The two inequalities graphed on the set of axes form a system. Oscar thinks that the point (2,1} isin

the solution set for this system of inequalities. Determine and state whether you agree with Oscar.
Explain your reasoning.

281) Determine if the point (0,4} is a solution to the system of inequalities graphed below. Justify your
answer.

282) The sum of two numbers, x and y, is more than 8. When you double x and add it to y, the sum is less than
14. Graph the inequalities that represent this scenario on the set of axes below.
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Kai says that the point (f, 2} is a solution to this system. Determine if he is correct and explain your
reasoning.

283) Solve the following system of inequalities graphically on the grid below and label the solution S.
Jx+dy = 20

Tedy-138

Is the point (3,7} in the solution set? Explain your answer.

284) On the set of axes below, graph the following system of inequalities:
dy+3x 214

dr—y <l
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Determine if the point (1,2} is in the solution set. Explain your answer.

285) Edith babysits for x hours a week after school at a job that pays $4 an hour. She has accepted a job that
pays $8 an hour as a library assistant working y hours a week. She will work both jobs. She is able to
work no more than 15 hours a week, due to school commitments. Edith wants to earn at least $80 a week,
working a combination of both jobs. Write a system of inequalities that can be used to represent the
situation. Graph these inequalities on the set of axes below.

Determine and state one combination of hours that will allow Edith to earn at least $80 per week while
working no more than 15 hours.

286) An on-line electronics store must sell at least $2500 worth of printers and computers per day. Each
printer costs $50 and each computer costs $500. The store can ship a maximum of 15 items per day. On
the set of axes below, graph a system of inequalities that models these constraints.

Number of Computers

Number of Printers
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Determine a combination of printers and computers that would allow the electronics store to meet all of the
constraints. Explain how you obtained your answer.
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I — Systems, Lesson 6, Quadratic-Linear Systems (r. 2018)

SYSTEMS
Quadratic-Linear Systems

Common Core Standard

No Current Standard in New York

A-REI.D.11 Explain why the x-coordinates of the
points where the graphs of the equations y=f(x) and
y=g(x) intersect are the solutions of the equation
f(x)=g(x); find the solutions approximately, e.g., us-
ing technology to graph the functions, make tables
of values, erfind-successive-approximations. In-
clude cases where f{x) and/or g(x) are linear, polyno-
mial, rational, absolute value, exponentialane-toga-
the indicated concept may-involve any of the function types—
entio E.S'A the standard except exponential and logarithmic
y e‘eﬁs Sing the solutio sa.ppﬁe“ .a‘e_’ shimited-to-cases

Next Generation Standards

Al-A.REL.7a Solve a system, with rational solutions,
consisting of a linear equation and a quadratic equation
(parabolas only) in two variables both algebraically and
graphically.

(Shared standard with Algebra I1)

Al-A.RELI.11 Given the equations y = f{x) and y = g(x):
i) recognize that each x-coordinate of the intersection(s)
is the solution to the equation f{x) = g(x);

ii)find the solutions approximately using technology to
graph the functions or make tables of values; and

iii) interpret the solution in context.

(Shared standard with Algebra I1)

Notes: Algebra I tasks are limited to cases where f(x)

and g(x) are linear, polynomial, absolute value, and
exponential functions of the form f(x) =

a (b))r
wherea>0and b >0 (b #1).
Students should be taught to find the solutions ap-
proximately by using technology to graph the func-
tions and by making tables of values. When solving
any problem, students can choose either strategy.

LEARNING OBJECTIVES

Students will be able to:

1) solve quadratic-linear systems of equations algebraically or by graphing.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary
- learning objective(s)
direct instruction

- big ideas: entry)

- modeling

guided practice € Teacher:
connects student work

Student Centered Activities

anticipates, monitors, selects, sequences, and

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

VOCABULARY

linear equation

quadratic equation

solution
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BIG IDEAS

Quadratic-linear systems are solved in the same ways that systems of linear equations and/or
systems of linear inequalities are solved, either algebraically or by graphing.

A solution of a system of equations makes each equation in the system true. Solutions can be

found using three different views of a function. Quadratic linear systems will have:
e no solution (the graphs do not intersect),
e one solution (the graphs intersect at one point)
e two solutions (the graphs intersect at two points).

Example: If y, = x*+x+2 and ¥, =—x+ 1, then the solution may be found using a graphing

Plotl Plot2

B\Y 1 BX?+X-2
B\Y2B-X+1
\Y:=H
INY4=
ENYs5=

\Yg=
INY?=
ENYg=

Plot2

calculator, as follows:

Y1

1 MORMAL FLOAT AUTO REAL
PRESS + FOR aTh1

Y2

RADIAN MP I-

o
il < (S A
<]
-
<

1 oMW

TR
on w1 oW e

The solutions to this quadratric-linear system are (-3,4) and (1,0).

NOTE: The calculate intersection function of some graphing calculators can be used to identify

solutions.
How to Solve a Quadratic Linear System Algebraically
Step 1 Step 2 Step 3 Step 4 Step 4
Isolate the same | Set the opposite Solve for the first Input the Write the
variable in both | expressions equal variable. solutions from solutions as

equations.

to one another.

NOTE: Strategies
other than factoring
can be used.

Step 3 into an
equation and
solve for the

second variable.

ordered pairs.

y=x"+6x+3
y=3x+7

x> +6x+3=3x+7

x> +6x+3=3x+7

x*+3x-4=0
(x+4)(x—1): 0
x:{—4,1}

y=3x+7
y=3(-4)+7
y=-b5

y=3x+7
y=3(1)+7
y=10

Two
solutions:

('4!-5)
and
(1,10)
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DEVELOPING ESSENTIAL SKILLS

Solve the following quadratic-linear systems of equations algebraically and by graphing.

Xx=0

NORHAL FLOAT AUTO REAL RADIAN MP n

1. 2. 3. 4. 5.
y=x>—4x+6 y=x"-9x+18 | y=x*-10x+14 | y=x*+5x+4 y=x>+8x+16
y=x+2 y=x+2 y=7x-16 y=x+4 y=x+6

Answers
1. 2.
y:x2—4x+6 y:X2—9X+18
y=x+2 y=x+2
x*—4x+6=x+2 x*—9x+18=x+2
x> —5x+4=0 x> —10x+16=0
(x—4)(x—1):0 (x—8)(x—2)=0
y=x+2 y=x+2
y:(1)+2:3 y:(2)+2:4
y=(4)+2=6 y=(8)+2=10
(1,3) and (4,6) (2,4) and (8,10)
NORMAL FLOAT AUTO REAL RADIAN MP 1 NORMAL FLOAT AUTO REAL RADIAN MP 1
PRESS + FOR &Tb1 PRESS + FOR &Tb1
Y1 | Y2 X Yi | Y2

9 6 2 -2 40 0

1 3 3 -1 28 1

2 2 y 0 18 2

3 3 5 1 10 3

y 6 6 I Y

5 11 ? 3 0 5

6 18 8 y -2 6

7 27 9 5 -2 7

8 38 10 6 0 8

9 51 11 ? y 9

10 66 12 8 10 10

xX=2

NORHMAL FLOAT AUTO REAL RADIAN HMP n
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3.
y=x*-10x+14
y=7x-16

x> —10x+14=7x-16

x2-17x+30=0
(x—15)(x—2) =0
x={2,15}
y=7Tx-16

y=7(2)-16=-2
y=7(15)-16=89

(2,-2) and (15,89)

NORMAL FLOAT AUTD REAL RADIAN MP 1
PRESS + FOR aTbl
bt Y1 Yz
-1 25 23
0 14 -16
1 5 -9
| 2 -2
3 -7 5
y -19 12
5 -11 19
6 -19 26
7 -7 33
8 -2 Yo
9 5 y7
R=2
NORMAL FLOAT AUTO REAL RADIAN MP 1
PRESS + FOR aTb1
b Y1 Y2
5 11 19
6 -18 26
7 -7 33
8 -2 Yo
9 5 Y7
10 1y 5y
11 25 61
12 38 68
13 53 75
1Yy 70 82
| 15 [Ef] 89
X=15
NORMAL FLOAT AUTO REAL RADIAN MP []
H=0 h ]

4.
y=x>+5x+4
y=x+4

x> +5x+4=x+4

X +4x=x+4

x(x+4)
x={0,-4}
y=x+4
y=(0)+4=4
y=(-4)+4=0

(0,4) and (—4,0)

NORMAL FLOAT AUTO REAL RADIAN MP 1
PRESS + FOR &Tb1

bt Y1 Y2

[y

==
(DN WS

ML WM =D 11

=-4

NORMAL FLOAT AUTO REAL RADIAN MP n
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5.
y=x>+8x+16
y=x+6

x*+8x+16=x+6
x2+7x+10=0
(x+5ﬂx+2)=0

~{-5-2)

y=x+6
y=(- )+6:1
y=(2)+6=4

(-51) and (-2,4)

NORMAL FLOAT AUTOD REAL RADIAN MP 1
PRESS + FOR aThl

[
o
== = D 00 O U D B

Lanli=~

X Y1 Y2
-5 1
-y 0
-3 1

y
-1
0
1
2
3
I.|
5
R=-2

NORMAL FLOAT AUTOD REAL RADIAN MP n
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REGENTS EXAM QUESTIONS (through June 2018)

A.REI.C.7, A.REIL.D.11: SOLVE QUADRATIC-LINEAR
SYSTEMS

287) The graphs of y = x° -3 and y=3x—4 intersect at approximately
1) ({0.38-2.85), only 3) (0.38,-2.85) and (2.62,3.85)
2) (2.62,3.85), only 4) (0.38,-2.85) and (3.85,2.62)

288) A company is considering building a manufacturing plant. They determine the weekly production cost at
site 4 to be A{x) = 3x* while the production cost at site B is Fix) = &x+ 3, where x represents the number
of products, in hundreds, and Aix) and E(x) are the production costs, in hundreds of dollars. Graph the
production cost functions on the set of axes below and label them site 4 and site B.

¥
50

40
30

20

Cost (hundreds of dollars)

10

1 2 3 4
Number of Products
(hundreds)

State the positive value(s) of x for which the production costs at the two sites are equal. Explain how you
determined your answer. If the company plans on manufacturing 200 products per week, which site
should they use? Justify your answer.

289) Let fix) = —2x* and g(x) = 2x—-4. On the set of axes below, draw the graphs of y = flx) and y = gix).
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290)

291)

292)

293)

287)

Using this graph, determine and state a/l values of x for which flx) = g(x).

John and Sarah are each saving money for a car. The total amount of money John will save is given by

the function fix) = 60+ 5x. The total amount of money Sarah will save is given by the function

g(x)=x* +46. After how many weeks, x, will they have the same amount of money saved? Explain
how you arrived at your answer.

If fixi=x"-2x-3% and gix) = &x— 1, for which value of x is f{x) = g{x)?
1) -1.75 and —1.433 3) -1.43% and 0
2) -175and4 4) 4and0

If Alx)==x" and g(x) = x, determine the value(s) of x that satisfy the equation fTx) = gix).

Given: gfx)=2x" + 3x+ 10

Elxy=2x+16
Solve the equation g(x) = 2k(x) algebraically for x, to the nearest tenth. Explain why you chose the
method you used to solve this quadratic equation.

SOLUTIONS

ANS: 3
Strategy #1. Solve y= x*-3and y=3x-4 asa system of equations.
y=x'-3 and y=3x—4
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The values of x that satisfy the system are:

- 3+2“’G 5262 and x= 3_2“5 )

X

33

Strategy #2. Use a graphing calculator to determine the inttercepts of the graphs of the two equations.

6.67 Ty

£2(x)=3- x-4 /
—6.%?
PTS: 2 NAT: ARREL.C.7  TOP: Quadratic-Linear Systems
KEY: algebraically
288) ANS:

a)
b) The graphs of the production costs are equal when x = 3.
c) The company should use Site 4, because the costs of Site A4 are lower when x = 2.
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Strategy: Input both functions into a graphing calculator and use the table and graph views to construct
the graph on paper and to answer the question.

Flotd P?ﬁ Floks éHDDME
" B3H Min=
V- fAmax=4
W= :":5-';-1—1
WMy = Ymin=H
S Vi
YES sres=1
i . N
0 0 3
: i: |13
Elllz? EF
y 4B 3
3 7E 3
B 108 £l
JH=3
PTS: 6 NAT: AREL.D.11 TOP: Quadratic-Linear Systems

289) ANS:

a)
b) Ax)=gix) when x=-2 and x=1.

Strategy: Input both functions into a graphing calculator and use the table and graph views to construct
the graph on paper and to answer the question.

Flotl Flokz Flok: & Nk Wi

Al s 2 18 | oo

~NeBZ2a—4 - - B

x$3= tioh -:2 g

Y= - -
- z -8 0

:EE: 3 -18 s

=
PTS: 4 NAT: AREL.D.11 TOP: Quadratic-Linear Systems
290) ANS:

John and Sarah will have the same amount of money saved at 7 weeks. | set the expressions representing
their savings equal to each other and solved for the positive value of x by factoring.

Strategy: Set the expressions representing their savings equal to one another and solve for x.
Ax) =60+ 5x and gix)=x" +46

Let fix)=glx)
22446 = 60+ 5x

¥ —Sx-14=10
x-Tx+2)=10
x="7
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DIMS? Does It Make Sense? Yes. After 7 weeks, John and Sarah will each have $95.00.

John’s Savings Sarah’s Savings
Jx) =60+ 5x glx)=z° +46
A7) = 60+35 (7} = 49 + 46
=595
) g7 = 95
PTS: 2 NAT: AREL.D.11 TOP: Quadratic-Linear Systems

291) ANS: 2
Strategy: Set both expressions equal to one another and solve for x.

Axi=x'-12x-38 and g(x) = &x— 1
Let fix) = glx)

xz—zx—8=%x—1

4%° - Bx-32=x-4
4x% - 0x-28=10
(dx+Tix—-4)=10

x=—£ and x=4

A-1.75) = g[-1.75)

and
J4)=gl4)
PTS: 2 NAT: A.REL.D.11 TOP: Quadratic-Linear Systems
292) ANS:
x=1{0,1}
Given: fx)=x?and gix) = x, find fTx) = gz as follows:
Ax)=g(x)
Iz =X
r-x=10
xx-1=10
Therefore: x=0and (x—1)=10
r=1
PTS. 2 NAT: AREI.D.11 TOP: Quadratic-Linear Systems
KEY: Al
293) ANS:
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xes {-1.1,3.6}

glx) = 2k(x)
2x% + 3x+ 10 = 2(2x + 16)
2x +3x+ 10 = 4x+ 32

2 —x-22=10
The quadratic formula can be used to solve this quadratic in standard form, where ¢ = 2, &= -1, and
c=—24.
_ —ht B - dac
A= 2a
(D 1 -4@)-22)
A= 20)
1+ 177
o=
4
x= “T 7T 5 576033 3.6
w1 60338 -3t

4
The quadratic formula was chosen because it works with any quadratic equation.

PTS: 4 NAT: AREL.D.11 TOP: Quadratic-Linear Systems
KEY: Al
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I — Systems, Lesson 7, Other Systems (r. 2018)

SYSTEMS
Other Systems

Common Core Standard

A-REI.D.11 Explain why the x-coordinates of the
points where the graphs of the equations y=f(x) and
y=g(x) intersect are the solutions of the equation
Sf{(x)=g(x); find the solutions approximately, e.g., us-
ing technology to graph the functions, make tables
of values, er-fi i imations. In-
clude cases where f{x) and/or g(x) are linear, polyno-
mial, rational, absolute value, exponential-ane-loga-
the indicated concept may invalve any of the function types—

: sk functions.

Next Generation Standard

Al-A.REI.11 Given the equations y = f{x) and y = g(x):
i) recognize that each x-coordinate of the intersection(s)
is the solution to the equation f{x) = g(x);

ii)find the solutions approximately using technology to
graph the functions or make tables of values; and

iii) interpret the solution in context.

(Shared standard with Algebra I1)

Notes: Algebra | tasks are limited to cases where f(x)

and g(x) are linear, polynomial, absolute value, and
exponential functions of the form f(x) =

a (b)A
wherea>0and b >0 (b #1).
Students should be taught to find the solutions ap-
proximately by using technology to graph the func-
tions and by making tables of values. When solving
any problem, students can choose either strategy.

LEARNING OBJECTIVES

Students will be able to:

1) use technology to create tables and graphs to find solutions of systems of equations
involving linear and non-linear functions.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary
- learning objective(s)
direct instruction

- big ideas: entry)

- modeling

guided practice € Teacher:
connects student work

Student Centered Activities

anticipates, monitors, selects, sequences, and

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

VOCABULARY

absolute value equation
exponential equation
families of functions

linear equation
piecewise equation
quadratic equations

slope intercept form
solution of a system
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BIG IDEAS

A solution of a system of equations makes each equation in the system true. This rule can be
applied to systems involving different families of functions. Typically, graphing is the easiest
way to solve systems of equations involving different families of functions. Algebraic solutions

may also be used.

DEVELOPING ESSENTIAL SKILLS

Use technology to create a table of value and graph for each system, then state the solution(s) for

each system.

1. 2. 3. 4. 5.
absolute absolute quadratic quadratic absolute
linear quadratic piecewise quadratic quadratic
v = y=|x-2 y=—x"+4 y=x"+5x+5 | y=—|x|+2
y=x+2 y=-x*+4 x+2 x<0| y=—x*-5x-3 | y=x7
y =
x—2 x20
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Answers

Solutions Calculator Input Table

]- HORMAL FLOAT AUTO REAL RADIAN MP ORMA OAT AUTO REAL RADIA P 1 HORMAL FLOAT AUTOD REAL RADIAN MP []
Plotl Plot2

y:|x| \Y1BIX]
E\Y2BX+2
INY3=
y =x+2 ENY4=
ENY5=
(-1,1) \Ye=
ENY 7=
BNY 3=
B\NY 9=

Plot3

o renRroRrn
hrumuc TNk e

=

NORHAL FLOAT AUTO REAL RADIAN HP NORHAL FLOAT AUTO REAL RADIAN HP rj [ ORHAL FLOAT AUTD REAL RADIAN HP n
2, PRESS + FOR &Th1
Plotl Plotz Plot3 Y1 Y2
y=|x|—2 B\Y1B1X]-2 2 PERE
N B ERE \//
2 | =
y=—x +4 l:¥:=. % Z %2
ENY5= 5 3 21
(-2,0) and (2,0) \Ye= N
N LA T
ENYg=
x=-2 B
3 NORHAL FLOAT AUTO REAL RADIAN HP NORHAL FLOR 0 D T OR D D D il
2 Ploti Plot2 Plots _HX _1‘_!1 _2Y2 ERYRI?R
y=—X + 4 BNY 1B -X2+4 -3 -5 -1 ERROR
Rez -2 0 ) ERROR
INY2B575 1 : Lo, | ERROR \/
x+2 x<0 ny:ei2 1 : ERROE | -1 ;
P lx-2 xz0| Wy WEmE L
X— X2 ENYs= g 21 |ERROR |3
\Ye= [ 32 ERROR |4
(-2,0) and (2,0) I\Ye= =2

4. 1 i OR &Th 1
2 Plotl Plot2 Plot3 2 - Y1 1\"2
y=x + 5x+5 E\Y1EX24+5X+5 3 1 : /
B\Y2E -X?-5X-3 1 | |1
: R

i N
E\Ys5= 3 29 27

(-4,1)and (-1,1) | avi N EEE ’\
BENY 7= 6 71 -9

ENYs= =4

ORMA DAT AUTO REAL RADIA P DAT AUTO REAL RADIA P NORMAL FLOAT AUTO REAL RADIAN MP []__
5 1 0R & Th 1

' Plotl Plotz FPlot3 A1 Y| VYo

y=—|x|+2 BNY1B-1X142 TEO(E
BNV 2B - !
_ 2 ENY3= [] 2 []
y=x E\Y4= O FO
ENYs= 3 -1 9
(-1,1) and (1,1) \Yg= ;. 2 i
ENY 7= 6 -4 36

E\Y3=
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REGENTS EXAM QUESTIONS (through June 2018)

A.REI.D.11: Other Systems

294) Two functions, y = |x— 3| and 3x+ 3y = 27, are graphed on the same set of axes. Which statement is

true about the solution to the system of equations?
1) (3,0 is the solution to the system because 3) (f, 3} is the solution to the system because

it satisfies the equation y = |x— 3], it satisfies both equations.
2) (9,03 is the solution to the system because 4) (3,03, (9,01, and (, 3} are the solutions to
it satisfies the equation 3x+ 3y = 27. the system of equations because they all

satisfy at least one of the equations.

295) On the set of axes below, graph
gix) = %I+ 1

and

x+1, x=-1
ﬂx)=[

2

2-x, x=-1

How many values of x satisfy the equation fix) = g(x)? Explain your answer, using evidence from your
graphs.

296) Given the functions &i{x) = éx+ 3 and j(x) = |x|, which value of x makes %(x) = 7(x)?

1) -z 3) 3
2) 2 4) -6

297) The graphs of the functions flx) = |x— 3|+ 1 and g(x) = Zx+ 1 are drawn. Which statement about these

functions is true?
1) The solution to fx) = gix) is 3. 3) The graphs intersect when y = 1.
2) The solutionto fix)=g(x) is 1. 4) The graphs intersect when x = 3.

298) The graph below shows two functions, f{x) and g(x). State the values of x for which flx) = g(x}.

299) Which value of x results in equal outputs for jix) = 3x—2 and &(x) = |x+ 2|?
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1) -z 3)

X

2) 2 4)

300) Graph fix) = |x| and gix)= -x* + 6 on the grid below. Does A-21= g(-2)? Use your graph to
explain why or why not.

SOLUTIONS

294) ANS: 3
Strategy: Input both functions in a graphing calculator, then use the table and graph views of the function
to select the correct answer.
STEP 1. Transpose the second function for input into a graphing calculator.
x+ 3y =27

3y =27-3x

I
E

STEP 2. Input both functions in a graphing callaulator.

Flakl Flakz Flok: 7 L5y LI
SYiB L R=-31 0 = 0
R - L A 1 z B
N N R
e S I
", —

WE=I : i E 3
wHe= E =
When x = 4, the value of y in both equations is 3. (6, 3) is the solution to this system.
PTS. 2 NAT: A.REID.11 TOP: Nonlinear Systems

295) ANS:

Step 1. Plot gix) = %x+ 1
Step 2. Plot flxi= Zx+1 overtheinterval x=-1
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Step 3. Plot fix)=2- x* over the interval x = -1

¥

Gl
gt
§BCaany

20| I

Only 1 value of x satisfies the equation fix) = gix), because the graphs only intersect once.

PTS: 4 NAT: F.IF.C.7 TOP: Other Systems
296) ANS: 1
Strategy #1: Input both function rules in a graphing calculator.

Flokl Flotz Flots F " W Vz
~NMzBIlRI . -G i B
M= : -c B £
“hy= s 7 R 1. |3
~He= " ; cam| z
“MME= ; -1 e 1
Wha = E 0 K 0
~Ye=0 F p= -

Strategy #2: Set the right expressions of both functions equal to one another. Then solve for the positive
and negative values of |x|.

1
§x+3=|x|
—x+3=x —lx—3 =¥
2 PR
T+ h6=2x q
-cx-3=x
fi=x
—x—f=2x
—f=3x
—2=x
Check:
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Bix) = %x+3 &) =]
J=2) =12
kﬁa=éya+3 @)= 2
B2 = —1+73
h(-2) = 2
PTS: 2 NAT: AREL.D.11 TOP: Other Systems

297) ANS: 2

Step 1. Understand that only of the answer choices is true.

Step 2. Strategy. Input both functions in a graphing calculator and explore the truth of each answer

choice.

Step 3. Execution of Strategy.

Flokl Flote Flokbz
~MRIR-31+1
~NeR2R+1
~ha=
~hy=
~Ne=
~NE=
~Ne= :
The graph and table show that the solution for this system of equations is (1,3). This means that 1) =3
and g(1) = 3. Accordingly, when x is 1, flx) = g(x). The correct answer is choice b).
Step 4. Does is make sense? Yes. All of the other answer choices can be eliminated as wrong. The
problem can be checked algebraically as follows:
Given: fx)=|x-3|+1 and g(x) = 2x+ 1, find f{x) = g(x)

Ve

—

- L INT AT

=
I INT AT MM Y
[TUENT LNTT [T

i
K]

[x=3|+1=2x+1 [x—3|+1=2x+1
|x- 3] = dx [x— 3| =2x
x—3=2x —x+3=2x

-3=x 3=13x

This is an extraneous solution.

l=x
Fi-3l+1=2(-3)+1 This solution checks.
|6l +1=-f+1 [1-3+1=2{1)+1
f+1l=-6+1 S|+ 1=2+1
T-=5 2+1=2+1
3=13
PTS: 2 NAT: AREL.D.11 TOP: Other Systems
298) ANS:
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30 The graph below shows two functions, f{x) and g(x). State all the values of x for which flx) = g(x).

PTS: 2 NAT: A.REILD.11
299) ANS: 2
When x =2, flx) = &{x).

-6

Jx-2= x4+ 2
3x-2=x4+2
ix=4

r=2
J2)=3(2)-2

j(2)=4
B(Z) = |2+ 2

B(Z) = 4

PTS: 2 NAT: A.RELLD.11 TOP: Other Systems
KEY: Al

300) ANS:
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ql

v

Yes, because the graph of fix) intersects the graph of gix) at x = -2.

PTS: 4 NAT: A.RELLD.11 TOP: Other Systems
KEY: Al
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J — Powers, Lesson 1, Modeling Exponential Functions (r. 2018)

POWERS

Modeling Exponential Functions

Common Core Standards

A-SSE.B.3c Use the properties of exponents to

transform expressions for-expenential-functions—o#
examplethe-expressiont4Scan-berewritten-cs—
HJ;M)H;—PQQ#&MM&W
30—

PARCC: Tasks are limited to exponential expressions with inte-
ger exponents. Tasks have a real-world context. As described in
the standard, there is an interplay between the mathematical
structure of the expression and the structure of the situation such
that choosing and producing an equivalent form of the expression
reveals something about the situation.

A-CED.1 Create equations and inequalities in one
variable and-use-them-to-selveproblems. Include
equations arising from linear and quadratic func-

tions, and exponential functions.
PARCC: Tasks are limited to linear, quadratic, or exponential
equations with integer exponents.

F-BF.A.1 Write a function that describes a relation-
ship between two quantities.

F-LE.A.2 Construct linear and exponential func-
tions, ineluding-arithmetic-and-geometric-sequences;
given a graph, a description of a relationship, or two
input-output pairs (include reading these from a ta-
ble).

PARCC: Tasks are limited to constructing linear and exponential
functions in simple context (not multi-step).

F-LE.5 Interpret the parameters in a linear or expo-

nential function in terms of a context.
PARCC: Tasks have a real-world context. Exponential functions
are limited to those with domains in the integers.

Next Generation Standards

Al-A.SSE.3c Use the properties of exponents to rewrite
exponential expressions.

(Shared standard with Algebra I1)

e.g.,

® 3x= (32)x = Ox

o 32x+3 = 32x* 33=9x+ 27

Note: Exponential expressions will include those with in-
teger exponents, as well as those whose exponents are
linear expressions. Any linear term in those expres-
sions will have an integer coefficient. Rational expo-
nents are an expectation for Algebra I1.

Al-A.CED.1 Create equations and inequalities in one
variable to represent a real-world context.

(Shared standard with Algebra I1)

Notes:

« This is strictly the development of the model (equa-
tion/inequality).

 Limit equations to linear, quadratic, and exponen-

tials of the form f(x) =a (b)x where a >0 and

b>0(#1).

* Work with geometric sequences may involve an ex-
ponential equation/formula of the form an= arn-1,
where a is the first term and r is the common ratio.

« Inequalities are limited to linear inequalities.

« Algebra | tasks do not involve compound inequalities.
Al-F.BF.1 Write a function that describes a relationship
between two quantities.

(Shared standard with Algebra I1)

Al-F.LE.2 Construct a linear or exponential function
symbolically given:

i) a graph;

ii) a description of the relationship;

iii) two input-output pairs (include reading these from a
table).

(Shared standard with Algebra I1)

Note: Tasks are limited to constructing linear and expo-
nential functions in simple context (not multi-step).
Al-F.LE.5 Interpret the parameters in a linear or expo-
nential function in terms of a context.

(Shared standard with Algebra I1)

Note: Tasks have a real-world context. Exponential

functions are limited to those with domains in the inte-
gers and are of the form f(x) =a (b)x where

a>0andb>0(b#1).
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LEARNING OBJECTIVES

Students will be able to:

1) Transform expressions and equations between equivalent exponential and radical forms.
2) Create and solve exponential functions based on real-world contexts.

Overview of Lesson

- vocabulary

- activate students’ prior knowledge

- learning objective(s)

Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY

4o P(lJ_rr)’ initial amount
. power

asela rate of decay
cycle d rate of growth
exponential aecay rational exponents
exponential growth root
exponential regression scientific notation

BIG IDEAS

Rules for Rational Exponents:

Rule:

Rule:
Rule:

Rule:

Rule:

n

0 —
For any nonzero numbera, ¢ =1 and « =

m+n

For any nonzero number a and any rational numbers m and n, ¢”-a" =a
For any nonzero number a and any rational numbers m and n, (¢")" =a™
For any nonzero numbers a and b and any rational number n (ab)" =a"b"

m
m-n

. a
For any nonzero number a and any rational numbers mand n, —=a
a

A number is in scientific notation if it is written in the form @ >x10" 'where n is an integer and

1<|a| <10
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Exponential Growth and Decay
t
A=P (1i r)

A common formula for exponential growth or decay is
A=P(ltr)
Where:

A is the amount after growth or decay.
P is the original amount before growth or decay.

(1£r) is 100% of the original plus-or-minus the rate of growth or decay.

e +isused to model growth.
e - isused to model decay.
t is the number of growth or decay cycles, usually measured in units of time.

Sample Problem
PROBLEM

The equation 4 =1500(1.03)" can be used to find the amount of money in a bank account if the

initial amount deposited was $1,500 and the money grows with interest compounded annually at
the rate of 3%. Rewrite this equation to reflect a monthly rate of growth.

SOLUTION
The problem wants us to write a new equation in which the rate of growth is expressed in months
instead of years.

STEP 1. The rate of growth will be smaller if interest compounds monthly rather than annually.
Therefore, the base of the exponent (in parentheses) must be reduced.

mn

Using the rule: For any nonzero number « and any rational numbers m and n, (a")" =a™
rewrite the exponential base (in parentheses) and its power as follows:

1 2
(1.03)’:(1.0312j ,

NOTE: Both expressions reflect the amount after one year of growth.
e Inthe left expression, ¢ represents time in years.
e Inthe right expression, t represents time in months.

STEP 2. Simplify the base of the exponent (the term in parentheses) as follows:
1

1.032 =1.00246627 , which rounds to 1.0025
NOTE: This reveals the approximate equivalent monthly interest rate.

STEP 3. Rewrite the entire equation with the new exponent.
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12¢

4=1500(1.0025)

NOTE: 12t represents one year, or 12 months. To find growth in months, eliminate the
multiplication by 12.

STEP 4. Write the new equation.
A4=1500(1.0025)'

CHECK
If the new equation reflects the same mathematical relationship as the original equation, both
equations should produce similar outputs for similar amounts of time.

Original Equation Expressing Growth in Years
Flakl Flakz Flakz " L

A ELSEEG] BT | | ] 1500
~Nz=l
wNa=
wNy=
“Ne=
M=

Flokl Flokz Flotz " 4

~YiB15EExC ], ARzt | DI 150
~Me= 3
=Nr=
~hy=
“He=
=NE=
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DEVELOPING ESSENTIAL SKILLS

Solve the following problems using exponential growth or exponential decay formulas.

Problems

Solutions

Daniel’s Print Shop purchased a new printer for $35,000.
Each year it depreciates (loses value) at a rate of 5%. What
will its approximate value be at the end of the fourth year?

A=P(ltr)
A=35000(1-0.05)"
A~$28,507.72

Kathy plans to purchase a car that depreciates (loses value) at
a rate of 14% per year. The initial cost of the car is $21,000.
Write an equation that represents the value, v, of the car after
3 years.

A=P(ltr)
v =21000(1+0.14)°

A bank is advertising that new customers can open a savings

. 3 .
account with a 3 P %% interest rate compounded annually.

A= P(lJ_rr)r

A=5000(1+0.0375)*

Robert invests $5,000 in an account at this rate. 1f he makes A ~$5583.86
no additional deposits or withdrawals on his account, find the ’
amount of money he will have, to the nearest cent, after three
years.
Cassandra bought an antique dresser for $500. If the value A= P(l+ r)'
of her dresser increases 6% annually, what will be the value B
of Cassandra's dresser at the end of 3 years to the nearest A=500(1+0.06)°
dollar? A ~$596
ooster Club raised $30,000 for a sports fund. No more money A= P(li r)’

will be placed into the fund. Each year the fund will
decrease by 5%. Determine the amount of money, to the
nearest cent, that will be left in the sports fund after 4 years.

A =30000(1—.05)*
A~$24,435.19
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REGENTS EXAM QUESTIONS (through June 2018)

POWERS
A.SSE.B.3c, ACED.A1,F.BF.Al F.LEA2 F.LEB.5:
Modeling Exponential Functions

301) Miriam and Jessica are growing bacteria in a laboratory. Miriam uses the growth function f) = n*

while Jessica uses the function g(#1 = #*, where n represents the initial number of bacteria and ¢ is the
time, in hours. If Miriam starts with 16 bacteria, how many bacteria should Jessica start with to achieve
the same growth over time?

1) 32 3) 8

2) 16 4) 4

302) Jacob and Jessica are studying the spread of dandelions. Jacob discovers that the growth over ¢ weeks can
be defined by the function 1 = (&)-2°. Jessica finds that the growth function over ¢ weeks is

g(ﬂl — 2!+3 .
Calculate the number of dandelions that Jacob and Jessica will each have after 5 weeks.

Based on the growth from both functions, explain the relationship between ¢} and git).

303) The growth of a certain organism can be modeled by ) = 10¢1.0293**  where 3} is the total number
of cells after z hours. Which function is approximately equivalent to Z7#)?
1) ot = 2400085 3) o) = 10(1.986)
2) o = 100.083) 4) z
) = 240(1.936)

304) A computer application generates a sequence of musical notes using the function #z) = 6{163", where n is
the number of the note in the sequence and f{#z) is the note frequency in hertz. Which function will
generate the same note sequence as fl#)1?

1) giw) = 120" 3) plm=12()*
2) hin) = ()" 4 km) = 6™

305) Mario's $15,000 car depreciates in value at a rate of 19% per year. The value, V, after ¢ years can be
modeled by the function ¥ = 15,000(0.81)°. Which function is equivalent to the original function?

1) =15 000(0.9)" 3) :
= 15,000(0.9)
2) = 15000(0.93* 4) !

= 15,000(0.9)°

306) Nora inherited a savings account that was started by her grandmother 25 years ago. This scenario is

modeled by the function A(£) = 5000{1.013)"** where A{#) represents the value of the account, in
dollars, ¢ years after the inheritance. Which function below is equivalent to A(#)?

1)  A() =s000[(1.013)]* 3)  AfH = (5000 (1.013*
2)  A(H =5000[(1.013) + (1.013)*] 4)  A(H = 500001013 (1.015*
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307) The Ebola virus has an infection rate of 11% per day as compared to the SARS virus, which has a rate of
4% per day. If there were one case of Ebola and 30 cases of SARS initially reported to authorities and
cases are reported each day, which statement is true?

1) Atday 10 and day 53 there are more 3) Atday 10 there are more SARS cases, but
Ebola cases. at day 53 there are more Ebola cases.

2) Atday 10 and day 53 there are more 4) At day 10 there are more Ebola cases, but
SARS cases. at day 53 there are more SARS cases.

308) Dylan invested $600 in a savings account at a 1.6% annual interest rate. He made no deposits or
withdrawals on the account for 2 years. The interest was compounded annually. Find, to the nearest
cent, the balance in the account after 2 years.

309) Rhonda deposited $3000 in an account in the Merrick National Bank, earning 4.2% interest, compounded
annually. She made no deposits or withdrawals. Write an equation that can be used to find B, her
account balance after ¢ years.

310) Kirystal was given $3000 when she turned 2 years old. Her parents invested it at a 2% interest rate
compounded annually. No deposits or withdrawals were made. Which expression can be used to
determine how much money Krystal had in the account when she turned 18?

1) 300001+ 0.023" 3) 3000(1 + 0.0
2) 300001 - 0.02)" 4) 3p00(1 - 0.0

311) The country of Benin in West Africa has a population of 9.05 million people. The population is growing
at a rate of 3.1% each year. Which function can be used to find the population 7 years from now?

1) An=(2.05x10%71-031) 3) A =(9.05x10%(1+0.031)
2) An=19.05x10%1+0.31° 4) 5= (9.05 % 10%(1 - 0.031)"

312) A student invests $500 for 3 years in a savings account that earns 4% interest per year. No further
deposits or withdrawals are made during this time. Which statement does not yield the correct balance in
the account at the end of 3 years?

1) soo(1.04* 3) 50001 +.043(1 +.043(1 +.04)

2) soo(1-.04)° 4) 500+ 500(.04)+ 520(.04) + 540.8(.04)

313) Anne invested $1000 in an account with a 1.3% annual interest rate. She made no deposits or
withdrawals on the account for 2 years. If interest was compounded annually, which equation represents
the balance in the account after the 2 years?

1) 4A=1000(1-0.01%% 3) A=1000(1-1.3)°
2)  4=1000(1+0.013) 4)  4=1000{1+1.3)"

314) Write an exponential equation for the graph shown below.
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Explain how you determined the equation.

315) The table below shows the temperature 7(m), of a cup of hot chocolate that is allowed to chill over several
minutes, m.

Time, m (minutes) 0 2 |4 |6 |8
Temperature, T(m) | 150 [ 108 [ 78 | 56 | 41

(o)

Which expression best fits the data for 7(m)?

1 1so(0.8s™ 3) 1s0(0.85™ !
2) 15001.15™ 4) 1500085

316) Jill invests $400 in a savings bond. The value of the bond, ¥7xJ, in hundreds of dollars after x years is
illustrated in the table below.

X | V(X)
0 4

1] 54
2 | 7.29
3 19.84

Which equation and statement illustrate the approximate value of the bond in hundreds of dollars over time

in years?
1) ¥ix) = 4{0.651%and it grows. 3) ¥ix) =4{1.35and it grows.
2)  ¥ix) = 4{0.65Y and it decays. 4)  ¥ix) = 4(1.35Y"and it decays.

317) The breakdown of a sample of a chemical compound is represented by the function z(#) = 300(0.5)",
where pi#) represents the number of milligrams of the substance and ¢ represents the time, in years. In
the function p(z), explain what 0.5 and 300 represent.
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318) Some banks charge a fee on savings accounts that are left inactive for an extended period of time. The
equation ¥ = 5000(0.98)" represents the value, y, of one account that was left inactive for a period of x

years. What is the y-intercept of this equation and what does it represent?
1) 0.98, the percent of money in the account 3) 5000, the amount of money in the account

initially initially
2) 0.98, the percent of money in the account 4) 5000, the amount of money in the account
after x years after x years

319) The function ¥i#) = 1350{1.017)" represents the value ¥#), in dollars, of a comic book ¢ years after its

purchase. The yearly rate of appreciation of the comic book is
1) 17% 3) 1.017%
2) 1L7% 4) 0.017%

320) The number of carbon atoms in a fossil is given by the function y = 5100{0.953" , where x represents the
number of years since being discovered. What is the percent of change each year? Explain how you
arrived at your answer.

321) The equation A = 1300{1.02)" is being used to calculate the amount of money in a savings account.
What does 1.02 represent in this equation?
1) 0.02% decay 3) 2% decay
2) 0.02% growth 4) 2% growth

322) Miilton has his money invested in a stock portfolio. The value, v(x), of his portfolio can be modeled with
the function v{x) = 30,000{0.781%, where x is the number of years since he made his investment. Which
statement describes the rate of change of the value of his portfolio?

1) It decreases 78% per year. 3) Itincreases 78% per year.
2) It decreases 22% per year. 4) Itincreases 22% per year.

323) The 2014 winner of the Boston Marathon runs as many as 120 miles per week. During the last few weeks
of his training for an event, his mileage can be modeled by A#{w) = 120¢.903* ! where w represents the
number of weeks since training began. Which statement is true about the model A4{w?

1) The number of miles he runs will increase 3) A4{w) represents the total mileage run in a

by 90% each week. given week.
2) The number of miles he runs will be 10% 4) w represents the number of weeks left
of the previous week. until his marathon.

324) The value, vit), of a car depreciates according to the function (¥} = P{.&5)", where P is the purchase price
of the car and ¢ is the time, in years, since the car was purchased. State the percent that the value of the
car decreases by each year. Justify your answer.

SOLUTIONS

301) ANS: 4
Understanding the Problem.

Miriam’s exponential growth function is modeled by ##) = #*. The problem tells us that » equals 16, s
Miriam’s exponential growth function can be rewritten as f7¢) = 164

Jessica’s exponential growth function is modeled by gt = r*. The quantity » is unknown for Jessica’s
exponential growth function and the problem wants us to find the value of » that will make ) = git).
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302)

303)

Strategy: Substitute equivalent expresseions for ) and g(t), then solve for n.

Sty =glt) or St =gl or ) =glt)
152! — PE# 162! — PE“ 162: — PE‘H
6% _ [H:JE’ 16% = n* 16% = n*
4
P 26=n N6t = olnt
i : 16 = n*
4= 256% = [pz“]‘*
4=pn
4=n

DIMS? Does It Make Sense? Yes. The outputs of ##1 = 16¥ and gff) = 4* are identical.
o

Flatl Flakz Flokz Xy LI
ch
i cEh cEh
~ EiL,E'H z BEEZE | BEEZE
Mz B4 x i.68E? | 1.6BE?
S Y Y.29E9 | 4.29ER
s P | | e
~Me= | 5:E1E | 52RLE
~Ne=Ml Li= T
PTS: 2 NAT: ASSE.B.3c TOP: Solving Exponential Equations
ANS:
Jacob and Jessica will both have 256 dandelions after 5 weeks.
=820 | g=2"
f5=®-2" | g5=2""
A5 =832 g(5) = 2°
A5) =256 g(51 = 256
Both functions express the same mathematical relationships.
) =gl
8 i 21’ - 21’+3
g.2'=2".2°
go2t=2"8
PTS. 2 NAT: ASSE.B.3c TOP: Exponential Equations
ANS: 3

Step 1. Understand that this problem wants you to find the function in the answer choices that is

equivalent to C{f) = 10(1.029)**.

Step 2. Strategy. Use properties of exponents to rewrite the expression.
Step 3. Execute the strategy.
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() = 10(1.029)*%
(8 = 1001.029%%y
Use a calculator to find the value of 1.029%
1) = 10(1.956)°

Choice c is the correct answer.

Step 4. Does it make sense? Yes.

Check by inputting both functions in a graphing calculator.

304) ANS: 2

Flotl Flotz Flokz b Y YE
i |
WAELECL, G290 |-
~WMeE1EC] . 986 z za4y | ZBlyyz
W= x FBE.226 | FE.ZEE
- Y jEE EE | 18557
wMy= E 0|8z | 308.95
~Me= b B1z.5 Biz. 58
~NE=
PTS: 2 NAT: ASSE.B.3c TOP: Exponential Equations
Strategy #1: Isolate the exponent n in each answer choice so that the structure of each function is

identical, then eliminate any answer choice that is not equivalent to the original function..

him) = 6(2)"™
Bim) = a(2h"
Bir) = 6(16)"

gln) = 12(2)"
gl = 12(24)"
gim) = 12(16)"

P = 120"
P = 12044
Pl =12(167"

ki) = 681
ki) = 6(85)"
kim) = 606477

Eliminate this choice. | Choose this, because

HEER D

Eliminate this choice.

Eliminate this choice.

Strategy #2:

answer choice that produces the same function outputs (y-values) as the original function.

PTS: 2 NAT: A.SSE.B.3

305) ANS: 2

Strategy #1: Use properties of exponents.

TOP: Modeling Exponential Functions

V= 15,000(0.81)" = 15,000((0.93%)" = 15,000{0.9)%

Strategy #2: Use graphing calculator.

HORMAL FLOAT AUTO REAL RADIAN HP n

Plotli Plot2 Plot3

\Y1B815000(0.81)%
E\Y2815000(0.9)*
E\Y:B15000(0.9)%"
E\Y4B15000(0.9)"®

E\Y5B15000(0, 9)%3
\Ye=H
ENY 7=

Y1 Yz

RADIAN MP
Y3 Y4

n

15000
12158
9841.5
7971.6
BY57

£230.2
H23e.4
3431.5
2779.5
22514
) 1823.6

t8l11.
2251,
8vz.2
337.9
1309
£o.r2
19.65
7.612
2.949
i1.142

WD 00 = 00V LD W) R e

15000

15000 | 15099
3] 12158 | 14825
4] 9841.5 | 14653
E | 7971.6 | 14482
3 | 6457 14314
2| E2¥0.2 | 14147
1] 42364 | 13983
3431.5 | 13820
9| 2779.5 | 13659
4| 2251.4 | 13500
711823.6 | 13343

X=0

= 15,000(0.3)* produces the same table of values as the original function ¥ = 15,000{0.813°.

Input the original function and all four answer choices in a graphing calculator. Choose the
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PTS: 2 NAT: ASSE.B.3  TOP: Modeling Exponential Functions
306) ANS: 4

a?ﬁa?é - a?ﬂ+?¢

(1013 (Lon* = (Lo13™

Therefore:
5000(1.013"% = s000(1.013) ' (Lo1 ™

PTS: 2 NAT: ASSE.B.3  TOP: Modeling Exponential Functions
307) ANS: 3

Step1. Use 4=F{1+71" to set up exponential growth equations to represent both viruses.
Ebola Virus: Z(# = 1{1 + 0,11}
SARS Virus: 5(#) = 3001 + 0.04)°

Step 2. Find += 10 and #= 53 for both equations, then choose the correct answer.

I D I 0 OA A 0 D F I
PR OR &Tb PR OR &Th
Plotl Plotz Plots b Y1 Y2 2 Y1 Y2
% ) Z.8394 | 49407 25247 | 229.82
ENY1E1(1+8.11) 11 3.1518 | 46.18Y4 Y 280.18 | 249.41
® 12 3.4985 | 48.031 55 311 259.39
INY2B30(1+0.04) 13 2.8833 | 49.952 5p 34521 | 269.77
INY:=H 1y 4.3104 | 5195 57 383.19 | 280.56
E\Y4= 15 4.7846 | 54.028 53 425.34 | 291.78
= 16 5.3109 | 56.189 5g 472.12 | 30345
ENYs5= 17 £.8951 | 58.437 60 524.06 | 315.59
\Ye= 18 6.5436 | 60.774 61 581.7 | 328.21
- 19 7.2633 | 63.205 62 B45.69 | 3134
INY?= 20 8.0623 | 65.734 63 716.72 | 354.99
ENYg=
X=10 X=53

At day 10, there are more SARS cases than Ebola cases.
B0 =101.110" = 3

50100 = 3001.040 ™ & 44
At day 53, there are more Ebola cases than SARS cases.

E(53) = 1{1.113" = 252

5(53) = 30(1.04)™ = 239

PTS: 2 NAT: F.LEA.2 TOP: Modeling Exponential Functions

308) ANS:
After 2 years, the balance in the account is $619.35.

Strategy: Write an exponential growth equation to model the problem. Then solve the equation for two
years.

STEP 1: Exponential growth is modeled by the formula 4{¢) = {1+ 71, where:
A represents the amount after t cycles of growth,
P represents the starting amount, which is $600.
r represents the rate of growth, which is 1.6% or .016 as a decimal, and
t represents the number of cycles of growth, which are measured in years with annual
compounding.

The equation is:  A(#) = 600(1 +.016)°

STEP 2: Solve for two years growth.
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A(#) = 600(1 +.016)"

A(Z) = 600(1 +.016)°

A(Z) = 600(1.016)°

A(2) = 600(1.032256)

Al2) = 613.35
DIMS: Does It Make Sense? Yes. Each year, the interest on each $100 is $1.60, so the first year, there
will be 6 x $1.60 = $9.60 interest. The second year interest will be another $9.60 for the original $600

plus 1.6% on the $9.60. The total interest after two years will be $3.60+ $9.60 + 016{$%.60) =~ $19.35,
Add this interest to the original $600 and the amount in the account will be $619.35.

PTS: 2 NAT: A.CED.A.1 TOP: Modeling Exponential Equations
NOT: NYSED classifies this problem as A.CED.A.1
309) ANS:

B =3000(1.042)°

Strategy: Use the formula for exponential growth to model the problem.

The formula for exponential growth is y = a1+ 71"

The formula for exponential decay is y = a(1 - 7).
y = final amount after measuring growth/decay
a = initial amount before measuring growth/decay
r = growth/decay rate (usually a percent)
¢t = number of time intervals that have passed

The problem states that B should be used to represent the final amount after growth.

The problem states that $3,000 is the_initial amount.

The problem states that the growth factor is 4.2%, which is added to 1 and written as 1.042

The problem states that interest is compounded annually, so the number of time intervals is t years.

The final equation is written as B = 3000(1.042)°

PTS: 2 NAT: F.BF.A.l1 TOP: Modeling Exponential Equations

310) ANS: 1
Strategy 1: Use the formula for exponential growth to model the problem.

The formula for exponential growth is y = a(1+ 7).

The formula for exponential decay is y = a(1 - #)".
y = final amount after measuring growth/decay
a = initial amount before measuring growth/decay
r = growth/decay rate (usually a percent)
¢t =_number of time intervals that have passed

The problem asks for the right side expression for exponential growth.

The problem states that $3,000 is the_initial amount.

The problem states that the growth factor is 2%, which is written as .02 and added to 1.

The problem states that interest is compounded annually from age 2 through age 18, so the number of time
intervals is 16 years.
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The final expression for the right side of the exponential growth equation is written as 3000(1 + 0.0} =5

Strategy 2. Build a model and eliminate wrong answers.
Model the words using a table of values to see the pattern.

Krystal’s # Times Amount
Age Compounding
2 0 3000
3 1 3060
4 2 3121.2
5 3 3183.624
18 16 ?

It is clear from the table that the number of times interest compounds is 2 less than Krystal’s age.
Eliminate answer choices ¢ and d, because both show exponents of 18, which is Krystal’s age, not the
number of times the interest will compound.

The choices now are aand b. The table shows that the amounts are increasing, which is exponential
growth, not exponential decay. Eliminate choice 4 because it shows exponential decay.

Check by putting choice a in a graphing calculator using x as the exponent.

Flotl Flokz Floks ) Y4
N
RLH1E*'EIEIEI'21+.EIE} A Zhih
: |
e g ET
sy = £ 3312
Wy = & 337EE
wMMe= =

Answer choice a creates the same table of values, and the amount of money on Krystal’s 18th birthday will
be 3000¢1+ 0.02)™ dollars.

PTS: 2 NAT: F.BF.A.l1 TOP: Modeling Exponential Equations
311) ANS: 3
Strategy: Use the formula for exponential growth: 4 = P{1+#)", where
A represents the amount after growth, which in this problem will be ).
P represents the initial amount, which in this problem will be 9.05 x 10°,
r represents the rate of growth expressed as a decimal, which in this problem will be 0.031 per
year.
t represents the number of growth cycles, which in this problem will be 7
Use the exponential growth formula and substitution to write:
A=Pll+7}
A1 = [a.nﬂ % mf'][l + 0031y
Answer choice c is correct.
PTS: 2 NAT: F.LE.A.2 TOP: Modeling Exponential Functions
312) ANS: 2
Step 1. Understand from the problem that only one of the answer choices will be different from the

others, and one that is different will be the correct answer.
Step 2. Strategy: Use a graphing calculator to find the values of each expression.
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313)

314)

Step 3. Execute the strategy.

a) S00(1.04)° = 562.432

b) S00(1-.04)° = 4423638

c) SO0(1+.04)(1+.04)(1+.04) = 562.432

d) 500+ 500{.04) + 520043 + 540.8(.04) = 562.432

Answer choice b) is the correct answer, because produces a different value.
Step 4. Does it make sense? Yes. You can model an investment problem with compounding interest

using the formula 4 = A{1 + r}’, where A is the amount, P is the initial amount invested, r is the interest

rate expressed as a decimal, and t is the numer of compounding periods. Using this formula, the problem
can be modelled as follows:

A=PFl+r)
A =500(1 +.047°
A =500(1.04)°
A =562.432

PTS: 2 NAT: F.BF.A.l TOP: Modeling Exponential Functions
ANS: 2
Use the formula 4 = P{1+#)*, where A representes the amount in the accout, P represents the amount
invested, r represents the rate, and t represents time.

Anne invested $1000: = 1000

1.3% annual interest rate: »=.013

2years. t=12
Write: A = 1000(1 +.013)*

Then, eliminate wrong answers.
a  A=1000(1-0.013* The minus sign is wrong.
b A4=1000{1+0.0133* Thisis correct.
¢  A=1000(1-1.9* The minus sign is wrong and the annual interest rate is wrong.
d

A=1000{1+1.3* The annual interest rate is wrong.

PTS: 2 NAT: F.BF.A.1 TOP: Modeling Exponential Functions
KEY: Al

ANS:

y=0.25(2".

Strategy: Input the four integral values from the graph into a graphing calculator and use exponental
regression to find the equation.

L1 Lz L3 :EDIT WTEET? ExFFizd]
z 1 | __ STLinkEegl a+hx =gkl ™
a E 9=EHEEQQ E=i25
“FRe =
. R : PurEeg a
B:Lodistic
C:SinkEed
LziEY = O: Marual-Fit

Alternative Strategy: Use the standard form of an exponential equation, which is y = a&".
Substitute the integral pairs of (2,1) and (3,2) from the graph into the standard form of an exponential

equation and obtain the following: 1=a&* and 2 = a&®.

Page 408



315)

316)

Therefore, Zab® = ab*

ab’
it

ab?
2=h

Accordingly, the equation for the graph can now be written as y = & - 2*.
Substitute the integral pair (4,4) from the graph into the new equation and solve for «, as follows:

y=a 2"
4=g 2*
=g 16

4

ﬁ=ﬂ'

—_

=

Fu | —

The graph of the equation can now be written as y = & ("

PTS. 2 NAT: F.LEA.2 TOP: Modeling Exponential Equations
ANS: 1
Strategy #1: Check each answer using a graphing calculator.

NORHAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP
PRESS + FOR aTh1
Plotl Plot2 Plot3 Y1
............................ Hn...................... e 150
EINY1B150(0. 85) i 12?7.5
2 108.38
..................................................... 3 92.119
= y 78.301
I\Yz_ 5 66.556
E\Y3= 6 56.572
ENY 4= 7 48.087
E\Ys= 8 40.87Y
5= ] 34743
NYe= 19 29.531
ENY 7=
- A e — x=0

Strategy #2: Use exponential regression to model the data in the table.
y = 149.55(0.8499)"

PTS: 2 NAT: F.BF.Al
ANS: 3
All of the answer choices involve exponential equations and are in the form of

A=r1A
where A represents the current value, P represents the starting amount, » represents the rate of growth or
decay, and ¢ represents the number of times that growth occurs.

This answer choices involve two equations, ¥7x) = 4{0.65)"and F(x) = 4(1.35)" combined with the words
growth and decay. The table shows that the value of V(x) is growing.
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Therefore, any answer choices showing exponential decay must be eliminated and any answer choices
where the value of {1+ 7) <1 must be eliminated. This leaves only ¥ix) = 4{1.35"and it grows as the
only correct answer.

This can be checked by inputting #7x) = 4{1.35)" into a graphing calculator and inspecting the resulting
table to see it it matches the table given in the problem

NORMAL FLOAT AUTO REAL RADIAN MP RMAL FLOAT AUTO REAL RADIAN MP f
PRESS + FOR aTb1
Plotl Plot2 Plot3 x in
E\Y1B4(1.35)" t sy
ENY 2= 3 9.8415
N ==
ENY 4= )
6 24.214
N ks
6= )
N Ll
ENYs=
=0
PTS: 2 NAT: F.LEA.2 TOP: Modeling Exponential Functions
KEY: Al
317) ANS:

0.5 represents the rate of decay and 300 represents the initial amount of the compound.

Strategy: Use information from the problem together with the standard formula for exponential decay,
which is 4 = {1 - r}’, where A represents the amount remaining, P represents the initial amount, »
represents the rate of decay, and 7 represents the number of cycles of decay.

A=P1-7°

P =30000.5°
The structures of the equations show that 2= 300 and {1-7) = 0.5
Accordingly, 300 represents the initial amount of chemical substance in milligrams and 0.5 represents the
rate of decay each year.

PTS: 2 NAT: F.LE.B.5 TOP: Modeling Exponential Equations

318) ANS: 3
Strategy 1: The y-intercept of a function occurs when the value of x is 0. The strategy is to evaluate the

function y = 5000{0.93Y" for x =0
ARGECE. 95"

2BEE

This represents the amount of money in the account before exponential decay begins.

Strategy 2. Input the equation in a graphing calculator and view the table of values.
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Flokl Flatz Flatz b Wy
nLd
“Ny BSEEECE, St | CE] s
S | uene

e g 4511.8

M= L ycio g

Ay = B Yyza.z

~Ne=

The table of values clearly shows the initial value of the account and its exponential decay.

PTS: 2 NAT: F.IF.C.8 TOP: Modeling Exponential Equations
319) ANS: 2

Strategy: ldentify each of the parts of the function ¥7#1 = 1350{1.017)", then answer the question.

¥i) represents the current value of the comic book in dollars.

1350 represents the original value of the comic book when it was purchased.

(1.017) represents the growth factor, which consists of (1+r), where r is the rate of growth per year. The
value of r is 0.017, which is found by subtracting 1 from (1.017).

¢ represents the number of years since its purchase.

The problem wants to know the value of r, which is 0.017. However, all of the answer choices are
expressed as percents rather than decimals. A decimal may be converted to a percent as follows:

07 a%
I~ 100%
017100 = x%
L.7% = 2%
017 17%
I~ 100%

The yearly appreciation rate of the comic book is 1.7% and the correct answer is b.

DIMS? Does It Make Sense? The appreciation rate seems to make sense, but it is difficult to understand
why someone would originally pay $1,350 for a comic book.

PTS: 2 NAT: ASSE.A1  TOP: Modeling Exponential Equations

320) ANS:
The percent of change each year is 5%.

Strategy: Use information from the problem together with the standard formula for exponential decay,
which is 4 = P{1- 71", where 4 represents the amount remaining, P represents the initial amount, »
represents the rate of decay, and ¢ represents the number of cycles of decay.

A=F1-7°

y = 5100{0.95)
The structures of the equations show that {1 -#) = 0.95,

Solving for r shows that » = 0.05, or 5%.

Page 411



321)

322)

323)

(1-7)=0.95

-r=095-1
—-r=-0.05
r=10.05
PTS: 2 NAT: F.LE.B.5 TOP: Modeling Exponential Functions
ANS: 4

Strategy: Use the formula for exponential growth or decay, which is 4 = 2{1+ 7", where
A represents the amount after ¢ growth or decay cycles.

P represents the starting amount.

r represents the rate of growth expressed as a decimal, and

¢ represents the number of growth or decay cycles.

In the equation A4 = 1300(1.02), the number 1.02 corresponds to {1+ 73, so write

l2=1%r
102-1=r
Ni=r
o=r
1.02 means that the growth rate is 2%.
PTS. 2 NAT: ASSE.A.1  TOP: Modeling Exponential Functions
ANS: 2

The function v(x3 = 30,00000.783" is of the form 4 = P{1+#)°, which represents exponential growth or
decay. The term in parenthesis (0.78) is equal to (1+r), so we can write and solve the following equation:

D78=1+%8
07E-1=r
-0.2i=r
=2 =r
PTS: 2 NAT: F.LE.B.5
ANS: 3

Strategy: Input the function in a graphing calculator and study the graph and table views, then eliminate

wrong answers.

NORMAL FLOAT AUTO REAL RADIAN HMP
HORMAL FLOAT AUTO REAL RADIAN HMP PRESS + FOR &Tb1 1
Plotl Plotz Plot3 - X 12\;1
I\Y18120(.92)%? 2 108
INY2=1 y 87.48
PN : |ne
B\Yq= ? 63.773
N e
\Y&= .
10 46.49
ENY?= 41.841
ENYs=
x=11
a) The number of miles he runs will irerease by 90% each week.
b) The number of miles he runs will be 28% of the previous week.
c) 2w represents the total mileage run in a given week.

&) w represents the number of weeks left-untibhis-marathen.
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PTS: 2 NAT: F.LE.B.5 TOP: Modeling Exponential Functions

324) ANS:
The percent that the value of the car decreases each year is 15%.

Strategy: Note that v(#) = P{.&5)" is of the exponential growth/decay form 4 = {1+ #)", and that the
value (.85) in parentheses corresponds to the expression {1 + 7). Since the value of the car decreases, this
is exponential decay. The relationship between the corresponding expressions can be written as

(&S =(1-r).

Solve for r as follows:

(85 =(1-7)
Bi=1-r
B5-1l=-r
-1li=-r
di=r
PTS: 2 NAT: F.LE.B.5 TOP: Modeling Exponential Functions
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K - Polynomials, Lesson 1, Identifying Solutions (r. 2018)

POLYNOMIALS
Identifying Solutions

Common Core Standard Next Generation Standard

A-REI.10 Understand that the graph of an equation | Al-A.REI.10 Understand that the graph of an equation in
in two variables is the set of all its solutions plotted | two variables is the set of all its solutions plotted in the

in the coordinate plane, eftenforming-a-curve— coordinate plane.

{which-could-be-aline) Note: Graphing linear equations is a fluency recom-
mendation for Algebra I. Students become fluent in

solving characteristic problems involving the analytic
geometry of lines, such as writing down the equation
of a line given a point and a slope. Such fluency can
support them in solving less routine mathematical
problems involving linearity; as well as modeling lin-

ear phenomena.

LEARNING OBJECTIVES

Students will be able to:

1)
Overview of Lesson
Teacher Centered Introduction Student Centered Activities
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
balanced equation ordered pair table of values
graph solutions true statement

BIG IDEAS

A solution to an equation is a value or values that satisfy the equation.

e In equations, solutions are those values that make the left expression equal to the right expression. When
both the left and right expressions are equal in value, the equation is said to be balanced and the equation

becomes a true statement.
e Intables of values, solutions appear in the form of ordered pairs that, when substituted into the equation,

will make the equation balance.

Page 414



e Inagraph, solutions appear as points on the line. The graph of an equation represents the set of all points
that satisfy the equation (make the equation balance). Each and every point on the graph of an equation
represents a ordered pair that can be substituted into the equation to make the equation true. Thus, if a
point is on the graph of the equation, the point is a solution to the equation.

MODELING ESSENTIAL SKILLS

?Solution? Balanced Table Graph
and Equation Equation of Values
Is (2,3) a solution of rress s ponary 0 S !
( 2) yzé’”l i
y==x +1 g 523333 L/
3 3= 2(2)41 s
( )_E( )+ P [ _—
3 _ i—i_l X].:B ?.6667
3 No, the table of values | No, the point (2,3) is
9=4+3 shows: when x=2, not on the graph of the
927 the values of y is line
No, the equation does 2.3333.
not balance.
Is (4,-1) a solution of y=—x+3 - -;\;1- ! 1
yeos (9=—@+3 | S
1=-4+3 =
1=-1 AE t \
Yes. The equation x=0 .
balances. Yes. The table of Yes. The pOInt (4!'1)

values shows that when

X =4, the value of y is
-1.

is on the graph of the
line
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DEVELOPING ESSENTIAL SKILLS

Determine if the given ordered pair is a solution to the given equation using three different methods for

identifying solutions.

Graph

ya
A

No, the point (4,5) is
not on the graph of the
line

?Solution? Balanced Table
and Equation Equation of Values
Is (4,5) a solution of y=2x-4 i roer L o
y:2x_4’) (5)=2(4)_4 é gg
524 L
No. The equation does | x=o
not balance. No. The table of
values shows that when
X =4, the value of y is
also 4.
Is (5,1) a solution of y=x’—x+4 S e 1
=x" - ? -
e W=6r-)+4 ||} |i
1=25-5+4 foa
124 b |5
No. The equation does | B2
not balance. No. The table of

values shows that when
x=5, the value of y is

Is (4,-10) a solution of
y=—x"+x+27?

y:—x2+x+2
(-10) = —(4)" +(4)+2
10=-16+4+2

-10=-10
Yes. The equation
balances.

NORHMAL FLOAT AUTO REAL RADIAN MP n

\i/ ,

No, the point (5,1) is
not on the line.

24,

R OR & Tb 1
X Y1
0 2
1 2
2 ]
3 -y
y -10
5 -18
6 28
? “4@
8 -y
9 70
18 -88
X=0
Yes. The table of

values shows that when
x=4, the value of y is -
10.

NORMAL FLOAT AUTO REAL RADIAN MP n

3
/1)

Yes. The point (4, -
10) is on the line.
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325)

326)

327)

328)

329)

325)

REGENTS EXAM QUESTIONS (through June 2018)

A.REI.10: Identifying Solutions

On the set of axes below, draw the graph of the equation y = —% r+3.

Is the point (3, 2) a solution to the equation? Explain your answer based on the graph drawn.

Which point is not on the graph represented by y = x4 dxn— 67
1) (-6, 12) 3) (2,4)
2) (—4,-2) 4) (3,-6)

The solution of an equation with two variables, x and y, is
1) the set of all x values that makey = (). 3) the set of all ordered pairs [:x,yj, that

makes the equation true.
2) the set of all y values that make x = 0. 4) the set of all ordered pairs (x.y ], where

the graph of the equation crosses the y-
axis

Which ordered pair would rot be a solution to y = x - x?
1) (—4,-60)

2) (=3,-24)

3) (—2,-6)

4) (-1,-2)

Which ordered pair below is not a solution to fix) = -3x+4?
1) (0,4

2) (1.5,7.5)

3) (514)

4) (-1,6)

SOLUTIONS

HBIRRE

No, because (3, 2} is not on the graph.
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326)

Strategy #1. Use the y-intercept and the slope to plot the graph of the line, then determine if the point {3, 2} is on
the graph.

STEP 1. Plot the y-intercept.
Plot (0,3). The given equation is in the slope intercept form of a line, = mx + &, where b is the y-intercpet.
The value of b is 3, so the graph of the equation crosses the y axis at {0, 3.

STEP 2. Use the slope of the line to find and plot a second point on the line. The given equation is in the slope
intercept form of a line, y = mx + &, where m is the slopet. The value of mis _TE so the graph of the equation has
a negative slope that goes down three units and across four units. Starting at the y-intercept, (0, 3}, if you go down
3 and over 4, the graph of the line will pass through the point 4, 0].

STEP 3. Use a straightedge to draw a line that passes through the points (I, 31 and (4,0},
STEP 4. Inspect the graph to determine if the point (3,2} is on the line. It is not.

Strategy #2. Input the equation of the line into a graphing calculator, then use the table of values to plot the graph
of the line and to determine if the point (3,2} is on the line.

Flokl Flokz Flakz ] b L
h$1 Be -3sd2n+3 \\\ 1 2.25
wNe= ]

W= I o [ o L8

~NWy= [ _'“'-.,_____\ y ]

~Ve=1 - C i

M= ! B -1k

N i 5 =3

Be sure to explain your answer in terms of the graph and not in terms of the table of values or the function rule.
PTS: 2 NAT: A.REIL.10 TOP: Graphing Linear Functions

ANS: 4

Straegy: Input the equation in a graphing calculator, then use the table of values to eliminate wrong answers.

STEP 1. Input the equation and look at the table view of the function.

Flotl Flakz Flab: T L1 = L

W BT+ IR E| i A |

VL 3|z I |

N IE f— i

:Esfl 0 “B £ £
6= = - F, b=,

STEP 2. Eliminate answers that are on the graph.

The point (-6, 12) is on the graph, so eliminate answer choice a.

The point (-4, -2) is on the graph, so eliminate answer choice b.

The point (2, 4) is on the graph, so eliminate answer choice c.

The point (3, -6) is not on the graph, so answer choice d is the correct answer.
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327)

328)

PTS: 2 NAT: A.REIL.LD.10 TOP: Graphing Quadratic Functions

ANS: 3

1. Understanding: The problem is asking for the definition of solution as it relates to to equations with two
variables.

2. Strategy: Examine each answer choice and eliminate wrong answers.

3. Execution of Strategy:

a) the set of all x-values that make y = 0 is used to find the x-intercepts of an equation.

b) the set of all y-values that make x = 0 is used to find the y-intercepts of an equation.

c) the set of all ordered pairs, (X,y) that makes the equation true is the best answer choice.

d) the set of all ordered pirs, (x,y) where the graph of the equation crosses the y-axis is too limiting.

4. Does it Make Sense? Yes. An equation is true if the left expression equals the right expression. If the
equation has two variables, then the solution to the equation must have values for each variable.

PTS: 2 NAT: A.REILD.11
ANS: 4
Strategy #1: Input the equation into a graphing calculator and inspect the table of values to see which answer

choices are solutions to the equation.
NORMAL FLOAT AUTO REAL RADIAN MP

NORMAL FLOAT AUTO REAL RADIAN HMF n
PRESS + FOR &Thb1

Plotl Plot2z Plot3 _ E“gi
I\Y1BX°-X e B
INYz=1 % 5
ENY 3= 0 0
ENY 4= % 2
ENYs= 3 24

\NYe= y 60
N =t
ENY 5=

X=-4

Note that (—4,-60), (-3,-24), and (-2,—6) appear in the table and are, therefore, solutions to the equation

y=x"—x. The ordered pair (—1,—2) does not appear in the table and is, therefore, not a solution to the equation

y=x3—m
Strategy #2
Substitute each ordered pair into the equation y = x* —x and see if the equation balances.
(—4,—60) Equation balances. (—2,—6) Equation balances.
y=x-x y=x -z
—fi0 = —4% — (-4) ~fi=-2% (-2
—fil = —64 + 4 —f=—8+1
—ill = — —fi=—f
(=3,-24) Equation balances. —1,-2) Equation does not balance.
y=x-x y=x-x
~24 = -3 - (-3) —2=-1"-(-2)
—24 = -27+73 —I#-l+d
~24=-124 ~2=1
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329)

PTS: 2 NAT: A.REI.D.10 TOP: Identifying Solutions

ANS: 4
Strategy: Use the table of values view in a graphing calculator to find the ordered pair that does not satisfy the

function.
STEP 1. Input ffx) = x* - 3x+4 into a graphing calculator

STEP 2. Set table view to increase by half integers.
STEP 3. Inspect table and eliminate any answer choice that appears in the table.

Flatl ?mz Flots ?E%ELSEIUE b 4
- aFrt= -1 |}
:ﬁlgﬁ St aTbl=. 5 S
W T = Indrhnt.: A=k| % .
WMy = [leFand: A= k| 1 :
g = %5 %fE
“MWE= —
= -1

STEP 4. Select the ordered pair that does not appear in the table of values.
STEP 5. Check: The ordered pair (-1,6) does not appear in the table of values and will not satisfy the function

rule fix) = x° - 3x+4.
A =x*-3x+4

b (—10% —3-1)+4
f=1+3+4
=

PTS: 2 NAT: A.REIL.D.10 TOP: Identifying Solutions
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K - Polynomials, Lesson 2, Operations with Polynomials (r. 2018)

POLYNOMIALS
Operations with Polynomials

Common Core Standard Next Generation Standard
A-APR.A.1 Understand that polynomials form a Al-A.APR.1 Add, subtract, and multiply polynomials
system analogous to the integers, namely, they are and recognize that the result of the operation is also a pol-

closed under the operations of addition, subtraction, | ynomial. This forms a system analogous to the integers.
and multiplication; add, subtract, and multiply poly- | Note: This standard is a fluency recommendation for
nomials. Algebra I. Fluency in adding, subtracting and multi-
plying polynomials supports students throughout their
work in algebra, as well as in their symbolic work with
functions.

LEARNING OBJECTIVES

Students will be able to:

1) add, subtact, and multiply polynomials.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

VOCABULARY

= Polynomial: A monomial or the sum of two or more monomials whose exponents are positive.
Example: 54° + ba — 3
e Monomial: A polynomial with one term; it is a number, a variable, or the product of a number (the
coefficient) and one or more variables

Examples: —%, x* 4a’b, -1.2, m*n°p*

e Binomial: An algebraic expression consisting of two terms
Example (5a + 6)
e Trinomial: A polynomial with exactly three terms.
Example (a? +2a - 3)
e Like Terms: Like terms must have exactly the same base and the same exponent. Their
coefficients may be different.  Real numbers are like terms.
Example: Given the expression
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1x? + 2y + 3x% + 4x + 5x° + 6y + 7y + 8x% + 9y?,
the following are like terms:
1x? and 3x?
2y and 7y
4x has no other like terms in the expression
5x% and 8x°
6y? and 9y?
Like terms in the same expression can be combined by adding their coefficients.
1x? and 3x? = 4x?
2y and 7y =9y
4x has no other like terms in the expression = 4x
5x3and 8x® =13x®
6y? and 9y? = 15y?
1% + 2y + 3x% + 4x + 5x° + 6y? + 7y + 8x° + 9y? = 4x? + 9y + 4x + 13x° + 15y?

BIG IDEAS

Adding and Subtracting Polynomials

To add or subtract polynomials, arrange the polynomials one above the other with like terms in the same

columns. Then, add or subtract the coefficients of the like terms in each column and write a new

expression.
Addition Example Subtraction Example
Add: (3r*—9r°—8)+(4r* +8r° -8) Subtract: (3r* -9r° ~8)—(4r*+8r°-8)
3r -or® -8 3r! -or® -8
4rt  +8r° -8 -(4r4) -(+8r3) -(-8)
4 3
mooo-r -0 1 176 40

Multiplying Polynomials
To multiply two polynomials, multiply each term in the first polynomial by each term in the second
polynomial, then combine like terms.

Example:
Multiply: (-8r® —9r+7)(-5r+1)

STEP 1: Multiply the first term in the first polynomial by each term in the second polynomial, as
follows:

-8r%(-5r+1)
-8r% (-5r)+-8r* (1)

STEP 2. Multiply the next term in the first polynomial by each term in the second polynomial, as
follows:

Page 422



-9r (-5r+1)
-9r(-5r)+-9r (1)

STEP 3. Multiply the next term in the first polynomial by each term in the second polynomial, as
follows:

7(-5r+1)
7(-5r)+7(1)

STEP 4. Combine like terms from each step.
40r® -8r” + 45r* -9r -35r +7

40r®  +37r? A4r  +7

DEVELOPING ESSENTIAL SKILLS

When 3g* - 4g + 2 is subtracted from 7g* + 5g— 1, the difference is

& —4g*-9g+3 C. 4g+9g-73

b. 4gg+g+1 d. lﬂgg+g+1
When 4z% + 7x— 5 is subtracted from 9x° — 2Zx + 3, the result is

a sx4psx-12 C. —sx45x-12

b. 3% _9x4+8 d 53 1ox—3
The sum of 4x” + 6x° + Zx— 3 and 3x° +3x° - 5x—5 is

a 7xfy3xt-3x-3 C. 7xiyo9xi-3x-8
b, 72 432 4 Tx4 2 d 7% yoxt-3x7 -2
What is the result when 2z* + 3xy— 6 is subtracted from z* — Ty + 2?2
& —x*—10xy+8 C. —x*—dxy—4

b »* 4 102y -3 d x*—d4x-4
When 5x + 4y is subtracted from 5x — 4y, the difference is

a. 0 c. &y

b. 10x d. -8y

What is the sum of —=3x* — Tx+ 9 and —5x* + 6x— 4?

a —gx®-x+5 C. —gx*—13x+13
b. —gx*—x+5 d—gx*—13x* +13
When 8z% + 3x + 2 is subtracted from 9x° — 3x— 4, the result is

a. xi-z C. —x*4+6x+6

b. 17x%-2 d ' —6x-4

The sum of 3z + 5x— 6 and —x° + 3x+ 9 is

a xiyEx-15 C. zxt+dxi+3

b. 2x% 4 8x+3 dax? 1 2x-15
When 2z% - 3x+ 2 is subtracted from 4x° — 5x + 2, the result is

a x*-x C. —zx*—8x+4
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b. —3x? 4 2x d2x'-8x+4
10. The sum of &% — 32+ 10 and —3n° — 62— T is

& spf 043 C. —1ln®-9r-17
b. 5p?—3m-17 d —11p?-3n+3
11. What is the result when 4x* — 17x + 36 is subtracted from 2x* — 5x+ 25?
& fx*-22x+61 C. —zx*-22x+61
b. 2xi-12x+11 d _zxfii12x-11
12. When 6x% — 4z + 3 is subtracted from 3x* — 2x + 3, the result is
a. 3xi-ax C. 3xi-6x+6
b. —3x% 4 2x d 3 —6x+6

13. What is the product of (= + &) and {z - 5)?

& gfy3e-40 C. ¥4 13c-40
b. £ —3--40 d z*-4n
2
14. The expression [aj + bz] is equivalent to
a gyt C. a*yza®d?spt
b. a4+azbg+b4 d ﬂ'4+4lﬂ'jbz+b4
15. The expression (x— f3* is equivalent to
. x*-3f C. x*—12x+ 36
b. x?+36 dx? 4 12x+ 36

16. The length of a rectangle is represented by x* + 3x+ 2, and the width is represented by 4x. Express the perimeter
of the rectangle as a trinomial. Express the area of the rectangle as a trinomial.
17. What is the product of {3x+ ) and {x—7)?

& 3x% - 14 C. 3x®-19x- 14

b. 3x* - sx-14 d3x* - 23x- 14
18. What is the product of —3z*y and (5xy* + 171?

& —15x7y" - 3xty? C. —15x%y* —3x'y

b —1527y* - 32y d —1527%" + 2y

Answers
1.ANS: C 6. ANS: A 11. ANS: D

2. ANS: B 7. ANS: D 12. ANS: B
3. ANS: C 8. ANS: B 13. ANS: A
4. ANS: A 9. ANS: A 14. ANS: C
5 ANS: D 10. ANS: A 15. ANS: C
16. ANS:

Pe2ix* +3x+ 0+ 2(42) = 22 + fx+ 4+ 82 =227 + 14x + 4
A=dxx +3x+ D =42+ 12x" + 3

17. ANS: C

18. ANS: A
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REGENTS EXAM QUESTIONS (through June 2018)

A.APR.A.1: Operations with Polynomials

330) If A=3x"+5x—6 and B=-2x" - fix+ 7, then 4- & equals
1) —s5x*—11x+13 3) —sxfozx+1
2) sx*yllx-13 4) 53— x4

331) Express the product of 2x* +7x-10 and x+5 in standard form.

332) Fred is given a rectangular piece of paper. If the length of Fred's piece of paper is represented by Zx - & and the
width is represented by 3x— 5, then the paper has a total area represented by
1) sz-11 3) 10x-22
2) fix* - 282+ 30 4) 6x - hx- 11

333) Subtract 5x* + 2x—11 from 3x° + 8x—7. Express the result as a trinomial.

334) If the difference (3x* — Zx+ 5)— (x* + 3x— 23 is multiplied by %xz, what is the result, written in standard form?

335) Which trinomial is equivalent to 3{x - 2)2 - 2x-11?

1) 3x-2x-10 3) ax-ld4x+ 10

2) 3x*-2x-14 4) 3x* - 14x+ 14
336) When (2x— 1% is subtracted from 5x° the result is

1) z*-12x-9 3) x*+12x-9

2) - 12x+9 4) x*y12x+9
337) The expression At - 1 - (x* - Tx+ 10) s equivalent to

) zx*-7x+7 3) x*-Tx+9

2) x*+Tx-13 4) =+ Tx-11
338) What is the product of 2x+ 3 and 4x* — 5x + 62

D ex®-2x?+3x+ 18 3) &xf+2xt-3x+18

2) ax¥—ax*-3x+ 18 4) axt 422+ 3x+ 18
339) Which expression is equivalent to 2{3g—4) - (8g+ 31?

1) -2g-1 3) -2g-7

2) -2g-5 4) -2g-11

340) Express in simplest form: (3z* + 4x— 81— (22" + 4z + 2)
341) Write the expression 5x + 4% (2x+ T - fx* - 9x asa polynomial in standard form.
342) Which polynomial is twice the sum of 47° - x+1 and —6ix° + x— 47

1) —z2x*-3 3) —4x®-p
2) _4x%_13 4) —mfix-5
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SOLUTIONS

330) ANS: 2

331)

332)

333)

Strategy: To subtract, change the signs of the subtrahend and add.
Given: Change the signs and add: 3x* + Sx— 6
3%t + 5x— 6 4
+dx° + 6x—- 7
—[—Exj—ﬁ;HTJ a
s+ llx-13
PTS: 2 NAT: A.AAPR.A.1  TOP: Addition and Subtraction of Polynomials

KEY: subtraction
ANS:

2x% 172 + 25x - 500
Strategy: Use the distribution property to multiply polynomials, then simplify.

STEP 1. Use the distributive property
(2x% + To— 100(x + 5)

2x% 4 10x% + Tx* + 35x— 10x—- 50

2x* + 17%° + 25x - 500
STEP 2. Simplify by combining like terms.

220 4 10x% + 7% + 352 — 10x— 50
22 +17x + 257 - 50

PTS: 2 NAT: A.AAPR.A.1  TOP: Multiplication of Polynomials
ANS: 2
Strategy: Draw a picture and use the area formula for a rectange: 4 = fw.

A=(2x-6)(3x-5) | 3x-5

2x-6
A={2x-8)3x- 5
A=fix* - 10x— 18x+ 30
A= 62" - 282+ 30

PTS: 2 NAT: A.AAPR.A.1  TOP: Multiplication of Polynomials
ANS:
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334)

335)

Strategy: To subtract, change the signs of the subtrahend and add.

Given: Change the signs and add: ~ 3x* + 8z~ 7
%t + 8x—7

—5xt — x4+ 11

—[5xf‘+2x—11]

— 22t 4 Bx+ 4
PTS: 2 NAT: A.AAPR.A.1  TOP: Addition and Subtraction of Polynomials
KEY: subtraction
ANS:
s 5.3 Y o2
X = X+ = X

Strategy. First, find the difference between {3x* — 2x + 5) - (x* + 3x— 2), the use the distributive property to
multiply the difference by %xj. Simplify as necessary.

STEP 1. Find the difference between {3x* — 2x + 5) - (x* + 3x— Z). To subtract polynomials, change the signs of
the subtrahend and add.

Given: (3x° - 2x+ 5) Change the signs and add:3x* — 2z + 5
~(x* + 32— 2 %" —3x+2
2%t —5x+ 7

STEP 2. Multiply 2% - 5x+7 by %xj.

lxg [Exg - 5x+?]

2

4 5 3 T 3

X 2.7{ + 2?{
PTS: 2 NAT: A.AAPR.A.1  TOP: Operations with Polynomials
KEY: multiplication
ANS: 4

Strategy: Expand and simplify the expression 3(x — 2% - 2(x- 1)

STEP 1 Expand the expression.
Wxt —dx+ - 2x-1)

ikt - 12x+12-2x+2

STEP 2: Simplify the expanded expression by combining like terms.
3 — 12x+ 12-2x+ 2

3% - 14x+ 14

PTS: 2 NAT: A.AAPR.A.1  TOP: Operations with Polynomials
KEY: mixed
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336)

337)

338)

339)

340)

ANS: 3
Strategy: Expand the binomial, then subtract it from 5x*
5x° - [(2x-3)°
5%t - (Zx- 32x-3)
5% — (dx® - fx—fx+ 9)
Sxt - (4x - 12z 4+ 0
Sxt—d4x® 4 12x-9
x4 12x-19
PTS: 2 NAT: A.AAPR.A.1  TOP: Operations with Polynomials
KEY: multiplication
ANS: 2
3xt - - (2" = Tx+ 10)
3 - 3-xt + T - 10
2%+ Tx— 13
PTS: 2 NAT: A.AAPR.A.1  TOP: Operations with Polynomials
KEY: subtraction
ANS: 3

Strategy: Use the distributive property
(2x+73) [43:2 - 5x+ lﬁj

Sxt - 10x% + 12x+ 12x° — 15x+ 13

gx’ [—mx" + 12x"][+12x— 152 + 13
8x° 4+ 2x% - 3x+ 13

PTS: 2 NAT: AAPRA.L
ANS: 4

Given | 2(3g—-4)-(Bg+3)
Distributive Property fig—8-8g-13

Combine Like Terms -2g-11
PTS: 2 NAT: A.AAPR.A.1  TOP: Operations with Polynomials
KEY: subtraction
ANS:
5x* - 10
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x4+ d4x-8

—(~2x% + 4x + 2)

skt -1
PTS: 2 NAT: A.AAPR.A.1  TOP: Operations with Polynomials
KEY: subtraction
341) ANS:
Sx+4xt(2x+ - 62" - 9x
Sx+ 8x% 4 28x% - fx® - 9x
axd +28x - 6x° - 9x+ 5x
2x® + 22x% — 4x Answer
PTS: 2 NAT: A.AAPR.A.1  TOP: Operations with Polynomials
KEY: multiplication
342) ANS: 3
STEP 1. Solve for the sum of 4x* - x+ 1 and —6x° + x — 4.
axt - x4+ 1
—fix® +x—4
-t -3

STEP 2. Solve for twice the sum of —2x* - 3.
2-2x" - ) = —4x* - 6

PTS: 2 NAT: A.AAPR.A.1  TOP: Operations with Polynomials
KEY: addition
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K - Polynomials, Lesson 3, Factoring Polynomials (r. 2018)

POLYNOMIALS
Factoring Polynomials

Common Core Standard

A-SSE.2 Use the structure of an expression to iden-
tify ways to rewrite it. For example, see x* - y4 as

2y2 22 o .
(x°) = (y°)", thus recognizing it as a difference
of squares that can be factored as
2 2y(.2 2
(" =)+ %)
PARCC: Tasks limited to numerical and polynomial expressions

in one variable. Recognize 532 — 472 as a difference of squares
and see an opportunity to rewrite it in the easier-to -evaluate form
(53+47)(53-47). See an opportunity to rewrite @® +9a +14 as
(a+7)(at+2).

NYSED: Does not include factoring by grouping and factoring
the sum and difference of cubes.

Next Generation Standard

Al-A.SSE.2 Recognize and use the structure of an expression
to identify ways to rewrite it.

(Shared standard with Algebra I1)

e.g.,

X=X x = x(x*-x - 1)

532 47%= (53 + 47) (53 - 47)

16x*— 36 = (4x)°'— (6)° = (4x + 6) (4x — 6) = 4(2x + 3) (2x - 3) or
16x*— 36 = 4(4x°— 9) = 4(2x + 3) (2x — 3)

-2x+ 8x + 10 = -2(x*- 4x - 5) = -2(x - 5) (x + 1)

X4+ 8- 7 = ¢+ )(XP-1) = 6+ T)(x + 1)(x - 1)

Note: Algebra | expressions are limited to numerical and poly-
nomial expressions in one variable. Use factoring techniques
such as factoring out a greatest common factor, factoring
the difference of two perfect squares, factoring trinomials
of the form axz2+bx+c with a lead coefficient of 1, or a com-
bination of methods to factor completely. Factoring will not
involve factoring by grouping and factoring the sum and differ-
ence of cubes.

LEARNING OBJECTIVES

Students will be able to:
1) factor monomials
2) factor binomials, and
3) factor trinomials

Overview of Lesson

Teacher Centered Introduction

- activate students’ prior knowledge
- vocabulary

- learning objective(s)

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

Student Centered Activities

- big ideas: direct instruction entry)
- modeling
VOCABULARY
binomial monomial trinomial
factor completely perfect square
greatest common factor term

Page 430




BIG IDEAS

Factoring polynomials is one of four general methods taught in the Regents mathematics curriculum for
finding the roots of a quadratic equation. The other three methods are the quadratic formula, completing

the square and graphing.
= The roots of a quadratic equation can found using the factoring method when the discriminant’s
value is equal to either zero or a perfect square.

Factoring Monomials:
204x2 = 2(102x2)= 2-2(51x2) - 20203(17x2) —2%e3e170x?

Factoring Binomials: NOTE: This is the inverse of the distributive property.
3(x + 2) =3x+6

2x? +6x = 2x(x+3)

Factoring Trinomials

Standard Approach
Given a trinomial in the form ax® +bx+c=0 whose discriminant equals zero or a perfect square, it may

be factored as follows:
STEP 1. The product of these two numbers
must equal c.

TN

ax2+bx+c=O=( X )(

~.7

STEP 2. The signs of these two numbers are
determined by the signs of b and c.

5o
~_

Outers

ax2+bx+c=0=(

STEP 3. The product of the outer numbers plus the product of the inner numbers
must sum to b.

Modeling:
x> —5x+6 :(x—Z)(x—3)

2x? —8x+6=(2x—2)(x—3)
4x* -10x+6 :(2x—2)(2x—3)
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Box Method

g | NX C

The Box Method
for

Factoring a Trinomial

ax’ +bx+c=0

bx = mx + nx

INSTRUCTIONS

EXAMPLE

STEP 1 Start with a factorable quadratic in stand-

ard form:  ax’ +bx+c =0 and a 2-row by 2-
column table.

Solve by factoring: 6x*—x-12=0

STEP 2 Copy the quadratic term into the upper
left box and the constant term into the lower right
box.

6x?

-12
STEP 3 Multiply the quadratic term by the con- 62
stant term and write the product to the right of the v
table.
-12
6x° x—12 =

STEP 4 Factor the product from STEP 3 until Lex—72x
you obtain two factors that sum to the linear term

~Ixx72x
(bx).

2xx—36x

—2xx36x

3xx—24x

—3xx24x

4xx—-18x

—4xx18x

6xx—-12x

—6xx12x

8xx—-9x These two factors sum to bx

—8xx9x
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STEP 5 Write one of the two factors found in
STEP 4 in the upper right box and the other in the
lower left box. Order does not matter.

6x?

-12

STEP 6 Find the greatest common factor of each
row and each column and record these factors to
the left of each row and above each column.

Give each factor the same plus or minus value as
the nearest term in a box.

NOTE: |If all four of the greatest common
factors share a common factor, reduce each
factor by the common factor and add the
common factor as a third factor. Eg.

(8x—-9)(3x—15)= 3(x—3)(x-5)

2X -3

3x | 6x?

STEP 7  Write the expressions above and beside
the box as binomial factors of the original trino-
mial.

(2x—3)(3x+4) =0

STEP 8 Check to see that the factored quadratic
is the same as the original quadratic.

(2x—3)(3x+4) =0
6x2+8x—9x-12=0
6x2—9x—12=0 check

STEP 9 Convert the factors to zeros.

(2x—3):0
2x=3

DEVELOPING ESSENTIAL SKILLS

a. 2x—6ix+1) C.
b. 2(x+fix—1) d.

& 3(x*-x-6) C.
b. 3(x—Nix+2) d.

3. What are the factors of the expression x4 x-20?

a. (x+ 5 and(x+4) C.
b, (x+5and(x-4) d.

1.Factored completely, the expression 2 + 10x- 12 is equivalent to

2x+ 2+ D
2x-2x-1

2. Factored completely, the expression 3x - 3x- 18 is equivalent to

(Gx—Nix+ 2
(x+ 61—

(x—5)and (x +4)
(x—5)and (x -4
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10.

11.

12.

13.

14.
15.

16.

17.

Factored completely, the expression 3x® - 33x° + 90x is equivalent to
& 3xix® - 33x+ 90) C. dx(x+5)x+6)

b, Fx(x* - 11x+ 30) d. 3x{x-5)(x-f)
Factor completely: 5x° - 20x° - 60z
The greatest common factor of Imtn+ 12ma’ is?

a. 3m C. Gmm

b. 3m d. 3mn?

When factored completely, the expression 3 - 9x+ 6 s equivalent to
a. [(Gx-3x-12) c. Jx+1lix-2)
b. (Gx+3x-2) d. 3x-1Dix-2)
Which is a factor of x* + 5x— 247

a. (x+4) c. (x+73)

b. (x-4) d (x-3

Which expression is a factor of x4 2x— 157

a. (x-73) c. (x+1%)

b. (x+3) d. {(x-1%)

Which expression is a factor of n* 43— 542

a m+6 C. »-9

b. n?yg d. =+3

What are the factors of x* — 10x— 24?

a. x—4ix+6) c. (x—12)x+2)
b. (x—4)ix-d) d. (x+12x-2)
If one factor of 56x*y® —42x*y" is 14x°y*, what is the other factor?
a4t -3 C. dx'y-3n’

b. 4% - 33#’2 d. 4x2y— 3};}:2

If 3x is one factor of 3x* - 9x, what is the other factor?

a. 3x C. -3

b. 2 _gx d. x+73

Factor completely: 3x* + 15x— 42
Factored completely, the expression 2y + 12y - 54 is equivalent to

a 25+ 0y-7) C. (y+6)(2y—1)
b. 20— Ty ) d. (2y+6)— )
What are the factors of z* — 5x+ 2
a. (x+2)and(x+3) c. (x+f)and(x—-1)
b. (x—2)and{x-3) d. (x—@)andx+ 1)
The greatest common factor of 424 and fizd” is
a. Jab C. 12ak

Answers
ANS: B
ANS: B
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10.

12.
13.
14.

15.
16.
17.

© oo ~NOo

ANS: B

ANS: D

I — 33x% + 90x = 3x(x® — 1lx+ 30) = 3x(x— 5)(x - 6)
ANS:

5x* - 20x° - G0x

sx(x® —4x—12)

Sxix+ Di(x—6)
ANS:
ANS:
ANS:
ANS:
ANS:
ANS:
ANS:
ANS:
ANS:
3x+ Nix—2). 32 +15x-42=3(x" + 5x— 1) = 3(x+ F)(x- 2)
ANS: A

ANS: B

ANS: A

O>00>»000
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343)

344)

345)

346)

347)

343)

REGENTS EXAM QUESTIONS (through June 2016)

A.SSE.A.2: Factoring Polynomials

Which expression is equivalent to -2+ 36
D x*-6ix* -6 3) (6-xH6+ 2
2) (x*+ 61" + 6 4) x4+ 6)x - 6)

Four expressions are shown below.
| 2(2x* — 2x - 60)
I 4ix* - x-30)
o 4(x+6)x—5)
IV dx(x-11-120
The expression 47° —4x-120 is equivalent to

1) landIl, only 3) LI and IV

2) lland IV, only 4) 11, I, and IV
When factored completely, 2 - 132 - 30x is

1) xiz+ 3(x—10) 3) x(x+2)x-15)
2) xix-3)x-10) 4) xix—2)(x+15)

Factor the expression x* + éx* — 7 completely.

The trinomial x* - 14x+ 49 can be expressed as

D (-7 3) (=D
2) (x+7T* 4) (x=Tx+2)

SOLUTIONS
ANS: 1

Strategy 1. Factor x* - 12x* + 36
xt— 122" + 36

R L

The factors of 36 are:

1 and 36,

2and 18,

Fand 12,

4 and 9,

fand 6 (use these because they sumto 12)

(-e)(-o)

Strategy 2. Work backwards using the distributive property to check each answer choice.
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344)

345)

346)

a
(x* - 61z - 6)

- 6xt — x4 36

C
(6—x5)(6+ 2%

3+ Bxs — fx — &

xt—12x% 4 36 36— x*
(correct) (wrong)
b d

(x* + 6% + 6)

24 6x + x4 36

(x* + 6)(x* - 6)

- 6xt +6xt - 36

xt 122 4+ 36 xt - 36
(wrong) (wrong)
PTS: 2 NAT: ASSE.A.2  TOP: Factoring Polynomials

ANS: 3

Strategy: Use the distributive property to expand each expression, then match the expanded expressions to the

answer choices.

| Il
2(2x* - 2x — 60) 4(x+6)(x-3)
4x* — 4x— 120 (4x+24)(x-3)
yes 4x* - 20x + 24x— 120
4% +4x-120
Ficd
1 v
4(x* — x—30) dxix—1)- 120
4x — 4x - 120 4x* - 4x— 120
yas yes
Answer choice c is correct.
PTS: 2 NAT: ASSE.A.2  TOP: Factoring Polynomials
ANS: 3
x = 13x° - 30x
x(x? = 13x- 300
Xx+ Dix—- 15
PTS: 2 NAT: ASSE.A.2  TOP: Factoring Polynomials
ANS:

(xg + T][:JH Nifxz—1)
Strategy: Factor the trinomial, then factor the perfect square.

STEP 1. Factor the trinomial x* + 6z% - 7.
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STEP 2. Factor the perfect square.

Pl

(o))

The factors of 7are 1 and 7.
[x2+TJ(xj - 1]
(x3+TJ[xg - 1]

(;{2 +T][x+ Nix-1)

PTS: 2 NAT: ASSE.A.2  TOP: Factoring Polynomials
347) ANS: 1
Strategy. Multiply binomials and eliminate wrong answers.
Choice 1: (x-7" Correct
(x=Tx-T

- Tx-Tx+49

2= 14x+49
Choice 2: (x+7)* Wrong: middle term has wrong sign.

(x+7(x+T)

2 Tr+ Tr+ 44

x4 14x+ 49

Choice 3: [(x="7i(x+7) Wrong: no middle term and second term has wrong sign.

2 Ta—Tx— 49
x* - 49

Choice 4: (x-7i(x+2) Wrong: middle term and third term have wrong coefficients.

HyIx-Tx— 14

2 —5x—14

PTS: 2 NAT: A.SSE.A.2
KEY: quadratic

TOP: Factoring Polynomials
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K - Polynomials, Lesson 4, Factoring the Difference of Perfect Squares (r. 2018)

POLYNOMIALS

Factoring the Difference of Perfect Squares

Common Core Standard

A-SSE.2 Use the structure of an expression to iden-
tify ways to rewrite it. For example, see x* - y4 as

2y2 22 o .
(x°) = (y°)", thus recognizing it as a difference
of squares that can be factored as
2 2y(.2 2
(" =)+ %)
PARCC: Tasks limited to numerical and polynomial expressions

in one variable. Recognize 532 — 472 as a difference of squares
and see an opportunity to rewrite it in the easier-to -evaluate form
(53+47)(53-47). See an opportunity to rewrite @® +9a +14 as
(a+7)(at+2).

NYSED: Does not include factoring by grouping and factoring
the sum and difference of cubes.

Next Generation Standard

Al-A.SSE.2 Recognize and use the structure of an expression
to identify ways to rewrite it.

(Shared standard with Algebra I1)

e.g.,

X=X x = x(x*-x - 1)

532 47%= (53 + 47) (53 - 47)

16x*— 36 = (4x)°'— (6)° = (4x + 6) (4x — 6) = 4(2x + 3) (2x - 3) or
16x*— 36 = 4(4x°— 9) = 4(2x + 3) (2x — 3)

-2x+ 8x + 10 = -2(x*- 4x - 5) = -2(x - 5) (x + 1)

X4+ 8- 7 = ¢+ )(XP-1) = 6+ T)(x + 1)(x - 1)

Note: Algebra | expressions are limited to numerical and poly-
nomial expressions in one variable. Use factoring techniques
such as factoring out a greatest common factor, factoring
the difference of two perfect squares, factoring trinomials
of the form axz2+bx+c with a lead coefficient of 1, or a com-
bination of methods to factor completely. Factoring will not
involve factoring by grouping and factoring the sum and differ-
ence of cubes.

LEARNING OBJECTIVES

Students will be able to:

1) factor the difference of perfect squares.

Overview of Lesson

Teacher Centered Introduction

- activate students’ prior knowledge
- vocabulary

- learning objective(s)

- big ideas: direct instruction entry)

- modeling

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

Student Centered Activities

VOCABULARY

Completely factor
Perfect square binomial

Square of a number
Square root of a number
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N

w

o &

~

©

©

10.

11.

12.

13.

General Rule
(a2 —b2) =(a+b)(a—b)

BIG IDEA

Examples
x? —4:(x+2)(x—2)

x* —9:(x2 +3)(x2 —3)

DEVELOPING ESSENTIAL SKILLS

The expression - 16 is equivalent to
a. (x+2)x-8)
b. (x-20x+5)

C.
d.

x+4x—4
(x+8)x—-8)

Factored, the expression 16x* — 259 is equivalent to

a. [4x—500x+ 59
b. (dx— 504z - 59

The expression o0x? — 100 is equivalent to
a. (Bx—10)x+ 10}

b. (Gx-10)(3x+ 10}

Factor completely: 4x” - 36ix

Which expression is equivalent to ox® — 167

C.
d.

(x— 57(8x + 29
(8x — 5)(Bx - 5y)

(3x - 100)(3%— 1)
{9x— 100%(x + 1)

(Gx+ 83— 1)
(Gx—E)3x— &)

If Ann correctly factors an expression that is the difference of two perfect squares, her factors could be

b. (Sa— 8&)w - 8&)
The expression 1002° — 1 is equivalent to

x—4x—4
(Zy-5)y-35)

(I1-x011+x)
(Il-x(11-x

a’ (-4
alg - 2

(2 + Gy)(x— y)
(x+ 187(x— 187

(6x + 10y™)(6x — 10y™)
(18x+ 50y )(18x — 509°%)

(x=B){x—5)
(x—E)x+8)

a. [(Ax+4)53x-4) C.
b. (Gx-4Gx-4) d.
a. [2x+y)x— 23 C.
b, (2x+ 32x- 3 d.
. Which expression is equivalent to 121 — x4?
a. (x—1Dix-11) C.
b, {(z+11)z-11) d.
When a® - 4a is factored completely, the result is
a. (a—- e+ D) C.
b. ala-2)a+2) d.
The expression x* - 3fiy* is equivalent to
a. [x—6y)ix— 6y C.
b. (x—18(x— 187 d.
Which expression represents 36x* — 100y° factored completely?
& 2(0x+ 257 )(09x - 257 c.
b. 4¢3z + 5 )3x - %) d.
Which expression is equivalent to &4 — x4?
a. (B-x)E-x) C.
b. (B-x)&+x) d.
The expression 9a~ — 645* is equivalent to
a. (Ba—8ha+ 8k C.

{3 — B2)3a + &)
(3 — 820530 — B&)
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14.

15.

16.

17.

18.

19.

20.

5.ANS:
6.

7.

8.

9.
10.
11.
12.
13.

N pE

a. [0+ 1(102-1) c. (50p+ 13(50m-1)

b. (10— 1){10z- 1) d. (50m- 13(50% - 1)
When 9x* — 100 is factored, it is equivalent to {3x - &)(3x+ &). What is a value for »?
a. 50 c. 3
b. 10 d. 100
Which expression is equivalent to &1 — 16242
a. (9-Ex)9+8x) c. (9-4x)9+4x)
b. (9-&x)(9+ 2x) d. (9—-4x)9-4x)
One of the factors of 4x* - 9 is
a. [x+3) c. (4x-73)
b. {Zx+3) d {x-73)
Factor completely: 3x* — 27
& 3(x-3)° c. 3x+3Nx-73)
b. 3x*-27 d. (3x+3(x-9)
Written in simplest factored form, the binomial 2x* - 50 can be expressed as
a. 2(x-5ix-15) C. (x=35)x+35)
b. 2(x-5x+ 5 d. 2x(x—50)
Expressed in factored form, the binomial 4a* - 9b* is equivalent to
a. [(da—38)(2a-38) C. (da—38)a+ 38
b, (Za+ 3802 - 3&) d. (Za-98)(2a+ &)
What is a common factor of z* -3 and x* - 5x + 6?
a. xr+3 c. x-12
b. b ] d. xg

Answers
ANS: C
ANS: A
ANS: B
ANS:

dx(x+ Dix-3). 42" - I6x=4x(x" - 9 = 4xix+ Dix-3)

A 14. ANS: B
ANS: B 15. ANS: C
ANS: C 16. ANS: B
ANS: B 17. ANS: C
ANS: C
ANS: B 18. ANS: B
ANS: B 19. ANS: B
ANS: C 20. ANS: B
ANS: A
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REGENTS EXAM QUESTIONS (through June 2018)

A.SSE.A.2: Difference of Perfect Squares

348) When factored completely, the expression Pt -51is equivalent to

D p*+9p* -9 3) (p*+Nip+Nip-3
2) (pi-mip?-9 4) (p+3p-3ip+3Ep-3)

349) If the area of a rectangle is expressed as x*—3* then the product of the length and the width of the rectangle
could be expressed as

1) (x=3yx+3y) 3) (x* - 3ixt -

2) (& -+ ) 7 yx-w)
350) The expression - 16 is equivalent to

D o+ -8 3) (*+4)(x* -4

2) (x*-8)x"-8) 4 -t -4
351) Which expression is equivalent to 36x° - 1007

1) 4(3x-5(3x-5 3) 2Fx— 25 %% —25)

2) 43x+5(3x-15) 4) 2(Fx+ 5)(9x - 25)
352) Which expression is equivalent to 16x% — 367

1) 4(2x- 3(2x - 3) 3) (4x— f)(4x - 6)

2) 4iZx+ EZx-73) 4) (dx+ 6)(4x+6)
353) Which expression is equivalent to 16t — 642

1) (4x®-g)° 3) xt+84xt -8

2) (zx*-3? 4) (ax®+33(Ex" - 32)
354) The expression 49x% - 36 is equivalent to

D (7x-6)? 3) (Tx—A)Tx+6)

2) (24.5x-18)° 4) (24.5x-18)(24.5x+ 18)
355) Which expression is equivalent to ¥yt - 1007

D o -1m? 3) o+ 1m0 - 10y

2) (- sm? 4) R+ 500 - 50
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348)

349)

350)

SOLUTIONS

ANS: 3
Strategy: Use difference of perfect squares.

STEP 1. Factor p* -3l
pt-zl

(7 +3)(r")

STEP 2. Factor p* -2
(#2+9)(#*-2)
(pg +9J[p+3)[p—3j

PTS: 2 NAT: ASSE.A.2  TOP: Factoring Polynomials
ANS: 2
Strategy: Use the distributive property to work backwards from the answer choices.
a. C.
(x = 3y)x+ 3y (x* — 3x - )
o+ dxy = 3xy - 9&“’2 xt - ExEy— 3xjy+ 9}}2
X - 9}'2 Xt - ﬁx2y+ 9}‘2
(wrong) (wrrong)
b. d.
(' - ) + 3y (x* + y)x = )
xt 3:{2}?— 3):2}?— 9}32 x - 9x"'y+ - 9}}2
xt - 9}‘2 (wrong)
(correct)
PTS: 2 NAT: ASSE.A.2  TOP: Factoring Polynomials
ANS: 3

Step 1. Understand the problem as a “difference of perfect squares”, because the terms xt

squares and the operation is subtraction.

Step 2. Strategy: Use the pattern @ — &% = (@ + #)(a - &) to separate x* — 16 into two binomials.
Step3.  Execution of Strategy
2

The square root of z* is x*.
The square of 16 is 4.

2 -16 = (x* + Dix* -4
Step 4. Does it make sense? Yes. You can show that {x* + 4)(x* —4) = 2 -14 using the distributive property,
as follows:

and 16 are both perfect
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351)

352)

(;{2+4)(x2—4)=x4+ 16
A oartraxri—16=xt+ 16

S lf=xt+ 16

PTS: 2 NAT: ASSE.A.2  TOP: Factoring the Difference of Perfect Squares
ANS: 2
Strategy 1.
Recognize that the expression 36x° — 100 is a difference of perfect squares. Therefore,
36x° — 100

(fx+ 10z — 10
Since this is not an answer choice, continue factoring, as follows:
(fz+ 1006z — 10)

(2(3x+5))(2(3x-5))
4(3x+ 5(3x -5

Strategy 2.
Examine the answer choices, which begin with factors 4 and 2. Extract these factors first, as follows:
Start by extracting a 4 Start by extracting a 2
36ix° — 100 36x° — 100
4[ 9 - 25 2[13;&*—50]
4[3I+ 5)[3?{— 5) [2)[2) (9?{2 _ 25]
(D2 3x+5(3x -5
A3x+ 51(3x-5)

PTS: 2 NAT: A.SSE.A.2
ANS: 2
Strategy 1. Factor

16x° — 36

4(4;:3 - 9]

4 2x+N2x-T)

Strategy 2: Recognize that 16x% - 36 appears to be a difference of perfect squares.
Recall that &* - 2* = (@ + E)(a - &).

Eliminate any answers that do not take the form of [« + &){@ — &), which leaves only one choice:

4(2x+ N2x-3)

Check:
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353)

354)

355)

4(2x+ N2x -3
4[(2x+ 3)(2x- 3]

4[4x2+ﬁx—ﬁx—9]
4[4;5‘—9]

162 - 36

L oA{2x+ 3(2x- 3 = 1627 - 36

PTS: 2 NAT: ASSE.A.2  TOP: Factoring the Difference of Perfect Squares
KEY: quadratic
ANS: 3

Note that the expression 16x* - 64 is the difference of perfect squares.
a® b= g+ B)a-B)

16zt — 64 = (4x* + B)4x* - 8)

PTS: 2 NAT: ASSE.A.2 TOP: Factoring the Difference of Perfect Squares
KEY: higher power
ANS: 3

Note that 49x* and 36 are both perfect squares. Therefore, 49x* - 36 is the difference of perfect squares.
at—bi =g+ Ba-B)

49x°% - 36 = (7x+ 6)(Tx— 6)
PTS: 2 NAT: ASSE.A.2  TOP: Factoring the Difference of Perfect Squares

KEY: quadratic
ANS: 3

y* — 100 is a difference of perfect squares. All polynomials in the form of a* - b* can be factored into
[a+b)[a—b)).
vy - 100

[y2+llilj[y2—llil]

PTS: 2 NAT: ASSE.A.2  TOP: Factoring the Difference of Perfect Squares
KEY: higher power Al
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K - Polynomials, Lesson 5, Zeros of Polynomials (r. 2018)

POLYNOMIALS
Zeros of Polynomials

Common Core Standard Next Generation Standard

A-APR.3 Identify zeros of polynomials when suita- | Al-A.APR.3 Identify zeros of polynomial functions
ble factorizations are available, and-use-the-zerosto- | when suitable factorizations are available.

constructarough-graph-of the-function-defined-by- | (Shared standard with Algebra 1)

PARCC: Tasks are limited to quadratic and cubic polynomials in Note: Algebra | tasks will focus on identifying the zeros
which linear and quadratic factors are available. For example, of quadratic and cubic polynomial functions. For tasks

2 - - - - ) -
find the zeros of (x—2) (x* ~9) - that involve finding the zeros of cubic polynomial func-
tions, the linear and quadratic factors of the cubic polyno-
mial function will be given (e.g., find the zeros of

P(x)=(x-2) (x*~9))-

LEARNING OBJECTIVES

Students will be able to:
1) Identify the zeros of a polynomial expression given its factors.
2) Identify the factors of a polynomial expression given its zeros.
3) Identify the zeros and factors of a polynomial expression given the graph of the

expression.
Overview of Lesson
Teacher Centered Introduction Student Centered Activities
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

VOCABULARY

Multiplication Property of Zero: The multiplication property of zero says that if the product
of two numbers or expressions is zero, then one or both of the numbers or expressions must equal
zero. More simply, if x-3 =10, then either x=0 or y =10, or, X and y both equal zero.

Factor: A factor is:
1) a whole number that is a divisor of another number, or
2) an algebraic expression that is a divisor of another algebraic expression.

Examples:
o 1,2, 3,4,6,and 12 all divide the number 12,
sol, 2, 3,4,6,and 12 are all factors of 12.

o (x—3)and (x+2) will divide the trinomial expression x*-x—6,
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so (x—3) and (x+2) are both factors of the x*—x—6.

Zeros: A zero of an equation is a solution or_root of the equation. The words zero, solution,
and root all mean the same thing. The zeros of a polynomial expression are found by finding the
value of x when the value of y is 0. This done by making and solving an equation with the value
of the polynomial expression equal to zero.

Example:
o The zeros of the trinomial expression x* + 2x— 24 can be found by writing and
then factoring the equation:
X +2x-24=10
x+6)x-41=10
After factoring the equation, use the multiplication property of zero to find the
zeros, as follows:

x+6)x—41=10
Lx+b=0andior x-4=10
Frx+6=0, then x=-6
Fx—4=10, thern x=+4
The zeros of the expression x* + 2x— 24 = 0 are -6 and +4.

Check: You can check this by substituting both -6 or +4 into the expression, as

follows:
Check for -6
x4
(—6)* + 2(—6) — 24
3—12-24
0
Check for +4
oy ix— 24

(41 + 2(4) - 24
16+ 8- 24
0

x-axis intercepts: The zeros of an expression can also be understood as the x-axis
intercepts of the graph of the equation when fixj = 0. This is because the coordinates of
the x-axis intercepts, by definition, have y-values equal to zero, and is the same as writing
an equation where the expression is equal to zero.
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The roots of Flokl Flokz Flobs
~MEREFER-24

x> +2x—24=0 are

-6 andx=a. | p2ZH
These are the x wAy=

coordinate values of | ~%'5=

the x-axis intercepts. | “"'6=
B

BIG IDEA #1
Starting with Factors and Finding Zeros
Remember that the factors of an expression are related to the zeros of the expression by the
multiplication property of zero. Thus, if you know the factors, it is easy to find the zeros.

Example: The factors of an expression are {2x+2), (x+3) and [x— 1)).

The zeros are found as follows using the multiplication property of zero:
(2x+2(x+3(x-1)=0

L2x+d=0and x=-1
agindlorz+3=0and x=-3

agudiorz—1=0and x=1
The zeros are -3, -1, and +1.

Flakl Flokz Flokz = W i
WA REZEAZ2 A0 | | =0 :
wNe= "3 0 III"'.II :
whx= i B
why= i -6 ll'.,|[
o= i n f
WME= z i !
R Wik =g '
Be sure to input all factors.

BIG IDEA #2
Starting with Zeros and Finding Factors
If you know the zeros of an expression, you can work backwards using the multiplication
property of zero to find the factors of the expression. For example, if you inspect the graph of
an equation and find that it has_x-intercepts at x= 3 and x= -2, you can write:
x=13

L (x=31=0

andd
x=-1
Llx+2)=0

The equation of the graph has factors of (x—3) and {x+ 2}, so you can write the equation:
(x=-3x+2)=1

which simplifies to
x4 2x—3x— 6= A

X —x—6=Ax

Page 448



With practice, you can probably move back and forth between the zeros of an expression and the_
factors of an expression with ease.

DEVELOPING ESSENTIAL SKILLS

Identify the factors, zeros, and x-axis intercepts of the following polynomials:

Polynomial Factors Zeros x-axis Intercepts
x2-x-6 =0
X +7x+6=0
x°-5x-6 = 0
x?-2x-15 =0
x*-3x-10 = 0
x*-2x-8 =0
6x>+5x-6 = 0
6x*> —15x-36=0

ANSWERS
Identify the factors, zeros, and x-axis intercepts of the following polynomials:

Polynomial Factors Zeros X-axis Intercepts
x*-x-6 =0 (x + 2)(x - 3) x={—2,3} x={—2,3}
X’ +7x+6=0 (x + 1)(x + 6) x:{—6,1} x={—6,1}
x*-5x-6 = 0 (x - 6)(x + 1) x:{—l,G} x={—1,6}
x?-2x-15 = 0 (x - 5)(x + 3) x={3,5} x={3,5}
x?*-3x-10 = 0 (x - 5)(x + 2) x={2,5} x:{2,5}
x*-2x-8 =0 (x — 4)(x + 2) x:{—2,4} x:{—2,4}
6x° +5x-6 = 0 (2x+3)(3x - 2) x:{_gg} X:{_gg}

2 3 2 3
6x* —15x—36=0 =3(x - 4)(2x + 3) x:{_%él} x:{_%él}
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REGENTS EXAM QUESTIONS (through June 2018)

A.APR.B.3: Zeros of Polynomials

356) The graphs below represent functions defined by polynomials.

polynomials 2 and —3?
1) y 3) y
L

i e
\/

For which function are the zeros of the

4)

/ i

2)

__'T)”{“

Y

357) Which equation(s) represent the graph below?
I y=(x+Dx* —4x-12)
Il y=(x-0x+x-2)
I y=(x—1)(x" - 5x—6)

- N W s Om

4
1) 1, only 3) landll
2) 1l, only 4) lland Il
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358) For which function defined by a polynomial are the zeros of the polynomial —4 and —6?

1) y=x*-10x-24 3) y=x*+10x-24

2) y=x*+10x+24 4) y=x*-10x+24
359) The zeros of the function fx) = (x+ Z)* - 25 are

1) -Z2and5 3) -5and?2

2) -3and7 4) —7and3

360) The graph of fx} is shown below.

Which function could represent the graph of fx)?
D) fx)=ix+ Dix +3x-4) 3) Axi=(x+ 2 +3x+ 4
2) X =(x-DE 34 4) A =(x- 0+ 3x+ 4

361) A polynomial function contains the factors x, x— 2, and x+ 5. Which graph(s) below could represent the
graph of this function?

1 11 11
y

T MR ES

1) 1, only 3) landlll

2) l, only 4) 1,11, and Il
362) What are the zeros of the function fx) = x4 - 13x-307

1) —10and3 3) —-15and?2

2) 10and -3 4) 15and -2
363) The zeros of the function fx) = x* — 5x— 6 are

1) -1and6 3) 2and -3

2) land -4 4) -Zand3

364) Based on the graph below, which expression is a possible factorization of p(x)?
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£y A

1) (x+3(x-2(x-4) 3) (z+3Nx-5x-2)x-4)
2) (x=-3x+2(x+4) 4) (x-x+30x+ D (x+4)
365) Which function has zeros of -4 and 2?
) Ax=x+7x-3 3) gix)=x-Tx-3
2) 4) !
A f ; A 1 )

366) Which polynomial function has zeros at -3, 0, and 4?

1) fx=tx+ DKt + 4 3) flx)=xlx+3)(x-4)
2) AX=x-DE-N 4) flx)=xx-3x+4)
367) The zeros of the function Az = 2x* + 12x— 10x* are
1) {23} 3) {0,2, 3}
2) {-1,6} 4) {0,-1,6}
368) Determine all the zeros of m(x) = x* - 4x+ 3, algebraically.
369) Wenona sketched the polynomial ~ix) as shown on the axes below.
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Which equation could represent ix)?

D) Pz = ix+ Dix-2)° 3) Fix)=(x+1)x-1)

2) Px)I=(x-Dix+2)* 4) Pix)=(x-1)ix+3)
370) The zeros of the function p(x) = x* - 2x— 24 are

1) -&and3 3) -4 and6

2) —fiand4 4) -3 and8

371) A cubic function is graphed on the set of axes below.

y

[

A

g

Which function could represent this graph?

1) Afix)=(x-3x-1ix+1) 3) Alx)=(x-3)x-1ix+3)
2) glxl=(x+3x+1(x-1) 4) kix)=(x+3x+Dix-3)
SOLUTIONS
356) ANS: 3

Strategy: Look for the coordinates of the x-intercepts (where the graph crosses the x-axis). The zeros are
the x-values of those coordinates.

Answer c is the correct choice. The coordinates of the x-intercepts of the graph are (2, 0) and (-3, 0).
The zeros of the polynomial are 2 and -3.
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357)

358)

359)

360)

PTS: 2 NAT: AAPR.B.3 TOP: Zeros of Polynomials

KEY: bimodalgraph

ANS: 2

Strategy: Factor the trinomials in each equation, then convert the factors into zeros and select the
equations that have zeros at -2, 1, and 3.

STEP 1.
I I i
y=(x+ Dz —4x-12) y=-NE+x-2) y = (x— Dix* - 5x - 6)
¥={x+Dx-61x+2) y=(x-Tx+20x-1) ¥={x-1Nx-ax+1)
Zerozat-2, 6, and -2 Zerosat 3, -2, and 1 Zerosat 1, 6, and -1
{Wrong Choice) {Correct Choice) {Wrong Choice)
The correct answer choice is b.
PTS: 2 NAT: AAPR.B.3 TOP: Zeros of Polynomials
ANS: 2

Strategy. Input each function in a graphing calculator and look at the table views to find the values of x
when y equals zero.

Flotl Flokz Flokz by W Wz b N Wy
g

~ - - "B re | "B -48 1z

Yy EH2 18:-—-24 - x = - - 12
RSB I S I ER B
W3EHE+1EI:=-’.—24 -z 0 ] -z -4i) EE
‘ﬁ"EH —1Bk+24 S 3R S |5
“yE=

Mz =H W y=235

Answer choice b, enterred as ¥, has zeros at x=—-4 and x = -4.
PTS: 2 NAT: AAPR.B.3 TOP: Zeros of Polynomials
ANS: 4

Strategy: Use root operations to solve fx) = (x+ Z)* — 25 for f{x) = 0.

A =(x+ D7 -25
0=(x+2)°-25
25 = (x+ )°

NPT o)

ti=x+2
-2x5=x

—Tand3i=x

PTS: 2 NAT: F.IF.C.8 TOP: Zeros of Polynomials

ANS: 1

Strategy:

STEP 1. Identify the zeros and convert them into factors.

The graph has zeros at -4, -2, and 1. Convert these zeros of the function into the following factors:
(x+4)(x+2)(x-1). The functiuon rule is f(x)= (x+4)(x+2)(x-1)
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361)

362)

STEP 2. Eliminate wrong answers. Choices b and d can be eliminated because (x-2) is not a factor.

b. d.
Ax) = (- D+ 3x-4) Ax)=(x- D"+ 3x+ 4
{x— 2 1z not a factor, {x—2) 1snot a factor.
{Wrong Choice) {Wrong Choice)

STEP 3. Choose between remaining choices by factoring the trinomials.

a. C.
A=+ D+ 3x-4) Ax =+ Dix +3x+ 4
Jx) =+ Dlx+4)x-1) (x* + 3x+4) cannot he factored into (x +4)(x— 1)
Contans all three factors. (Wrong Choice)
{Correct Choice)
PTS: 2 NAT: AAPR.B.3 TOP: Zeros of Polynomials

ANS: 1
Stategy 1. Convert the factors to zeros, then find the graph(s) with the corresponding zeros.
STEP 1. Convert the factors to zeros.

A& factor of x— 0 equates to a zero of the polynormal at==0.

A factor of x— 2 equates to a zero of the polynormal at =2

A factor of x+ 5 equates to a zero of the polynomial at s=-5.
STEP 2. Find the zeros of the graphs.

Graph | has zeros at -5, 0, and 2.

Graph Il has zeros at -5 and 2.

Graph 1 has zeros at -2, 0, and 5.
Answer choice a is correct.

Strategy 2: Input the factors into a graphing calculator and view the graph of the function
¥={xix—-2)(x+5).

Flotl Flotz Flots
SABCE N CH=2 0 (D
~vz=M
W E=

._\_-ITILI= -U--
wWE= :

~NeE=
N .
Note: This graph has the same zeros as graph I, but the end behaviors of the graph are reversed. This
graph is a reflection in the x-axis of graph | and the reversal is caused by a change in the sign of the
leading coefficient in the expansion of ¥ = (x)(x— 23(x+ 5). It makes no difference in answering this
problem. The zeros are the same and the correct answer choice is answer choice a.

PTS: 2 NAT: A.APR.B.3 TOP: Zeros of Polynomials
ANS: 4
Strategy: Find the factors of fx) = x* - 13z - 30, then convert the factors to zeros.

STEP 1. Find the factors of fz)=x* - 13x- 30.
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Ax=x-13x-730

)= (x-___)(x+___)
The factors of 30 are

1 and 30

2 and 15 (use these)
Axi=0x-15{x+2)

STEP 2. Convert the factors to zeros.
Ifthe factors are (x— 15) and (x+ 2,

then the zerosare atx = 15and x = -2,

DIMS? Does It Make Sense? Yes. Check by inputting fix) = x*-13x-30 into a graphing calculator
and verify that there are zeros when x = 15 and x = -2

Flakl Flokz Flok: " L T “q
z - -
- - 1H 15
:E;Eﬁ 15m=30 camm| i |
-1 15 15 18
e E k|
:ﬁ;; z “EE 19 BY
e g -Gl 0 1in
== =15
PTS: 2 NAT: ASSE.B.3  TOP: Zeros of Polynomials
363) ANS: 1

Step 1. Understand that the zeros of a function are the x values when fix) = 0.
Step 2. Strategy: Solve for x when flx) = 0.
Step 3. Execute the strategy

Al =x*-5x-6
0=x"-5x-1
O=(x+1)ix—6)
x=-1
x=10
Step 4. Does it make sense? Yes. Check by inputting the function in a graphing calculator and

inspecting the graph and table of values.
Flokl Flakz Flotz

VY - (o
wMe=

=
'n,l:

=Ny =
~Me=l i
“NME= i
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364)

365)

366)

367)

i W1 o W
(-1 |l 0 "B
0 -h i -10
| =10 s "1z
c -1z x -1z
E N
L "B IE- 0
=1 =
PTS: 2 NAT: AAPR.B.3 TOP: Zeros of Polynomials
ANS: 1

Strategy: Convert the zeros of the function to factors.

Zeros occur at | Factors are:
(-3,0) (x+3)
(2,0) (x-2)
(4,0) (x-4)
PTS: 2 NAT: A.APR.B.3
ANS: 4

The zeros of a function are the x values wheny = 0.

Strategy: Eliminate wrong answers.
a) Solve for 0= x* + Tx—§

O=({x+81x-1)

Eliminate this choice.

x=-Randx=1
b) Solve for 0=x* -T7x—-3

O=({xz-8)x+1)

r=8and xr=-1

Eliminate this choice.

c) The graph shows x-axis intercepts at [~2,0) and at (4,0, so the zeros are -2 and 4.

Eliminate this choice.

d) The graph shows x-axis intercepts at [~4,0) and at (2,0, so the zeros are -4 and 2.

the correct choice.

PTS: 2
ANS: 3
The zeros of a function are the x-values when y = 0.

Strategy: Convert the zeros to factors, then combine the factors to write the function.

NAT: AAPR.B.3 TOP: Zeros of Polynomials

Zeros Factors
r=-3 {x+3)
x=10 (x)

x=4 (x—4)

Jx) = (x+ 3)(x)(x - 4)

Check by inputting the function in a graphing calculator and inspecting the zeros

PTS: 2
ANS: 3
Strategy #1. Find the factors and use the multiplication property of zero to find the zeros.

NAT: AAPR.B.3 TOP: Zeros of Polynomials

This is
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x4 12x—- 1020 =1
2 - 10x + 12x =10
2x(x* - Sx+6) =100

dxlx—-Nx-4=10
If the factors are 2x, x-3, and x-2, the zeros are 0, 2, and 3.

Strategy #2: Use a graphing calculator.

I OAT A 0 RER RADIA p I MORMAL FLOAT AUTOD REAL RADIAM HP [

Plotl Plot2 Plot3 o
B\Y 18253 +12%X-10X° 1
\Y2=H :
ENY 3= Y
ENYa= e e e B A M w o S e 5
E\Ys= v 5

\Ye= 8
I\Y7= H
ENY 8=

X=0
PTS: 2 NAT: AAPR.B.3 TOP: Zeros of Polynomials
368) ANS:

Strategy 1: Use factoring.
-dr+3=10

x—3x-11=10
=13}
Strategy 2: Use the quadratic formula
_ bt W B* - dac
A= 2at
400
B 21
4+ 4l6-12
2
-2
r=2%1
x={1,3}

Strategy 3. Complete the square
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369)

370)

P -dzei=0

x—dx=-3
(x—2)% = -3+ (-2)*
(x—2)* =-3+4
(x—-21° =1
- =1
T—d=+tl
=211
x= {13}
PTS: 2 NAT: AAPR.B.3 TOP: Zeros of Polynomials

ANS: 1
Note that the zeros (x-intercepts) occur at -1 and +2. This means that the factors of the equation are (x+1)

and (x-2). Eliminate 2(x) = (x— 1)(zx+ 2)* and P(x) = (x - 1){x+ 2) because they have the wrong
factors.

The choice is between P(x) = (x+ 1)(x- 2)* and P(x) = (x+ 1)(x-2). P(x)= (x+ ){x-2)* isathird
degree equation and P(x) = (x + 1){x— 2} is a second degree (quadratic) equation.

The graph is definitely not a parabola, so it cannot be the graph of a quadratic function. Eliminate
Pix) = (x+ D{x—2). The correct answer is Pz} = (x+ 1)(x— 2)*.

Check in a graphing calculator.

I 1 UH 1 1 I
Plotl Plotz Plot3
I\Y1B(X-1) (X+2)?
ENY2=N1
ENY3=
ENY4=
E\Ys=
NYe=
ENY 7=
ENYg=
PTS: 2 NAT: AAPR.B.3 TOP: Zeros of Polynomials
KEY: Al
ANS: 3
Strategy: Let z(x) =0 and solve the quadratic.
Notes Left Sign | Right Expression
Expression
Given pix) = xt—3x-24
Let pix)=10 0 = P P ¥
Factor 0 = (x—6)x+4)

By the zero property of multiplication: If 0 = (x - )}, then x = d.
By the zero property of multiplication: If 0= (x+4), then x = —4.
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NOTE: The zero property of multiplication says that if the product of two numbers is zero, then one or

both of those numbers must be zero.

PTS: 2 NAT: A.APR.B.3 TOP: Zeros of Polynomials
371) ANS: 2
Strategy: Find the zeros of the cubic function, then convert the zeros to factors.
STEP 1
/ Zeros Conversions to Factors Factors
T x=-3 x+3=10 (x+ %)
x=-1 x+1=10 (x+ 1)
x=1 x-1=10 (x=3)

STEP 2: Combine all factors into one expression.

(x+3zx+Dx-1)
The correct answer choice is g{x) = (x+ 3ix+ Dix—1)

PTS: 2 NAT: A.AAPR.B.3 TOP: Zeros of Polynomials
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K - Polynomials, Lesson 6, Graphing Polynomial Functions (r. 2018)

POLYNOMIALS

Graphing Polynomial Functions

Common Core Standard

F-BF.3 Identify the effect on the graph of replacing
f(x) by fix) + k, k f(x), #ee), and f(x + k) for specific
values of & (both positive and negative); find the
value of & given the graphs. Experiment with cases
and illustrate an explanation of the effects on the
graph using technology. Include recognizing even-
and-odd functions from their graphs and algebraic
expressions for them.

Next Generation Standard

Al-F.BF.3a Using f{x) + k, k f(x), and f{x + k):

i) identify the effect on the graph when replacing f(x) by
100 + k,

k f(x), and f{x + k) for specific values of k (both positive
and negative);

ii) find the value of k given the graphs;

iii) write a new function using the value of k; and

iv) use technology to experiment with cases and explore
the effects on the graph.

(Shared standard with Algebra I1)

Note: Tasks are limited to linear, quadratic, square
root, and absolute value functions; and exponential

functions of the form f(x) = a(b)x where a > 0 and
b>0(b#1).

LEARNING OBJECTIVES

Students will be able to:

1) Use a constant & in the equation of the parabola to move the graph of parabolas up, down,

left, and/or right.

2) Use a constant £ in the equation of the parabola to make the parabola open upward or

downward.

3) Use a constant k in the equation of the parabola to make the parabola narrower or wider.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary

- learning objective(s)

Student Centered Activities

guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
constant scalar vertex
narrower translation wider
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The graph of a function is changed when either fTx)or x is multiplied by a scalar, or when a constant is

DEAS

BIG I

added to or subtracted from either f{x) orx. A graphing calculator can be used to explore the
translations of graph views of functions.

The addition or subtraction of a constant outside the parentheses moves the graph up or down by the value of the

constant.

Examples:

The addition or subtraction of a constant_inside the parentheses moves the graph left or right by the value of the

constant.

Up and Down

+k moves the graph up.
-k moves the graph down.

Replace f{(x

f(x)< f(x)*k moves the graph up or down k units .

Flakl Flakz Flobz

W EE
M B2

SR - (T
~NYy=N
wHYe=

by f(x) + k

Left an

d Right

f(x)< f(x£k) moves the graph left or right k units J.

+k moves the graph leftg k units.
-k moves the graph right k units.
Replace f{x) by f(x + k)

Flatl Flake Flokz

N B .

\sziH+2}2

PN ERCR-20

~Ny=

~Ne=
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Width and Direction of a Parabola

Changing the value of « in a quadratic affects the width and direction of a parabola. The bigger the absolute value
of a, the narrower the parabola.

Examples:

f(x)< f(kx) changes the direction and width of a parabola.

+k opens the parabola upward.

-k opens the parabola downward.

If k is a fraction less than 1, the parabola will get wider.

As k approaches zero, the parabola approaches a straight horizontal line.
If k is a number greater than 1, the parabola will get narrower.

As k approaches infinity, the parabola approaches a straight vertical line.

Replace /(x) by /(kx)
Flotl Flotz Flot . -

MBS
Nz B

LY EE, e
Sy -E, 18
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DEVELOPING ESSENTIAL SKILLS

Consider the graph of the equation y = ax’ +bx+c,when a=0. Ifais multiplied by 3, what is true of the graph
of the resulting parabola?

a. The vertex is 3 units above the vertex of the original parabola.

b. The new parabola is 3 units to the right of the original parabola.

c. The new parabola is wider than the original parabola.

d. The new parabola is narrower than the original parabola.

Melissa graphed the equation y = x* and Dave graphed the equation y = -3x* on the same coordinate grid.
What is the relationship between the graphs that Melissa and Dave drew?

a. Dave's graph is wider and opens in the opposite direction from Melissa's graph.

b. Dave's graph is narrower and opens in the opposite direction from Melissa's graph.

c. Dave's graph is wider and is three units below Melissa's graph.

d. Dave's graph is narrower and is three units to the left of Melissa's graph.

The graph of a parabola is represented by the equation y = ax® where aisa positive integer. If a is multiplied by
2, the new parabola will become

a. narrower and open downward

b. narrower and open upward

¢. wider and open downward

d. wider and open upward

How is the graph of ¥ = x* +4x+ 3 affected when the coefficient of x* is changed to a smaller positive number?
a. The graph becomes wider, and the y-intercept changes.

b. The graph becomes wider, and the y-intercept stays the same.

c. The graph becomes narrower, and the y-intercept changes.

d. The graph becomes narrower, and the y-intercept stays the same.

Which is the equation of a parabola that has the same vertex as the parabola represented by 3 = x*, but is wider?

& y=x'4+2 C. y=2x*
b. _}J’=X2—2 d. _}-’=%}f2
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6.The graph of the equation ¥ = x* is shown below.

Which statement best describes the change in this graph when the coefficient of % s multiplied by 4?

a. The parabola becomes wider.

b. The parabola becomes narrower.

c. The parabola will shift up four units.
d. The parabola will shift right four units.

7. The graph of y = x* is shown below.

Which graph represents y = 2x%?

a. y C.
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REGENTS EXAM QUESTIONS (through June 2018)

F.BF.B.3: Graphing Polynomial Functions

372) The graph of the equation y = ax* is shown below.

If a is multiplied by —%, the graph of the new equation is

1) wider and opens downward 3) narrower and opens downward
2) wider and opens upward 4) narrower and opens upward

373) How does the graph of #1x) = 3(x— 21 + 1 compare to the graph of gix) = z*?
1) The graph of f1x) is wider than the graph 3) The graph of fix) is narrower than the

of gix), and its vertex is moved to the left graph of gix}, and its vertex is moved to
2 units and up 1 unit. the left 2 units and up 1 unit.

2) The graph of fx} is narrower than the 4) The graph of jTx) is wider than the graph
graph of gix}, and its vertex is moved to of gix), and its vertex is moved to the
the right 2 units and up 1 unit. right 2 units and up 1 unit.

374) The vertex of the parabola represented by #x) = x* —4x+ 3 has coordinates {2,~1). Find the coordinates

of the vertex of the parabola defined by g(x) = flx— 2). Explain how you arrived at your answer. [The
use of the set of axes below is optional.]
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375) Given the graph of the line represented by the equation f{x) = —2x+ & if b is increased by 4 units, the
graph of the new line would be shifted 4 units
1) right 3) left
2) up 4) down

376) When the function fTx) = x* is multiplied by the value a, where & = 1, the graph of the new function,

g(x) = ax’

1) opens upward and is wider

2) opens upward and is narrower

3) opens downward and is wider

4) opens downward and is narrower

377) In the diagram below, fTx) = x* + 2x* is graphed. Also graphed is g(x), the result of a translation of

Ax).
1]

TN
\.

Determine an equation of gix). Explain your reasoning.

378) In the functions jix) = kx*and gix) = |kx|, k is a positive integer. If & is replaced by % which statement

about these new functions is true?

1) The graphs of both #fx) and gix) 3) The graphs of both iz} and g(x) shift
become wider. vertically.

2) The graph of fix) becomes narrower and 4) The graph of fix) shifts left and the graph
the graph of gix) shifts left. of gix) becomes wider.

379) If the original function flx) = 2x* — 1 is shifted to the left 3 units to make the function 2(x), which
expression would represent gix)?
) 2x-3P%-1 3) zxt+z
2) x+DP-1 4) 2x*-4

380) The graph of the function z(x) is represented below. On the same set of axes, sketch the function
plx+ 20,
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SOLUTIONS

372) ANS: 1
Strategy: Use the following general rules for quadratics, then check with a graphiong calculator.
As the value of a approaches 0, the parabola gets wider.
A positive value of a opens upward.
A negative value of a opens downward.

Check with graphing calculator:
Assume a = 1, then y, = 1x°

Wammmmmwby—%Jmny3=—%x?

Input both equations in a graphing calculator, as follows:

Flakl Flake Flak=
c

=181 .
wYzE 120

wHa=

“My=

wHe=

“NE=

PTS: 2 NAT: F.BF.B.3 TOP: Transformations with Functions and Relations

373) ANS: 2
Strategy: Input both functions in a graphing calculator and compare them.

Let the graph of ¥; be the graph of fx) = 3(x- 21 4+ 1
Let the graph of ¥, be the graph of g(x) = x*

Input both functions in a graphing calculator.
g(x) is the thick line and f(x) is the thin line.
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Flotl Flokz Flokz & Y Yz
c

W ESLH-E ] e [T E

My o Gt o 1z i
N S FENE

iy = F l 0
“NMe= y 1z im
“MME= po= -2

PTS: 2 NAT: F.BF.B.3 TOP: Transformations with Functions and Relations

374) ANS:

AR

I I I I | I
4,-13. fz-2) is a horizontal shift two units to the right

Strategy 1: Compose a new function, find the axis of symmetry, solve for g(x) at axis of symmetry, as

follows:
2 —_— f— — _— -
Axy=x"-4x+3 and jg{x) =flx—2) axis of symmetry = E_E:n _ 2[ 18} _ % _4
Therefore: gix)=(x-2)"-4(x-2)+3 (1)

glx)=x" - 8x+ 15
g8 = (4% - 8(4) + 15
g(4)=16-32+ 15
gé) =1

gx)=x" —4x+4-4x+3+3
g(x) = 2" - 8x+ 15

The coordinates of the vertex of g(x) are (4,-1)

Strategy #2. Input the new function in a graphing calculator and identify the vertex.

Flakl Flakz Flokz : T 1
3 - I
IR CR=20"=d -1k : 1 B
“Mz=N 5 g :
"-'1"3: -._.-E_'i
s ; L
“EF= [ 7 |
~NE=
=d

PTS: 2 NAT: F.BF.B.3 TOP: Transformations with Functions and Relations

375) ANS: 2
Strategy: Use the characteristics of the slope intercept form of a line, which is y = mx + &, where y is the
dependent variable, m is the slope, x is the dependent variable, and b is the y-inctercept.

If b (the y-intercept) is increased by four, the slope remains the same and the new line is shifted up 4 units.

Check using a graphing calculator.
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376)

377)

378)

Flotl Flokz Flokz & Y Yz
s 18 -ZR+H TR 1 y
R - R 1 -2 z
W= z -4 n

_ = "B “z
why= iy -g -l
“NMe= C =10 ol
Mg = B -1z -H
M=
PTS: 2 NAT: F.BF.B.3 TOP: Transformations with Functions and Relations
ANS: 2

Strategy: Eliminate wrong answers.

Step 1. Since « = 1, @ must be positive and the graph of g{x) = ax* must open upward. Eliminate any
choice that opens downward.

Step 2. Determine if the graph gets wider or narrower by selecting a number larger than 1 for a, then
input both functions in a graphing calculator and compare their graphs. The graph gets narrower, so
eliminate any answer that indicates wider.

MORMAL FLOAT AUTOD REAL RADIAHM HP n NORHMAL FLOAT AUTO REAL RADIAN HMP n
Flotl Plot2 Plot3

B\Y 1852

B\Y2B5%2

INY 3=1

ENY4=

ENYs=
\NYe=

ENY 7=

ENYs=

a) opens upward and is-wider

b) opens upward and is narrower

€) opens-downward and is wider
&) opens-downward and is narrower

PTS: 2 NAT: F.BF.B.3 STA: AGS5 TOP: Graphing Polynomial Functions
ANS:

glx)=x"+2x* -4
f(x) has a y-intercept of 0.
g(x) has a y-intercept of -4.
Every point on f(x) is a translation down 4 units to create g(x).

PTS: 2 NAT: F.BF.B.3 TOP: Graphing Polynomial Functions
ANS: 1
Since k is a positive integer, the lowest possible value for kis 1. If k is replaced by % the graphs of both

Ax) and gix) will become wider.
Letk=1

Let £ =1 be replaced by k =

a | —
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NORMAL FLOAT AUTD REAL RADIAN HMP n NORMAL FLOAT AUTO REAL RADIAN HFP n

PTS: 2 NAT: F.BF.B.3 TOP: Graphing Polynomial Functions
379) ANS: 2
Strategy: Input the orginal function and the four answer choices in a graphing calculator. Then, select

the function rule for the graph that is shifted 3 units to the left.
NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTOD REAL RADIAN MP n

Flotl FPlotz Flots

B\Y182%%-1

B\Y2B2(X-3)°%-1

E\Y:B2(X+3)%-1

BN\Y4B2%%+2

E\YsB2%*-4
\Ye=

ENY 7=

NAT: F.BF.B.3 TOP: Graphing Polynomial Functions

2

Strategy: Solve a simpler problem - pick a simple quadratic function, such as ¥ = x* and see what

happens to the graph when the function is changed to y = iz + 2

STEP 1. Input both in functions in a graphing calcualor.
NORMAL FLOAT AUTOD REAL DEGREE MP n NORMAL FLOAT AUTO REAL DEGREE MP n

Plotl Plotz FPlots

B\Y1B%?

E\Y2B(X+2)2
\Y:=H
INY4a=
ENYs=
\Ye=
ENY 7=
ENYsg=
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STEP 2. Observe that the graph moves two units to the left.
STEP 3. Move every point of the original function two units to the left.

PTS: 2 NAT: F.BF.B.3 TOP: Graphing Polynomial Functions

Page 473



L — Radicals, Lesson 1, Operations with Radicals (r. 2018)

RADICALS
Operations with Radicals

Common Core Standard Next Generation Standard
N-RN.3 Explain why the sum or product of two AI-N.RN.3 Use properties and operations to under-
rational numbers is rational; that the sum of a ra- stand the different forms of rational and irrational
tional number and an irrational number is irra- numbers.
tional; and that the product of a nonzero rational a.) Perform all four arithmetic operations and apply
number and an irrational number is irrational. properties to generate equivalent forms of rational

numbers and square roots.
Note: Tasks include rationalizing numerical denomina-

tors of the form £ where a is an integer and b is a
Jb

natural number.

b.) Categorize the sum or product of rational or irra-

tional numbers.

« The sum and product of two rational numbers is ra-

tional.

* The sum of a rational number and an irrational num-

ber is irrational.

* The product of a nonzero rational number and an ir-

rational number is irrational.

 The sum and product of two irrational numbers could

be either rational or irrational.

LEARNING OBJECTIVES

Students will be able to:

1) Perform addition, subtraction, multiplication and division with radical numbers (prior
skill).
2) Identify if the sum or product of two numbers is rational or irrational and explain why.

Overview of Lesson

Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
Decimal form Perfect square Rational
Equivalent Prime number Simplest radical form
Irrational Radical form

Page 474



BIG IDEAS

The Set of Real Numbers
includes two major classifications of numbers
Irrational and
Rational

Rational Numbers

Integers

Irrational Numbers

Includes all non-repeating,
non-terminating decimals.

Examples include:
pi
square roots of all not perfect square
numbers

{.-3,-2,-1, 0,1,2,3, ..}

Includes fractions, repeating
decimals, and terminating
decimals

A rational number is any number than can be
An irrational number is any number that cannot be expressed as the ratio of two integers.
expressed as
the ratio of two integers.

Is a Number Irrational or Rational?
Irrational Numbers Rational Numbers

If a decimal does not repeat or terminate, it is an If a number is an integer, it is rational, since

irrational number. it can be expressed as a ratio with the
Numbers with names, suchas 7 and eare integer as the numerator and 1 as the

irrational. They are given names because it is denominator.

impossible to state their infinitely long values. If a decimal is a repeating decimal, it is a
The square roots of all numbers (that are not perfect rational number.

squares) are irrational. If a decimal terminates, it is a rational
If a term reduced to simplest form contains an number.

irrational number, the term is irrational.

Operations with Irrational and Rational Numbers

Addition and Subtraction:
When two rational numbers are added or subtracted, the result is rational.
When two irrational numbers are added or subtracted, the result is irrational.
When an irrational number and a rational number are added or subtracted, the sum is irrational.

Multiplication and Division:
When two rational numbers are multiplied or divided, the product is rational.
When an irrational number and a non-zero rational number are multiplied or divided, the product is

irrational.
When two irrational numbers are multiplied or divided, the product is sometimes rational and sometimes

irrational.
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Example of Rational Product

NN
(A7)

(7T )

Txi=14

14
1

Example of Irrational Product

NTx A3
NET)

4 LB25TLA95 L

NOTE: Be careful using a calculator to decide
if a number is irrational. The calculator stops
when it runs out of room to display the numbers,
and the whole number may continue beyond the
calculator display.

Rational Quotient

Irrational Quotient

LU N AP A B B Y
ﬁ Al s ST «E Sals
DEVELOPING ESSENTIAL SKILLS
Question Answer Is Answer
Rational or
Irrational?

Express the product of 3.{20(2~/5 = 7) in
simplest radical form.

radical form is:

. The expression fi~/ 30 + ﬁ«ﬁ written in simplest

The expression ~/ 72 — 3«,‘5 written in simp
radical form is

lest

16021

4. Express - 5~f12 insimplest radical
p EAJE p
form.
I0TE+ 2T .
5. Express — n simplest radical form.

radical form.

Express «4'{2_— EAE+ AJE+ 2«5 in simplest

Express — in simplest radical form.
p 2«4@ p

Perform the indicated operations and express
answer in simplest radical form.

3/7( 14 444056 )

the

The expression AJ'E : AJ'AT— AJE : AJ{E

simplifies to

10.The expression is equivalent to

NEN)
305
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ANSWERS

Question Answer Is Answer
Rational or
Irrational?
1. Express the product of 3+/20(2+/5 - 7) in 60— 4245 Irrational
simplest radical form.
2. The expression 6~/ 50 + 602 written in simplest 3602 Irrational
radical form is:
3. The expression ~{72 — 3~/2 written in simplest 302 Irrational
radical form is
16 d 21 o _ —EAJE Irrational
4. Express - 5~f12 insimplest radical
207
form.
T4 TS+ A 2T _ faf3 Irrational
5. Express — s n simplest radical form.
6. Express ~/25 — 2+/3 + /27 + 29 in simplest 11++/3 Irrational
radical form.
24 _ 7 Irrational
7. Express — in simplest radical form. \/7
2.3
8. Perform the indicated operations and express the 189 \/E Irrational
answer in simplest radical form.
3«5(/\!14 +4«!56]
9. The expression ~f 90 - ~/40 - NERNIT: 48 Rational
simplifies to
4 Rational

fing 20
10.The expression is equivalent to
3ad5
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381)

382)

383)

384)

385)

386)

387)

388)

389)

REGENTS EXAM QUESTIONS (through June 2018)

N.RN.B.3: Operations with Radicals

Given: i = Aﬁ
M=
=16
P=4

Which expression results in a rational number?
1) L+ps 3) N+P
2) M+N 4) P+l

Which statement is not always true?
1) The product of two irrational numbersis 3) The sum of two rational numbers is

irrational. rational.
2) The product of two rational numbers is 4) The sum of a rational number and an
rational. irrational number is irrational.

Ms. Fox asked her class "Is the sum of 4.2 and «E rational or irrational?" Patrick answered that the sum
would be irrational. State whether Patrick is correct or incorrect. Justify your reasoning.

Which statement is not always true?

1) The sum of two rational numbers is 3) The sum of a rational number and an
rational. irrational number is irrational.

2) The product of two irrational numbersis 4) The product of a nonzero rational number
rational. and an irrational number is irrational.

For which value of P and Wis F+ W arational number?

1 3
)P‘J W‘I ) P 'T
2) 4)

FP=—=and W=—F
JE JE
Given the following expressions:

242 . [«E][ﬁ]

g 5

||.%+ﬁ |V.3-[JE]

Which expression(s) result in an irrational number?
1) I, only 3) LIV
2) 11, only 4) 11, 11,1V

J
75

Determine if the product of E«E and &~/ 15 is rational or irrational. Explain your answer.

Is the sum of EAJE and 4AJE rational or irrational? Explain your answer.

fiaf 5
Jakob is working on his math homework. He decides that the sum of the expression 1 + must be

3 7
rational because it is a fraction. Is Jakob correct? Explain your reasoning.
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390)

391)

392)

393)

381)

382)

383)

State whether 7 - AJE is rational or irrational. Explain your answer.

A teacher wrote the following set of numbers on the board:

=20 Bo25  e= 225

Explain why & + & is irrational, but & + ¢ is rational.

The product of ~/ 576 and ~/684 is

1) irrational because both factors are 3) irrational because one factor is irrational
irrational
2) rational because both factors are rational ~ 4) rational because one factor is rational

4 . L . .
Is the product of ~/16 and C rational or irrational? Explain your reasoning.

SOLUTIONS

ANS: 3
7 . .
~J 16 + Aﬁ = 1 may be expressed as the ratio of two integers.

Strategy: Recall that under the operation of addition, the addition of two irrational numbers and the
addition of an irrational number and a rational number will always result in a sum that is irrational. To get
a rational number as a sum, you must add two rational numbers.

STEP 1 Determine whether numbers L, M, N, and P are ratiional, then reject any answer choice that does
not contain two rational numbers.

L= )2 15 rrational
A= 3«;‘? 15 trational
M= .16 =4 and 15 rational

F= «.E=3 and i1z rational
STEP 2 Reject any answer choice that does not include #7+ /. Choose answer choice c.

PTS: 2 NAT: N.RN.B.3 TOP: Classifying Numbers
ANS: 1
Strategy: Find a counterexample to prove one of the answer choices is not always true.

Answer choice a is not always true because: «E and ~/1Z are both irrational numbers, but

«E Xl 12 =4f3x12 = ~/36 = 6, and 6 is a rational number, so the product of two irrational numbers is
not always irrational.

PTS: 2 NAT: N.RN.B.3 TOP: Classifying Numbers
ANS:
Patrick is correct. The sum of a rational and irrational is irrational.

Strategy: Determine whether 4.2 and '\JIE are rational or irrational numbers, then apply the rules of
operations on rational and irrational numbers.

4.2 is rational because it can be expressed as % which is the ratio of two integers.
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384)

385)

386)

«E is irrational because it cannot be expressed as the ratio of two integers.

The rules of addition and subtraction of rational and irrational numbers are:

When two rational numbers are added or subtracted, the result is rational.

When two irrational numbers are added or subtracted, the result is irrational.

When an irrational number and a rational number are added or subtracted, the sum is irrational.

PTS: 2 NAT: N.RN.B.3 TOP: Classifying Numbers

ANS: 2

Strategy: Find a counterexample to prove one of the answer choices is not always true. This will usually
involve the product or quotient of two irrational numbers since the outcomes of addition and subtraction of
irrational numbers are more predictable.

Answer choice b is not always true because: '\IE and «E are both irrational numbers, but

W2 x 3= af2x3 = /6 and /6 isan rational number, so the product of two irrational numbers is
not always rational.

PTS: 2 NAT: N.RN.B.3 TOP: Classifying Numbers
ANS: 2

R SRS SN S
HETT

Strategy: Recall that under the operation of addition, the addition of two irrational numbers and the
addition of an irrational number and a rational number will always result in a sum that is irrational. To get
a rational number as a sum, you must add two rational numbers. Reject any answer choice that does not
contain two rational numbers.

[= N EY

. . |
Reject answer choice a because E is irrational.

. 1 1 .
Choose answer choice b because both P = ﬁ and W= ﬁ can be expressed as rational numbers, as

shown above.

PTS: 2 NAT: N.RN.B.3 TOP: Classifying Numbers

ANS: 1

Strategy: Eliminate wrong answers.

Expression | results in a rational number because the set of rational numbers is closed under addition.
503 =25 44 -1

TET5T a0 Tan T @

Expression 1l is is correct because the additon of a rational number and an irrational number always results

in an irrational number.

1

3+ 2 =05+ 1414203562, . .= 1914203542, .

Expression 111 results in a rational number because (Aﬁ] : (Aﬁ] =55 =25 =5= % which is the
ratio of two integers.
Expression 1V results in a rational number because 3 - [«;‘49] =3.7=12l= % which the ratio of two

integers.
Expression 1l is the only expression that results in an irrational number, so Choice (a) is the correct answer.
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PTS: 2 NAT: N.RN.B.3 TOP: Classifying Numbers
387) ANS:

3,02 8018
EXExAJExw"E
24.{36

144

The product is 144, which is rational, because it can be written as E, a ratio of two integers.

PTS: 2 NAT: N.RN.B.3 TOP: Classifying Numbers
388) ANS:
Irrational

32442 =702

T"AJE is irrational because it is the product of a rational number and an irrational number.

S . . . 7
7 is rational because it can be expressed as the ratio of two integers (T)

«JE is irrational because the square roots of all prime numbers are irrational.

PTS: 2 NAT: N.RN.B
389) ANS:
Jakob is incorrect. The sum of a rational number and an irrational number is irrational.

65 7+184/5
7 21
Note the square root of 5 in the sum. The square root of any prime is irrational.

+
3

PTS: 2 NAT: N.RN.B.3 TOP: Classifying Numbers
390) ANS:
Irrational

A rational number and an irrational number under addition or subtraction will always be irrational.
NORMAL FLOAT AUTO REAL RADIAN HP n

Note that the answer does not appear to repeat or end.

is irrational because it can not be written as the ratio of two integers.

PTS: 2 NAT: N.RN.B.3 TOP: Operations with Radicals
KEY: classify
391) ANS:
The sum of @ and b is irrational because the sum of an irrational number and a rational number is always
irrational.

Page 481



392)

393)

The sum of b and c is rational because the sum of a rational number and another rational number is always
rational.

~J 20 is an irrational number that can be simplified to E«E, but cannot be expressed as the ratio of two
integers or as a never-ending, never-repeating decimal.

. . . . . 25
2.5 is a rational number because it can be expressed as the ratio of two integers, such as ik

~F 225 is a rational number that can be simplified to 15 and expressed as the ratio of two integers, such as
15
T.

PTS: 2 NAT: N.RN.B.3 TOP: Operations with Radicals
KEY: classify
ANS: 3

~1 576 = 24, which can be expressed as the ratio ? which means that ~/ 576 is a rational number.

~{ 624 cannot be expressed as a rational number. It can be simplified to i~/ 19, but it cannot be
expressed as the ratio of two integers. Therefore, ~/684 is an irrational number.

The product of a rational number and an irrational number is always irrational.
NORMAL FLOAT AUTD REAL RADIAN MP n

[S76x%]684
627.6814479

Note that the product of ~/576 and -/654 appears to be a never ending, non-repeating decimal, which
indicates that the product is an irrational number.

PTS: 2 NAT: N.RN.B.3 TOP: Operations with Radicals
KEY: classify
ANS:

Answer: The product of «fﬁ and % is rational.

Explanation: A rational number is a number that can be expressed as the ratio of two intergers, in the
form of %, where both a and b are integers. An irrational number is a number that cannot be expressed as
the ratio of two integers.

. . 4 o . .
~J 16 is a rational number because ~/ 16 can be expressed as —, which is a ratio of two integers.

4 . . .. . .

7 isa rational number because it is already expressed as a ratio of two integers.
4. 4_18
177 7
The product of any two rational numbers will always be a rational number.

x and % is a ratio of two integers.
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PTS: 2 NAT: N.RN.B.3 TOP: Operations with Radicals
KEY: classify
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L — Radicals, Lesson 2, Graphing Root Functions (r. 2018)

RADICALS
Graphing Root Functions

Common Core Standard Next Generation Standard

F-1F.7b Graph square root, euberoot, and piece- Al-F.IF.7b Graph square root, and piecewise-defined
wise-defined functions, including step functions and | functions, including step functions and absolute value
absolute value functions. functions and show key features.

Note: Algebra | key features include the following: in-
tercepts, zeros; intervals where the function is increas-
ing, decreasing, positive, or negative; maxima, min-
ima; and symmetries.

LEARNING OBJECTIVES

Students will be able to:

1) Graph functions involving square roots.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary

- Regents exam questions
- learning objective(s)

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
square root cube root nth root
BIG IDEAS

NOTE: All of the functions in this lesson require special consideration for the domain of the
independent variable (the x-axis).

ROOT FUNCTIONS

Root functions are associated with equations involving square roots, cube roots, or nth roots. The easiest
way to graph a root function is to use the three views of a function that are associated with a graphing

calculator.

STEP 1. Input the root function in the y-editor of the calculator.
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(Note: The use of rational exponents is recommended, i.e.

Jx=x?

1

fx=x°

STEP 2. Look at the graph of the function.

STEP 3. Use the table of values to transfer coordinate pairs to graph paper.

Example: Graph the root function flx) = ~/x+1

STEP 1 Input the
function rule in the y-
editor of your graphing
calculator

STEP 2. Look at the
graph view of the function

STEP 3. Select
coordinate pairs from the
table view to create your
graph.

Flatl Flokz Floks
(1421
mMiBCR+L D

wWe=
W=
wNy=
wNe=
wNE=

DEVELOPING ESSENTIAL SKILLS

Use technology to graph the following the following functions:

y=+x

y=x"43
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Plotl Plotz Plotz

\yigx 22
ENY 2=
ENY3=
ENY4=
ENY5=
\Yg=
ENY?=
ENYg=

X

[y

v TwNREo

ANSWERS

Y;

ERROR
ERROR

14142
1.7321

2
2.2361

Plotl Plot2 Plot2

\yig-x 2
ENY 2=
ENY 3=
ENYa=
ENY5=
\NYe=
ENY 7=
EINYs=

RFAMETTATRAITOREERMERGTANRFE
1
Plotl Plotz Plot3

E\Y1B(X+3) ‘¥
ENY 2=
ENY 3=
ENY4=
ENYs=
\Yg=
ENY?=
ENYs=

RFAMETATRE I GRREAMEADTANRHE
1
Plotl Plotz Plot3

B\Y:18X 12’ +3
ENY 2=

ENY 3=

ENY4=

ENY5=

\Ye=

ENY 7=

ENYs=

Plotl Plot2 FPlot3

m\Y1gx3?
ENY 2=
ENY3=
ENY4a=
ENYs=
\NYg=
ENY?=
E\Ys=

NORMAL FLOAT AUTO REAL RADIAN HMP n
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REGENTS EXAM QUESTIONS (through June 2018)

F.IF.C.7: Graphing Root Functions

394) Which graph represents y = ~fx—2?
1) ¥ 3) y

A A

-

2) y 4) y

Page 487



395) On the set of axes below, graph the function represented by 3 = %Jx-2 forthe domain -6 = x < 10.

¥

=

396) Draw the graph of y = «E — 1 on the set of axes below.

y

Page 488



397) Graph the function y=--~/x+3 on the set of axes below.

398) Graph flx)= ~/x+2 overthe domain -2 =x=7.

]

L

Page 489



SOLUTIONS

394) ANS: 4
¥ = ~fx—2 isaroot function, so its graph must look like a root function.
¥ y
‘ \ij
- up = X - = 3
a) | C) '
This is a quadratic function. This is a quadratic function.
¥ y
k k
) /__ , B /_‘,_.—-"“- .
f///f
b) J d) J
This is a linear function. By the process of elimination, this is the only
root function.

You can also solve this problem by inputting the equation ¥ = ~fx— 2 into a graphing calcualtor and looking at
the graph, as fopllows:
Flakl FPlake Flokz

w1 BICR=2 g
. - [
wi: ,-———‘_'

~hy=
wHe=
“HE=

PTS: 2 NAT: F.IF.C.7 TOP: Graphing Root Functions
KEY: bimodalgraph
395) ANS:
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396)

"

Strategy: Input the function in a graphing calculator, then use the graph and table views to construct the graph on
paper. Limit the domain of the graph to —é = x = 10.

STEP 1: Use exponential notation to input the function into the graphing calculator, where Wr-2 =(x- 2)‘”33.
Then use the table and graph views to reproduce the graph on paper.

Flotl Flotz Flotbs
(1430
13155}#—2}
wWr= ;
-\.\__l.l.|3= PR R R ;_.F:HT'._'.._.T
“y= — |
“Me= [
“MWE= :
* e * “Wq * W
| -: i -1 g 1.8171
-C -1.91% z 0 g 1.81z0
-y -1.817 K i 10 z
: -1.71 y i.zE80 11 Z.0H01
S : | e |
0 -1.z8 h 1.71 E- z.cEoy
b= - =" a=1d

STEP 2: Limit the domain of the functionto —# = x = 10. Used closed dots to show the ends of the function at
coordinates (-6, -2) and for (10, 2).

PTS: 2 NAT: F.IF.C.7 TOP: Graphing Root Functions
ANS:

Strategy: Input the function in a graphing calculator, then use the graph and table views to construct the graph on
paper.
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STEP 1: Use exponential notation to input the function into the graphing calculator, where «f; 1=t

Then use the table and graph views to reproduce the graph on paper.

Flotl Flotz Flokbs
L1202
EE1EH -1 :
wWe= ]
"‘-\.I'|'I3= PR R R l_-—I-I‘_-'-_-'_-'TF-
wMy= ;
wMHe= i
“MWE= :
& Y4 & Vq & e
-& EREOR i 0 g 1.BzBA4
-C ERROF 2 Hiyzd g 2
-y EREOR = PEEOL 10 1623
-3 ERROF i 1 11 z.21B6G
e ;i | e
Eh -1 h 1.54EH E- z.Pulr
=K =7 =14

Note: Do nopt plot coordinates with errors. Focus on plotting coordinates with integer values and estimate the
graph between the points with integer values when drawing the graph.

STEP 2: Limit the domain of the functionto -6 = x = 10. Used closed dots to show the ends of the function at
coordinates (-6, -2) and for (10, 2).

PTS: 2 NAT: F.IF.C.7 TOP: Graphing Root Functions

397) ANS:
Strategy: Input the equation in a graphing calculator. Plot the coordinates with integer values. Complete the
graph.
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Plotl Flot2 Flot3

I\Y18-[(X+3)
INY 2=
ENY 3=
ENY 4=
ENYc=
“Ys=
ENY 7=
ENYs=

=

:;f L QLT B S N -
1
NN
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25 Graph the function y = —+/x+3 on the set of axes below.

_,

PTS: 2 NAT: F.IF.C.7
398) ANS:

" ”

o &' 2") —ﬂ"—@é)

f=2 )
7

N

Strategy: Input the function fix) = ~/x+ 2 ina graphing calculator and use the table of values and graph views
to plot the graph for integer values.
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Flokl Flokz Flakz b YWy ;
M EJ.':{+2 n_ 0 i
2=l ot 1 uiuz "
"\.\_I-|-|3= 1 1.?321 .-T'-:..........
wMy= z Z :
o= 3 z.2361
WME= Y 4485

=2

PTS: 2 NAT: F.IF.C.7 TOP: Graphing Root Functions
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M — Functions, Lesson 1, Defining Functions (r. 2018)

FUNCTIONS
Defining Functions

Common Core Standard

graph of the equation y = f(x).

F-1F.A.1 Understand that a function from one set
(called the domain) to another set (called the range)
assigns to each element of the domain exactly one
element of the range. If f'is a function and x is an el-
ement of its domain, then f{x) denotes the output of /
corresponding to the input x. The graph of f'is the

Next Generation Standard

Al-F.IF.1 Understand that a function from one set (called
the domain) to another set (called the range) assigns to
each element of the domain exactly one element of the
range. If /'is a function and x is an element of its domain,
then f{x) denotes the output of f'corresponding to the in-
put x. The graph of f'is the graph of the equation y = f{x).
Note: Domain and range can be expressed using ine-
qualities, set builder notation, verbal description, and
interval notations for functions of subsets of real num-
bers to the real numbers.

LEARNING OBJECTIVES

Students will be able to:

1) Define and identify functions.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary
- learning objective(s)
- big ideas: direct instruction

- modeling

Student Centered Activities

guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills

- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

entry)

VOCABULARY

Function: A rule that assigns to each number x in the function's domain (x-axis) a unique number
S(x) inthe function’s range (y-axis). A function takes the input value of an independent variable and
pairs it with one and only one output value of a dependent variable.

Function

BIG IDEAS
Domain Range
X Y
@
(5
9 ' = @
)
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Domain Range

Not
Fun(():ti?)n 2 i

Expressed as ordered Pairs:
Function: (1,5) (2,6) (3,5)
Not a Function: (1,5) (2,7) (3,8) (1,6)

@ Q @ ©

Function: A function is a relation
that assigns exactly one value of the

WUt FUNCTION SUTRUT dept_andent variable t_o each value of
MACHINE the independent variable. A

function is always a relation.

Example: y=2x
Relation: A relation may produce
WUt RELATION SUTRUT more than one output for a given
MACHINE input. A relation may or may not
be a function.

yi=x
y=
This is not a function, because when

x=16, there is more than one y-
value. 16 =44

Example:

A function can be represented four ways. These are:
= acontext (verbal description)
= afunction rule (equation)
= atable of values
= agraph.

Function Rules show the relationship between dependent and independent variables in the form
of an equation with two variables.
»  The independent variable is the input of the function and is typically denoted by the x-
variable.
= The dependent variable is the output of the function and is typically denoted by the y-
variable.
All linear equations in the form y =mx+ & are functions except vertical lines.
2nd degree and higher equations may or may not be functions.

Tables of VValues show the relationship between dependent and independent variables in the form
of a table with columns and rows:
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» The independent variable is the input of the function and is typically shown in the left
column of a vertical table or the top row of a horizontal table.

» The dependent variable is the output of the function and is typically shown in the right
column of a vertical table or the bottom row of a horizontal table.

Function Not A
Function
X y X y
1 5 1 5
2 6 2 6
3 7 3 7
4 8 4 8
5 9 2 9

Graphs show the relationship between dependent and independent variables in the form of line or
curve on a coordinate plane:
= The value of independent variable is input of the function and is typically shown on the x-
axis (horizontal axis) of the coordinate plane.
" The value of the dependent variable is the output of the function and is typically
shown on the y-axis (vertical axis) of the coordinate plane.

Vertical Line Test: If a vertical line passes through a graph of an equation more than once, the
graph is not a graph of a function.

If you can draw a vertical line through any value of x in a relation, and the vertical line intersects the graph
in two or more places, the relation is not a function.

v
A

e
e

¥ ¥ ¥

Circles and Ellipses | Parabola-like graphs S-Curves Vertical lines

) that open to the side ) .
...are not functions. ...are not functions | ---are not functions.

...are not functions.
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DEVELOPING ESSENTIAL SKILLS

1. Which graph represents a function?
a. y C. y

,c N
S

b. K d. y

¥
2. Which relation is not a function?

a. {(1,5),(2,6),(3,6),(47)} c. {(-1,6),(13)(Z 5. (LN}
b. {(4,7,(2 1).(-3,6). (3,43} d. {{-1,2),(0,5),(5 0, (2 - 1)}
3. Which graph represents a function?
a. | B c. .
b. y d. 5;
i | < | . IV | N :x
4. Which relation is not a function? ’
a. f(2,4,01, 200,00, (=1, 20, (=2,47} c. {02,201, 0.00-110,=221
b, {{2,43 (1,0, (0,0, =11, (-241 d. (22,1, 1, 00,00,01,-1,(2,-2)1
5. Which relation is a function?
a. (2,1, 10,064,105 11 c. (2,303, 2),04,2), (2,4}
b. {{1,23(1 3, (1,401,501 d. (1,6, (2,8,(3,3,0 120
6. Which set is a function?
a {(34),035),(36),(37) c. {(87),(78). (39,065}
b, {{1,23, 03,4, (4,302, 11 d. (0,2, (3,4, (0,8, (56}
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ANSWERS

ANS:
ANS:
ANS:
ANS:
ANS:
ANS:

oakrwnE
w>»0>»00

REGENTS EXAM QUESTIONS (through June 2018)

F.IF.A.1: Defining Functions

399) Which table represents a function?

D x|2]a]2]a 3 [ x| 3 7 | o
f| 3] 5|7 |9 f)| 2 | 4| 2] 4
) [x]To[=1]oT] 1 4 Ix[o]1[=1]o0
f| o 1 [-1] o f)| o | -1 o [ 1

400) The function fhas a domain of {1,3,5,7} and arange of {2,4,6}. Could f be represented by
{(1,2),(3,4),(5,6),(7,2)}? Justify your answer.

401) Which representations are functions?

ITx T v I Y
2 6
3 |-12
4 7
5 5 ) &
2 -6 b \‘ >
I {(1,1),(2.1),(3.2), (4.3), (5,5),(68), (7.13) } IVy=2c+1
1) landll 3) I, only
2) lland IV 4) 1V, only

402) A mapping is shown in the diagram below.

This mapping is
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1) afunction, because Feb has two outputs, 3) not a function, because Feb has two

28 and 29 outputs, 28 and 29
2) afunction, because two inputs, Jan and 4) not a function, because two inputs, Jan
Mar, result in the output 31 and Mar, result in the output 31

403) A function is shown in the table below.

X f(x)
-4 2
-1 | -4

-2
16

If included in the table, which ordered pair, (=4, 1} or {1,—47, would result in a relation that is no longer a
function? Explain your answer.

404) Marcel claims that the graph below represents a function.

State whether Marcel is correct. Justify your answer.

405) Nora says that the graph of a circle is a function because she can trace the whole graph without picking up
her pencil. Mia says that a circle graph is not a function because multiple values of x map to the same y-
value. Determine if either one is correct, and justify your answer completely.

406) A relation is graphed on the set of axes below.
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Based on this graph, the relation is
1) afunction because it passes the horizontal 3) not a function because it fails the

line test horizontal line test
2) afunction because it passes the vertical 4) not a function because it fails the vertical
line test line test

407) A function is defined as {0, 13,12, 3),(5,8),(7,2)}. Isaac is asked to create one more ordered pair for the
function. Which ordered pair can he add to the set to keep it a function?

1) 0,2 3) (R0
2) (573) 4) (1,3
SOLUTIONS
399) ANS: 3

Strategy: Eliminate wrong answers. A function is a relation that assigns exactly one value of the
dependent variable to each value of the independent variable.

Answer choice a is not a function because there are two values of y when x = 2.
Answer choice b is not a function because there are two values of y when x = 1.
Answer choice c is a function because only one value of y is paired with each value of x.
Answer choice d is not a function because there are two values of y when x = 0I.

PTS: 2 NAT: F.IF.Al TOP: Defining Functions
400) ANS:
Yes, because every element of the domain is assigned one unique element in the range.

Strategy: Determine if any value of x has more that one associated value of y. A function has one and
only one value of y for every value of x.
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401)

402)

403)

404)

405)

406)

407)

PTS: 2 NAT: F.IF.Al TOP: Defining Functions

ANS: 2

Strategy: Determine if each of the for views are functions, then select from the answer choices. A
function is a relation that assigns exactly one value of the dependent variable to each value of the
independent variable.

I is not a function because when x = 2, y can equal both 6 and -6.

I1is a function because there are no values of x that have more than one value of y.

111 is not a function because it fails the vertical line test, which means there are values of x that have more
than one value of y.

IV is a function because it is a straight line that is not vertical.

Answer choice b is the correct answer.

PTS: 2 NAT: F.IF.Al TOP: Defining Functions

ANS: 3

A function has one and only one output for each input. The diagram shows that February maps to two
different output numbers, so the diagram cannot represent a function.

PTS: 2 NAT: F.IF.A1l TOP: Defining Functions

KEY: ordered pairs

ANS:

{—4, 11, because then every element of the domain is not assigned one unique element in the range.
PTS: 2 NAT: F.IF.Al TOP: Defining Functions

ANS:

Marcel is not correct, because the relation does not pass the vertical line test. If you draw the vertical line
x = 2, there will be more than one value of y. A function can have one and only one value of y for every
value of x.

PTS: 2 NAT: F.IF.Al TOP: Defining Functions
KEY: graphs

ANS:

Neither is correct.

Nora’s reason is wrong since a circle is not a function because it fails the vertical line test.

Although Mia correctly states that a circle is not a function, her reasoning is wrong. She confuses the
variables in the definition of a function, which states that a function has one and only one value of y for
each value of x. It is okay for ay to be associated with multiple values of x in a function. It is not okay
for an x to be associated with multiple values of y.

PTS: 2 NAT: F.IF.A1l TOP: Defining Functions

KEY: graphs

ANS: 2

A function has one and only one value of y for each value of x. A graph represents a function if there are
no vertical lines that intersect the graph at more than one point.

PTS: 2 NAT: F.IF.A1l TOP: Defining Functions

KEY: graphs
ANS: 4
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Strategy. The the definition of a function to eliminate wrong answers. (i.e. for each value of x in a
function, there can be one and only one value of y).

Choice 1
Choice 2
Choice 3
Choice 4

PTS: 2

C 0,
)
A}
S L

Wrong, because 0 is already paired with y = 1.
Wrong, because 5 is already paired with y = 3.
Wrong, because 7 is already paired with y = 2.

Correct, because 1 is not paired with any other value of y.

NAT: F.IF.Al TOP: Defining Functions

KEY: ordered pairs
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M — Functions, Lesson 2, Function Notation, Evaluating Functions (r. 2018)

FUNCTIONS
Function Notation, Evaluating Functions

Common Core Standard Next Generation Standard

F-1F.2 Use function notation, evaluate functions for | Al-F.IF.2 Use function notation, evaluate functions for
inputs in their domains, and interpret statements that | inputs in their domains, and interpret statements that use
use function notation in terms of a context. function notation in terms of a context.

LEARNING OBJECTIVES

Students will be able to:

1) use function notation,
2) evaluate functions for specific input values, and
3) use function notation in context.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work
- activate students’ prior knowledge

- developing essential skills
- vocabulary

- Regents exam questions
- learning objective(s)

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
function notation independent variable
dependent variable composition of functions
BIG IDEAS

Function Notation

In function notation, /'(x) is used instead of the letter y to denote the dependent variable. It is read as “f of
X" or “the value f(x) is a function of x,” which is the independent variable. Other letters may also be used.
There are four primary advantages to using function notation:

1) The use of function notation indicates that the relationship is a function.

2) The use of function notation explicitly defines which variable is the dependent variable and which
variable is the independent variable.

3) The use of function notation simplifies evaluation of the dependent variable for specific values of
the independent variable.

Example: If fix) = 2x, then
AN =2[ =4, and
A3 =203 =6, and
A4y =2(4) = 8, ate.

Page 505




4) The use of function notation allows greater flexibility and specificity in naming variables.

Example #1: If total cost is a function of the number of pencils bought, a function rule might
begin with C(p)=.

Example #2: If miles driven at a constant speed is a function of hours driving, a function rule
might begin with M(h)=.

When graphing using function notation, the label of the y-axis is changed to reflect the function notation
being used.

Evaluating Functions

To evaluate a function for a specific input, simply replace the dependent variable with the desired input
throughout the function.

Example: Given the function fx) = 3x* + 4, find the value of /T5) as follows:
Axi= 3%t + 4

A5 =305 +4
A5 =3(25) + 4
A5 =T5+4
5 =79

Composition of Functions

Some functions are defined using other functions. Such functions are called compositions of
functions. For example, if / (x)=2xand g(x)=3/(x), then the function g (x)is defined in

terms of the function /(x). Since we know that f'(x)=2x, we can use substitution to write
g(x) =3(2x).
DEVELOPING ESSENTIAL SKILLS

Evaluate the following functions for the given input values:

f(x):2x+3 f(x)=3x—1
f()= f(@)=
f(2)= f(2)=
f(3)= f(3)=
f(4)= f(4)=
/(5)= f(5)=
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REGENTS EXAM QUESTIONS (through June 2018)
F.IF.A.2: Function Notation, Evaluating Functions

2[Ax0]* - 1.

2x+ 1, find gix) if gix)

408) Giventhat flx)

409) The graph of y = fix} is shown below.
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410)

411)

412)

413)

414)

415)

y s A -
R
Which point could be used to find #72)?
1) 4 3) C
2) B 4) D

The value in dollars, v(x), of a certain car after x years is represented by the equation v(x}) = 25,000{0.36)"
. To the nearest dollar, how much more is the car worth after 2 years than after 3 years?

1) 2589 3) 15,901

2) 6510 4) 18,490

If frl=(n- ljl2 + 3#z, which statement is true?

1) A3 =-2 3) A-2)=-15
2) A-2=73 4) f-151=-2

The equation to determine the weekly earnings of an employee at The Hamburger Shack is given by w(x},
where x is the number of hours worked.

{1 0z, 0= x =40

wix) =

15(x—40)+ 400, x = 40

Determine the difference in salary, in dollars, for an employee who works 52 hours versus one who works
38 hours. Determine the number of hours an employee must work in order to earn $445. Explain how
you arrived at this answer.

2x+73
If ﬂx}= Tx—-'-ﬂ' then f[%] =

1) 1 3) -1
2) -2 4) 13
3
Lynn, Jude, and Anne were given the function fix) = -2x* + 132, and they were asked to find #{3). Lynn's
answer was 14, Jude's answer was 4, and Anne's answer was 4. Who is correct?

1) Lynn, only 3) Anne, only

2) Jude, only 4) Both Lynn and Jude
If Ax) = %xﬂ - [éx+ 3], what is the value of A8)?

1) 11 3) 27

2) 17 4) 33
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416)

417)

408)

409)

410)

For a recently released movie, the function y = 119.67(0.613" models the revenue earned, y, in millions of
dollars each week, x, for several weeks after its release. Based on the equation, how much more money,
in millions of dollars, was earned in revenue for week 3 than for week 5?

1) 37.27 3) 17.06

2) 27.16 4) 10.11

If k(x) = 2% — 307, then k(D) is

1) 315 3) 159

2) 307 4) 153
SOLUTIONS

ANS:

Step 1. Understand this as a composition of functions problem.
Step 2. Strategy: Substitute the expression for f(x) into the equation for g(x).
Step 3. Execution of Strategy.

Axi=2x+1 and gix)=2[Ax]" -1
gx) = 2(2x+ 1)* = 1 (answer)

g(x) = 204x° +4x+ 11— 1 (alternate answer)
g(x) = 82 + 8x+ 21 (alternate answer)

g(x) = 8x° + 8x+ 1| (allernate answer)

PTS: 2 NAT: F.IF.A2 TOP: Functional Notation Evaluating Functions
ANS: 1

Strategy: Understand that the meaning of 2} is the value of y when x = 2, then eliminate wrong
answers.

Choose answer choice A because represents 72} with coordinates [Z,Dj. A&y=0

Answer choice b is wrong because if represents f{0). A0 =2
Answer choice ¢ is wrong because if represents f-2). A-21=10
Answer choice d is wrong because if represents f-13. A-11=-2

PTS: 2 NAT: F.IF.A2 TOP: Functional Notation Evaluating Functions
ANS: 1
Strategy #1

Input 25, 000{0.86)* - 25,000(0.86)° into a graphing calculator and press enter.

FSAGEC A, 56 -2 5
b 23886

25, 00000.56)% — 25, 000(0.86)% = 18490 — 15901.40 = 2583.60

Page 509



411)

412)

Strategy #2: Input the function rule in a graphing calculator and obtain the value of the car after 2 years
and 3 years from the table of values. Then, compute the difference.

STEP 1: Input the function rule and obtain data from the table of values.

Flotl Flotz Flotz L mp
"

M EZSEEACE, 260" | () S0

M= i Z1c0n

z 1@490

i ;|
LY -

EE;- C 11751

— & 1011y
“NME=

STEP 2: Compare the value of the car after 2 years and after 3 years.
The car is worth $18,490 after 2 years.

The car is worth $15,901 after 3 years.

The difference is 13490 — 15901 = 2559

25, 00000.56)% - 25,000(0.56)% = 13490 - 15901.40 = 2585.60

PTS: 2 NAT: F.IF.A2 TOP: Functional Notation Evaluating Functions
ANS: 2

Strategy #1: Input fl#z) = (n— 17* +3x intoa graphing calculator and inspect the table of values.
x | /&)
3 13
-2 3

-15 | 211

Strategy #2: Manually calculate the answer.

HEIERER 1}2+ dn
A= =(-2-10%+3(-2)

A-D=0-3"-¢
A-21=9-14
fA-2y=13
PTS: 2 NAT: F.IF.A2 TOP: Functional Notation Evaluating Functions

ANS:

a) The difference in salary, in dollars, for an employee who works 52 hours versus one who works 38
hours, is $200.

b) An employee must work 43 hours in order to earn $445. See work below.

Strategy: Parta: Use the piecewise function to first determine the salaries of 1) an employee who works
52 hours, and 2) an employee who works 38 hours. Then, find the difference of the two salaries.
| Working 38 Hours | Working 52 Hours |
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10z, 0% 40 10z, 0x <40
WXl = Wixl=
15(x — 40) + 400, % > 40 150 — 40+ 400, x » 40
10038y, 0=x=40 not applicable, 0=<x=40
() = | 1003 wisy = |1 R
not applicahle, x =40 15(52-40+ 400, x40
w(38) = {IIZI[EE), 027240 |w(52)= {15(52 — 4034400, x> 40
w(38) = 380 w(52) = {15(12} + 400, x40
w(52) = [180+400, x40
w(52) = 530

The difference between the values of w(3&) and w{52) is $200.

Strategy: Part b: The employee must work more than 40 hours, and compensation for hours worked in
excess of 40 hours is found in the second formula and is equal to $15 per hour. The compensation worked
in excess of 40 hours is $445 - $400 = §45, so
45 dollars
15 dallars/hour
The employee must work a total of 43 hours. The employee receives $400 for the first 40 hours and $45
for the 3 hours in excess of 40 hours.

= Shours

413) ANS: 3

PTS: 4 NAT: F.IF.A2 TOP: Functional Notation Evaluating Functions
Strategy: Substitute % for x, and solve.
AJ2x+ 3
Ao =53

A1)
2 -2
-2
fé --1
PTS: 2 NAT: F.IF.A2 TOP: Functional Notation Evaluating Functions

414) ANS: 1
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A =-2(x0" + 32
A= 200" + 32

AT =-2(9) + 32
A3 =—18+ 732

A3y =14

PTS: 2 NAT: F.IF.A.2 TOP: Functional Notation

415) ANS: 3

ﬂx]=%x2—[%x+3]
ﬁ3}=%32—[%(8)+3]

A18) =7 (69)-(2+3)

A8 = 32— (5)
ey =127

PTS: 2 NAT: F.IF.A.2 TOP: Functional Notation

416) ANS: 3

417)

Strategy #1. Input the function rule in a graphing calculator, then use the table of values to identify the
revenues earned in weeks 3 and 5, then compute the difference.

Flokl Flatz Flots " Y1
~VM1E119. 67 (A EL K g }%5555
W= z Yy £zo
~Nz= E; z7.16%
N |
x'f;f |E- 6.165Y
Y6 =,

The table of values shows that the movie earned 27.163 million dollars in week 3.
The table of values shows that the movie earned 10.107 million dollars in week 5.
The difference is (27 163 10.107) = 17.056

Strategy #2. Use a graphing calculator to evaluate the expression 119.67{0.611" — 119.67(0.613*, which
equals 17.056..

PTS: 2 NAT: F.IF.A2 TOP: Functional Notation Evaluating Functions
ANS: 4
Strategy: Substitute and solve.
Notes Left Sign | Right Expression
Expression
Given kix) = 25t - 37
Substitute 9 for x k(3 = 2(97% - 3.9
Exponents and Radicals k(3 = 2(81)- 3403
Simplify k(%) = 162-9
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Simplify | k(%) | = | 153 |

PTS: 2 NAT: F.IF.A.2 TOP: Functional Notation

Page 513



M - Functions, Lesson 3, Domain and Range (r. 2018)

FUNCTIONS
Domain and Range

CC Standard NG Standard

F-1F.5 Relate the domain of a function to its graph Al-F.IF.5 Determine the domain of a function from its
and, where applicable, to the quantitative relation- graph and, where applicable, identify the appropriate do-
ship it describes. For example, if the function h(n) main for a function in context.

gives the number of person-hours it takes to assem-
ble n engines in a factory, then the positive integers
would be an appropriate domain for the function.

LEARNING OBJECTIVES

Students will be able to:

1) Determine the domain of a function from its graph.
2) Identify appropriate sets of numbers for the domain and range of a function.

Overview of Lesson
Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
continuous integers real numbers
counting numbers natural numbers whole numbers
discrete range
domain rational numbers
BIG IDEAS

The domain of x and the range of v.
The coordinate plane consists of two perpendicular number lines, which are commonly referred to as the

x-axis and the y-axis. Each number line represents the set of real numbers. The x-axis represents the
independent variable (inputs) and the y-axis represents the dependent variable (outputs).
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The domain of a function is that part (or parts) of the x-axis number line required for the funtion’s input
values. This can be an interval of all real numbers, or limited to specific subsets of real numbers, such as
positive or negative integers.

The range of a function is that part (or parts) of the y-axis number line required for the funtion’s output
values. This can be an interval of all real numbers, or limited to specific subsets of real numbers, such as
positive or negative integers.

A function maps an element of the domain onto one and only one element of the range.

Choosing Appropriate Domains and Ranges

Many functions make sense only when a subset of all the Real Numbers are used as inputs. This subset of
the Real Numbers that makes sense is known as the domain of the function.

Example: If a store makes $2.00 profit on each sandwich sold, total profits might be modeled by the
function P(s) = 25, where P(5) represents total profits and s represents the number of sandwiches sold.
The entire set of real numbers, including fractions and irrational numbers, make no sense for this
function, because the store only sells whole sandwiches. In this example, the domain of the function

Fi5) = 25 should be restricted to the set of whole numbers.  Likewise, the range of a function can also be limited
to a well-defined subset of the Real Numbers on the y-axis.

Domains and ranges can be either continuous or discrete.
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DEVELOPING ESSENTIAL SKILLS

1. The effect of pH on the action of a certain enzyme is shown on the accompanying graph.

¥
=
EJ
b
@
£
)
=
(17}
i=]
[1E]
= T T T T T T T T 1T T T &
C 01234567 8910111213
pH
What is the domain of this function?
a 4=2x=13 C. x=0
b. 4=y=13 d y=0

2. Data collected during an experiment are shown in the accompanying graph.

==
£ 00!
=}
3 [\
75
EE / \
sw
£ = 50 / i
mhb=
23 /1111
E 25 \
3 N
E 01— X
12345678 910
pH
What is the range of this set of data?
a 255y=95 c. D=y=100
b. 25=x=95 d 1=x=10
What is the range of the relation ¥ = 2x* + 3x if the domain is the set [-2,-1,0}?
a. {2,1,0} c. {-1,-510}
b. {z.-1,0 d. {10,1,00
The domain for fix) = 3x+ 2 is =3 =x = 2. The greatest value in the range of f(x) is
a. -7 c. 8
b. 2 d 11

The domain of f{x) ="+ 2x+1 is -3 =x=3. The largest value in the range of iz} is
a. 20 c. 3
b. 16 d 4
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ANSWERS

1. ANS: A
2. ANS: C
3. ANS: B
4. ANS: C
5. ANS: B

REGENTS EXAM QUESTIONS (through June 2018)

F.IF.B.5: Domain and Range

418) The graph of the function fix) = ~/x+4 is shown below.

(x)

The domain of the function is
1) {x|x =0} 3) {x|x -4}
2) {x|x=z=0} 4) {x|x=-4}

419) If fix)= %x+ 3, which statement is always true?

1) Ax) <0 3) If x <0, then fix) <0
2) fix)=0 4) If x =0, then flx) = 0.
420) Letf be afunction such that fix) = 2x—4 is defined on the domain 2z = x = 4. The range of this
function is
1) 0=y=3§ 3) 2=y=4
2) D2y <o 4) -ty <
421) The range of the function defined as y = 5" is
1) y=0 3) y=0
2) y=0 4) y=10
422) The range of the function fix) = z* + 2x— % is all real numbers
1) lessthan or equal to -2 3) less than or equal to -1
2) greater than or equal to -9 4) greater than or equal to -1

423) What is the domain of the relation shown below?
{04, 23,01, 1,00, 0, (1, - 1), (4, =23}
1) {0,1,4} 3) {-2,-1,0,1,2 4}
2) {-2,-1,0,1,2} 4) {-2,-1,0,0,1,1,1,2,4,4}
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424)

425)

426)

427)

428)

429)

430)

431)

432)

433)

If the domain of the function f1x) = 2x* - 8 is {-2,73, 5}, then the range is
1) {-16,4,32} 3) {010,423
2) {-16,10,42} 4) {0,4,92}

Officials in a town use a function, C, to analyze traffic patterns. ) represents the rate of traffic
through an intersection where # is the number of observed vehicles in a specified time interval. What
would be the most appropriate domain for the function?

1) {.-2-1,0123...} 3) S |
(05,115,225}
2) {-2,-1,0,1,2,3} 4) {0,1,23...}

The function ki) = —16¢* + 144 represents the height, k(£), in feet, of an object from the ground at
seconds after it is dropped. A realistic domain for this function is

1) -3£:%3 3) 0=h() =144

2) 0=t=3 4) all real numbers

Which domain would be the most appropriate set to use for a function that predicts the number of
household online-devices in terms of the number of people in the household?

1) integers 3) irrational numbers

2) whole numbers 4) rational numbers

A store sells self-serve frozen yogurt sundaes. The function C{w) represents the cost, in dollars, of a
sundae weighing w ounces. An appropriate domain for the function would be

1) integers 3) nonnegative integers

2) rational numbers 4) nonnegative rational numbers

A construction company uses the function #z7, where p is the number of people working on a project, to
model the amount of money it spends to complete a project. A reasonable domain for this function would
be

1) positive integers 3) both positive and negative integers

2) positive real numbers 4) both positive and negative real numbers

An online company lets you download songs for $0.99 each after your have paid a $5 membership fee.
Which domain would be most appropriate to calculate the cost to download songs?

1) rational numbers greater than zero 3) integers less than or equal to zero
2) whole numbers greater than or equal to 4) whole numbers less than or equal to one
one

The daily cost of production in a factory is calculated using «(x) = 200 + 1éx, where x is the number of
complete products manufactured. Which set of numbers best defines the domain of «ix)?

1) integers 3) positive rational numbers

2) positive real numbers 4) whole numbers

At an ice cream shop, the profit, iz}, is modeled by the function P{z) = 0.87, where ¢ represents the
number of ice cream cones sold. An appropriate domain for this function is

1) aninteger =0 3) arational number =1
2) aninteger =0 4) arational number = 1)
If fix)= x* + 2, which interval describes the range of this function?

1) (-o0,00) 3) [209)

2) [0,eo) 4) (-0 d]
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418)

419)

420)

SOLUTIONS

ANS: 4

Strategy: Use the number line of the x-axis, the fact that the graph begins with a solid dot, indicating
that -4 is included in the domain, and the fact that the graph includes an arrow indicating that the graph
continues to positive infinity, to select answer choice d.

PTS: 2 NAT: F.IF.A1l TOP: Domain and Range
ANS: 4
Strategy: Inspect the function rule in a graphing calculator, then eliminate wrong answers.

Flotl Flotz Flotz =
WiBC1-Zadea L |
M=l -
S
“My=
“Me=
“ME= ;
wMa= ]

b i & Y

-3 B -3 -1

-2 B.3333 -28 -.GBET

4 B.6a67 3 REEEE

1 83333 -2B FEEE

z 8 BEGT -zE .BEEGT

3 10 -zH 1
) =27

Answer choice a can be eliminated because the table clearly shows 7z} values greater than zero.
Answer choice b can be eliminated because the table clearly shows T} values less than zero.
Answer choice ¢ can be eliminated because if x is greater than -27, then f{x) = 0.

Choose answer choice d because the graph and table clearly show that all values of f{x) are positive
when values of x are positive.

PTS: 2 NAT: F.IF.A2 TOP: Domain and Range
ANS: 1

Ad)=0
Agl=8
Strategy: Inspect the function rule in a graphing calculator over the domain 2 = x = 4, eliminate wrong
answers.

Flokl Flekz FIots THOOM
%1 B2s—4 Aamln=2
wWe= AMax=6
~Ma= Aecl=1
wWy= Ymin=-18
o= Ymax=14
W= Y=c1=0
o= -mres=1
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421)

422)

423)

=

ol = |- ¥ ) TR
L]

&
z
3
y
IE_
B

Choose answer ch0|ce a because the table of values and the graph clearly show that {2} = 0 and
A6 =&, and all values of y between x =2 and x = are between 0 and 8.

Eliminate answer choice b because infinity is clearly bigger than 8.

Eliminate answer choice ¢ because these are the domain of x, not the range of y.

Eliminate answer choice d because negative infinity is clearly less than 0.

PTS: 2 NAT: F.IF.A2 TOP: Domain and Range
ANS: 2
Strategy: Input the function in a graphing calculator and inspect the graph and table views..

Flakl F'1-:-|:2 Flakz o 1

Ell 0016
R ES p: il
MW= -z Ay
-\.\l-l.l.|3= PR R S S R -.......... -1 .2
~hy= : i 1
We=ll ; : |z
M= ;
s = -

The value of y approaches zero, but never reachers zero, as the value of x decreases.
The the range of y = 5"is y = [.

PTS: 2 NAT: F.IF.A2 TOP: Domain and Range
KEY: real domain, exponential
ANS: 2
Strategy: Input the function into a graphing calculator and inspect the range of y-values.

Flokd F'1-:-I:E Flokz ; b W
ME1EH +2n-8 : ! g
“e= : - -g
"-'1"3:. d?_-g
s ; |
xE L= [ z 0
~NeE=

- =1

The graph and the table of values show that all values of f(x) are greater than or equal to -9. Choice b) is
the correct answer.

PTS: 2 NAT: F.IF.A2 TOP: Domain and Range
KEY: real domain, quadratic
ANS: 1

Domain refers to the x-axis while range refers to the y-axis.
axis are required by this relation.
Strategy: Underline all the x-values of the relation, then organize the unique values.

{(4.2), (1,10, (0.0}, (1.~ 1), (4,-2)}
[4,1,0,1,4]

10,14}

You could graph the entire relation if you have x-values of 0, 1, and 4.

This question is asking what values on the x-
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PTS: 2 NAT: F.IF.A2 TOP: Domain and Range
KEY: limited domain

424) ANS: 3
Substitute each value of the domain into the function and solve for the range for each value.
A== 2(-27 -3 An=2n*-3 As=25n* -4
A-0=0 AN =10 A5y =42
PTS: 2 NAT: F.IF.A2 TOP: Domain and Range
KEY: limited domain
425) ANS: 4

Strategy: Examine each answer choice and eliminate wrong answers.

Eliminate answer choices a and b because negative numbers of cars observed do not make sense.
Eliminate answer choice ¢ because fractional numbers of cars observed do not make sense.

Choose answer choice d because it is the only choice that makes sense. The number of cars observed
must be either zero or some counting number.

PTS: 2 NAT: F.IF.B.5 TOP: Domain and Range
426) ANS: 2
Strategy: Input the function into a graphing calculator and examine it to determine a realistic range.

First, transform A(#) = —16¢* + 144 to ¥, = —16ix* + 144 for input.

Plotl FlotZ Flof3 éHDDHE
- min=
:ﬁ;E 16w +144 Amax=1a
DT = Ascl=1
Wy = Ymin=a
Wiz ray=idd
MVES rres=1
& W
TR | 144
1 128
z B
E i
iy -11z
E -EEB
B mEr

The graph and table of values show that it takes 3 seconds for the object to reach the ground. Therefore, a
realistic domain for this function is 0 = ¢ = 3.
t = 0 represents the time when the object is dropped.
t = 3 represents the time when the object hits the ground.
Answer choice b is correct.

PTS: 2 NAT: F.IF.B.5 TOP: Domain and Range
427) ANS: 2
Strategy: Eliminate wrong answers.

Eliminate answer choice a because the set of integers contains negative numbers, which do not make sense
when counting the number of appliances in a household.

Choose answer choice b because the set of whole numbers is defined as {0, 1, 2, 3, ...}. This does make
sense when counting the number of appliances in a household.
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428)

429)

430)

431)

Eliminate answer choice ¢ because the set of irrational numbers includes numbers like & and «ﬁ which
do not make sense when counting the number of appliances in a household.

Eliminate answer choice d because the set of rational numbers includes fractions such as % and %
which do not make sense when counting the number of appliances in a household.

PTS: 2 NAT: F.IF.B.5 TOP: Domain and Range

ANS: 4

Step 1. Understand that the problem is asking for a set of numbers that would be appropriate x-values to
measure the weight (in ounces) of frozen yogurt sundaes.

Step 2. Strategy. Eliminate wrong answers.

Step 3. Execution of Strategy.

a) Integers would not be an appropriate domain because there is no need for negative whole numbers. It
makes no sense to have a yogurt sundae that weighs -4 ounces.

b) Rational numbers would not be an appropriate domain because, once again, there is no need for
negative numbers. It makes no sense to have a yogurt sundae that weighs —g ounces.

c) Nonnegative Integers could work except for zero, which is a non-negative integer. It makes no sense
to have a yogurt sundae that weighs zero ounces.

d) Nonnegative rational numbers are the best choice.

Step 4. Does it make sense? Yes. You could weigh yogurt sundaes by the ounce, half ounce, quarter
ounce, or any other nonnegative fraction.

PTS: 2 NAT: F.IF.B.5 TOP: Domain and Range

ANS: 1

Strategy: Eliminate wrong answers. The number of people must be counting numbers, since it makes no
sense to have a half a person or a quarter person.

The positive integers are 1, 2, 3, 4, ...., which makes sense.

Positive real numbers should be eliminated because positive real numbers include fractions, and fractions
make no sense for the number of workers.

Both positive and negative integers should be eliminated because it makes no sense to have negative
numbers of workers.

Both positive and negative real numbers should also be eliminated because it makes no sense to have
negative numbers of workers.

The correct choice is positive integers.

PTS: 2 NAT: F.IF.B.5 TOP: Domain and Range

ANS: 2

Understand the Question: Cost is a function of the number of songs downloaded, so cost is the dependent
variable and the number of songs is the independent variable. The domain of a function refers to the
independent variable (x-axis), so the problem is asking which numbers are most appropriate for the
number of songs downloaded.

Then, eliminate wrong answers:

Eliminate: Rational numbers greater than zero because there is no need for fractions.

Choose: Whole numbers greater than or equal to one because you only need positive whole numbers.
Eliminate: Integers less than or equal to zero because you would not download a negative number of
songs.

Eliminate: Whole numbers less than or equal to one because you would not download a negative number
of songs.

PTS: 2 NAT: F.IF.B.5
ANS: 4
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432)

433)

Reason: If x represents the number of complete products manufactured, there is no need for fractions or
negative numbers.

Strategy: Eliminate wrong answers:

a)—integers There is no need for negative numbers.

by—pesitiverealnumbers  There is no need for fractions and/or irrational numbers.
€)—positiverational-numbers  There is no need for fractions.

d) whole numbers A complete product can be represented by a whole number.
PTS: 2 NAT: F.IF.B.5 TOP: Domain and Range
ANS: 2

Strategy: Eliminate wrong answers.

1. Eliminate an integer = 0 because all of the integers less than or equal to zero are negative numbers and
you cannot sell a negative number of ice cream cones.

2. Selectan integer = 0 because these are the whole numbers and you can only sell a whole ice cream
cone.

3. Eliminate a rational number = 0 because you cannot sell a negative number of ice cream cones or
negatives fractions of ice cream cones.

4. Eliminate a rational number = 0 because you cannot sell fractional parts of ice cream cones.

PTS: 2 NAT: F.IF.B.5 TOP: Domain and Range
ANS: 3
Strategy: Inspect the table and graph views of this function in a graphing calculator to find the range (not
the domain).
Filokl Flakz Flokz :H: M
N1 Bl+2 R E

Wy E =

r
|l - L LELE RELERY - ]

1
Y= z
:vﬁ_ kS i
~He= =

The table of values and the graph both show the smalles value of f(x) is 2, which occurs when x = 0. The
maximum value of f(x) is infiniy. Therefore, the range of the function is [Z,co).

NOTE: ({—co,e0) is the domain of the function. Don’t confuse domain and range.

PTS: 2 NAT: F.IF.A2 TOP: Domain and Range
KEY: real domain, quadratic
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M — Functions, Lesson 4, Operations with Functions (r. 2018)

FUNCTIONS
Operations with Functions

Common Core Standard Next Generation Standard

A-APR.1 Understand that polynomials form a sys- Al-A.APR.1 Add, subtract, and multiply polynomials
tem analogous to the integers, namely, they are and recognize that the result of the operation is also a pol-
closed under the operations of addition, subtraction, | ynomial. This forms a system analogous to the integers.
and multiplication; add, subtract, and multiply poly- | Note: This standard is a fluency recommendation for
nomials. Algebra I. Fluency in adding, subtracting and multi-
plying polynomials supports students throughout their
work in algebra, as well as in their symbolic work with
functions.

LEARNING OBJECTIVES

Students will be able to:

1)
Overview of Lesson
Teacher Centered Introduction Student Centered Activities
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

VOCABULARY

LEARNING OBJECTIVES

Students will be able to:

1) Use the output of one function as the input for another function.
2) Substitute expressions from one function into another.
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BIG IDEAS
Polynomial expressions can be substituted into equations and functions.
Example:

Given that: f(x) = g{x) - Zk(x) and g(x) = 3x+4, then flx) = (Gx+4) - 2(5x - 6)
h(x)=35x—1

Functions can be multiplied or divided if each and every term in both expressions is multiplied or divided by the
same value.

2(y=3x+4)
Example:  2(y)=2(3x)+2(4)
2y=6x+8

DEVELOPING ESSENTIAL SKILLS

If f and g are two functions defined by fix) = 3x+ 5 and g(x) = x* + 1, then g(f(x)) is

& x*yix+6 C. 3x*+3
b. ox® 4 30x+ 26 d. ox? 426

If f(x)=-2x+7 and g(x) = x* - 2, then f{z{3)) is equal to
a. -7 c. -1
b. -3 d 7

. The accompanying tables define functions f and g.

x |1
f(x) | 3

X 45|67
ai(x) 6|8 |10[12

What is g(/'(3)) ?

a. 6 c. 8

b. 2 d 4

If f{x)=x*+4 and g(x) = ~/ 1 - x, what is the value of f{g{— 3))?
a 3.3 c. 8

b. 2 d. 13

If fx)=x* +4 and g(x) = 2x+ 3, find fig{- 2)).
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ANSWERS

. ANS: B

Fixy=3x+35
g3+ =(3x+5% +1
= 9x* +30x+26

. ANS: A

g(3=3%-2
-7

JUh=-a(n+7
-7

. ANS: C

f(3)=5,9(5 =8

. ANS: C

g(-3=~1-x=J1-(-3 =2
fiy=2"+4=8

. ANS:
5. g(-2)=2(-21+3=-1. f(-D=(-1F+4=5.
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434) A company produces x units of a product per month, where Ci{x) represents the total cost and F(x)
represents the total revenue for the month. The functions are modeled by %z} = 300x + 250 and

434)

REGENTS EXAM QUESTION (through June 2018)

A.APR.A.1: Operations with Functions

R(x)=-0.5x" + 800x - 100. The profit is the difference between revenue and cost where
Plx)= Rix)- C(x). What is the total profit, #({x}, for the month?

1) Pix)=-05x"+ 500x— 150 3) Pix)=-0.5x" - 500x+ 350

2)  Pix)=-0.5x" + 500x - 350 4)  P(x)=-0.5x% + 500x + 350
SOLUTION

ANS: 2

Strategy: Substitute A(x) and <(x) into P{x) = R(x) - C{x).

Given: Fix) = Rix)— Cix)
R(x) = —-0.5x" + 800x - 100
Cfx) = 300x + 250
Therefore:  P(x) = [—D.ng + 800 — mu] — (300x + 250)
P(x) = —0.5x* + 800x — 100 - 300x — 250
P(x) = —-0.5x° + 500x— 350

PTS: 2 NAT: AAPR.A.1  TOP: Addition and Subtraction of Polynomials
KEY: subtraction
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M — Functions, Lesson 5, Families of Functions (r. 2018)

FUNCTIONS
Families of Functions

Common Core Standards

F-LE.A.1 Distinguish between situations that can be
modeled with linear functions and with exponential
functions.

F-LE.A.la Prove that linear functions grow by
equal differences over equal intervals, and that ex-
ponential functions grow by equal factors over equal
intervals.

F-LE.A.1b Recognize situations in which one quan-
tity changes at a constant rate per unit interval rela-
tive to another.

F-LE.A.1c Recognize situations in which a quantity
grows or decays by a constant percent rate per unit
interval relative to another.

F-LE.A.2 Construct linear and exponential func-
tions, including-arithmetic-and-geometric-sequences,
given a graph, a description of a relationship, or two
input-output pairs (include reading these from a ta-
ble).

PARCC: Tasks are limited to constructing linear and exponential
functions in simple context (not multi-step).

F-LE.A.3 Observe using graphs and tables that a
quantity increasing exponentially eventually exceeds
a quantity increasing linearly, quadratically, or
(more generally) as a polynomial function.

Next Generation Standards

Al-F.LE.1 Distinguish between situations that can be
modeled with linear functions and with exponential func-
tions.

Al-F.LE.1a Justify that a function is linear because it
grows by equal differences over equal intervals, and that
a function is exponential because it grows by equal fac-
tors over equal intervals.

Al-.F.LE.1b Recognize situations in which one quantity
changes at a constant rate per unit interval relative to an-
other, and therefore can be modeled linearly.

e.g., A flower grows two inches per day.

Al-F.LE.1c Recognize situations in which a quantity
grows or decays by a constant percent rate per unit inter-
val relative to another, and therefore can be modeled
exponentially.

e.g., A flower doubles in size after each day.

Al-F.LE.2 Construct a linear or exponential function
symbolically given:

i) a graph;

ii) a description of the relationship;

iii) two input-output pairs (include reading these from a
table).

(Shared standard with Algebra I1)

Note: Tasks are limited to constructing linear and expo-
nential functions in simple context (not multi-step).

Al-F.LE.3 Observe using graphs and tables that a quan-
tity increasing exponentially eventually exceeds a quan-
tity increasing linearly, quadratically, or (more generally)
as a polynomial function.

LEARNING OBJECTIVES

Students will be able to:

1) Describe characteristics of linear, exponential and quadratic functions.
2) Associate linear functions with constant rates of change.
3) Associate exponential and quadratic functions with variable rates of change.
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Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary
- learning objective(s)

- big ideas: direct instruction

Student Centered Activities

guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal
entry)

- modeling
VOCABULARY
exponential linear quadratic
families of functions parabloa rate of change
BIG IDEAS
Families of Functions
The Linear Family The Quadratic Family The Exponential Family
y=x y = 52 y=2
If the graph is a straight If the graph is a parabola, the | I the graph is a curve that
line, the function is in the | function is in the family of approaches a horizontal

family of linear functions. | quadratic functions.

limit on one end and gets

All first degree functions | All quadratic functions have | function is in the family of

steeper on the other end, the

are linear functions, except | an exponent of 2 or can be exponential functions.
those lines that are vertical. | factored into a single factor _ o
with an exponent of 2. An exponential function is

All linear functions can be
expressed as y = mx+ &,

where m is a constant x4 bxe 8= (xe 3 Example: »y=2

defined slope and b is the
y-intercept.

A constant rate of
change indicates a linear
function.

Examples: variable for an exponent.

2
xlﬁ+6x8+9=£x8+3j

a function that contains a

Exponential growth and
decay can be modeled using
the general formula

A=r1+7Y
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NOTE: All functions in the form of NOTE: All functions in the form of
y=ax" where a=0 and » isaneven y=ax" where a=0 and » isan odd
number >1, take the form of parabolas. number >1, take the form of hyperbolas.

The larger the value of #, the wider the flat | These are not quadratic functions.
part at the bottom/top.

Rates of Change Can be Used to Identify a Function’s Family
Linear functions have constant rates of change.
Quadratic functions have both negative and positive varying rates of change.
Exponential functions have either negative or positive varying rates of change. (NOTE: A quantity
increasing exponentially will eventually exceeds a quantity increasing linearly or quadratically.)

When the rate of change is not constant, it is called a variable rate of change.

Finding Rates of Change from Tables

Ya—¥1. . . . .
The slope formula = = ; — xl is used to find the rate of change in table views of a function. When
2 1
applying the slope formula to tables, it may be helpful to think of the formual as
i
v

Simply add two extra columns titleD 4x and 4y to the table, then find the differences between any two y
values in the table and their corresponding x values.

Example:
Ax X y Ay

1 3

2-1=1 6-3=3
2 ]
4 12
7 21

9-7=2 27-21=6
9 27

Ly
Ax
regardless of which coordinate pairs are selected. This means that the above table represents a linear
function.

The above table is the table view of the function ¥ = 3x. The ratio of always reduces to %
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3.

DEVELOPING ESSENTIAL SKILLS

Which type of graph is shown in the diagram below?

/N

¥

a. absolute value c. linear
b. exponential d. quadratic

Which graph represents a linear function?
a. ¥

& : A

A\ \ |/

L E

Antwaan leaves a cup of hot chocolate on the counter in his kitchen. Which graph is the best representation of the
change in temperature of his hot chocolate over time?
&

I
a. = 200 c. = 200 ]
T 180 [y 5 180
B £ 180 ® < 150 [\ /
2 T 140 ., 2 O 140 L
EEH‘D ‘*-\_\ < 120
g 100 = &Eﬂ}:-
w 80 ] BO
Ege—n Eg&:-
540 ] 40
=}
5 = '__g‘zc-
= 01 =z 3 4 5 8 = 9o 1 =z 3 4 &8 &6

Time (minutas) Time {minutes)
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h r
b = zunj d. = zmi
‘@ 180 @ 160
&L e o= 50
E o 140 E o 140
[ ﬁ 120 [ = 120 3
gL 100 &.E 100
a0 B
58 2 sl
= 40 L]
- E" an - _g’ 20
= o 1 2 3 4 5 & = o 1 2 3 4 5 &
Time (minutas) Time {minutes)
4. Which graph represents an exponential equation?
a. i C. y
i
< = X < »X
Y A J
b d. )

—

BERBERTS

—

A
A
S
A
\J
=

e

5. Which type of function is represented by the graph shown below?

A

VAR

Y

a. absolute value c. linear
b. exponential d. quadratic

6. Which equation represents a quadratic function?
a. y=x+12 C. 2
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b. y=|x+2] d =37

7. Which type of function is graphed below?

a. linear c. exponential
b. quadratic d. absolute value

8. Which graph represents an absolute value equation?
y

a. C. Y
.‘..// » //“\\ 5
b y d y

ANSWERS

ANS:
ANS:
ANS:
ANS:
ANS:
ANS:
ANS:
ANS:

©ONOoO U~ WD
WOOUTOTO>» >0
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REGENTS EXAM QUESTIONS (through June 2018)

F.LEALl FLEAZ2 FLEAZ:

Model Families of Functions

435) Which situation could be modeled by using a linear function?
1) abank account balance that grows at a rate 3)

of 5% per year, compounded annually

2) apopulation of bacteria that doubles every 4)
4.5 hours

the cost of cell phone service that charges
a base amount plus 20 cents per minute
the concentration of medicine in a
person’s body that decays by a factor of
one-third every hour

436) Sara was asked to solve this word problem: "The product of two consecutive integers is 156. What are the
integers?" What type of equation should she create to solve this problem?

1)

linear

2) quadratic

3)
4)

exponential
absolute value

437) A population that initially has 20 birds approximately doubles every 10 years. Which graph represents
this population growth?

1)

2)

Number of Birds

Number of Birds

40-

204

20+

104

A

0

~

0

Number of Years

Number of Years

r
20

10

.
40

20

3)

4)

h

438) Which table of values represents a linear relationship?

1)

x | f(x)
-1 -3
0| -2
1 1
2
3| 13

3)

()]
°
o 804
S 60-
_".é 40-
5 204
1 T -
0 20 40
Number of Years
® A
-
o 804
© 604
é 40
5 20+
0 20 40
Number of Years
x | f(x)
=1 -3
0] -1
1 1
2 3
3 5
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439)

440)

441)

2) [x J#x) A [ x T
1| % -1 | -1
0] 1 0 0
1| 2 1 1
2| 4 2 8
3| 8 3| 27

The table below shows the average yearly balance in a savings account where interest is compounded
annually. No money is deposited or withdrawn after the initial amount is deposited.

Year Balance, in Dollars
0 380.00
10 562.49
20 832.63
30 1232.49
40 1824.39
50 2700.54
Which type of function best models the given data?
1) linear function with a negative rate of 3) exponential decay function
change
2) linear function with a positive rate of 4) exponential growth function
change

Rachel and Marc were given the information shown below about the bacteria growing in a Petri dish in
their biology class.

Number of Hours, x 1 2 3 4 5 6 7 8 9 10
Number of Bacteria, B(x) | 220 | 280 | 350 | 440 | 550 | 690 | 860 | 1070 | 1340 | 1680

Rachel wants to model this information with a linear function. Marc wants to use an exponential function.
Which model is the better choice? Explain why you chose this model.

The function, #(x), is shown in the table below.

X t(x)
-3 10
—1 7.5
1 5

2.5

0

Determine whether #x} is linear or exponential. Explain your answer.
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442)

443)

444)

445)

446)

447)

448)

449)

The tables below show the values of four different functions for given values of x.

X f(x) X g(x) X h(x) X k(x)
1 12 1 -1 1 9 1 -2
2 19 2 1 2 12 2 4

3 26 3 5 3 17 3 14
4 33 4 13 4 24 4 28

Which table represents a linear function?-
1) Jfx) 3) hix)
2) gix) 4) kix)

Grisham is considering the three situations below.

I.  For the first 28 days, a sunflower grows at a rate of 3.5 cm per day.

Il.  The value of a car depreciates at a rate of 15% per year after it is purchased.

I1l.  The amount of bacteria in a culture triples every two days during an experiment.

Which of the statements describes a situation with an equal difference over an equal interval?
1) 1, only 3) landlll

2) 1l, only 4) lland Il

Consider the pattern of squares shown below:

HEpEEEEnEEEEEEEE

Which type of model, linear or exponential, should be used to determine how many squares are in the nth
pattern? Explain your answer.

Which scenario represents exponential growth?

1) A water tank is filled at a rate of 2 3) A species of fly doubles its population

gallons/minute. every month during the summer.

2) A vine grows 6 inches every week. 4) A carincreases its distance from a garage
as it travels at a constant speed of 25 miles
per hour.

One characteristic of all linear functions is that they change by

1) equal factors over equal intervals 3) equal differences over equal intervals

2) unequal factors over equal intervals 4) unequal differences over equal intervals

The highest possible grade for a book report is 100. The teacher deducts 10 points for each day the report
is late. Which kind of function describes this situation?

1) linear 3) exponential growth

2) quadratic 4) exponential decay

lan is saving up to buy a new baseball glove. Every month he puts $10 into a jar. Which type of function
best models the total amount of money in the jar after a given number of months?

1) linear 3) quadratic

2) exponential 4) square root

If a population of 100 cells triples every hour, which function represents pit), the population after # hours?
1) pip=3(100y 3) pif)=73t+100

2)  pify=100(3)° 4) p(f=100t+3
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450) The table below represents the function F.

X 3 4 6 7S 8

Fix) 9 17 65 129 | 257

The equation that represents this function is
1) Ax=3" 3) Ax=2"+1
2) Fix)=ix 4) Fix)=12x+3

451) A laboratory technician studied the population growth of a colony of bacteria.

bacteria every other day, as shown in the partial table below.

t (time, in days) 0 2 4
f(t) (bacteria) 25 | 15,625 | 9,765,625

Which function would accurately model the technician's data?
1) fn=25 3) Ab)=is
2) A =25ttt 4) A =250+ 1)

452) Which function is shown in the table below?

x | f(x)
_ 1
il )
_ 1
| 3
0 1
1 3
2 9
3] 27
1) flx)=3x 3) Axi=-x*
2) fxi=x+3 4) fx)=737

He recorded the number of

453) Vinny collects population data, iz}, about a specific strain of bacteria over time in hours, 4, as shown in

the graph below.

Pin)

o

{3.32)

(2|16)

(1,8)
(0/4) 4
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Which equation represents the graph of 2(%)?
D ri =4 3) PR =3k +0.2k+4.2

2) Py =L 4) P(h) = 2 i i T4

454) If fix)y=3" and g{x) = 2x+ 5, at which value of x is flx) < g(x)?
1) -1 3) -3
2) 2 4) 4

455) Alicia has invented a new app for smart phones that two companies are interested in purchasing for a 2-
year contract. Company 4 is offering her $10,000 for the first month and will increase the amount each
month by $5000. Company B is offering $500 for the first month and will double their payment each
month from the previous month. Monthly payments are made at the end of each month. For which
monthly payment will company B’s payment first exceed company 4’s payment?

1) 6 3) 8
2) 7 4) 9

456) Graph fix) = x* and gix) = 2¥ for x =0 on the set of axes below.

¥

X

State which function, f{x) or gix), has a greater value when x = 20. Justify your reasoning.

457) What is the largest integer, x, for which the value of fix) = sxt 4+ 302 + 9 will be greater than the value of

glx)=3"?
1) 7 3) 9
2) 8 4) 10
458) As x increases beyond 25, which function will have the largest value?
) fx=15 3) hix)=1.5x
2) glx)=15x+13 4) k(x) =152+ 1.5x°
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459)

460)

461)

435)

436)

Michael has $10 in his savings account. Option 1 will add $100 to his account each week. Option 2 will
double the amount in his account at the end of each week. Write a function in terms of x to model each
option of saving. Michael wants to have at least $700 in his account at the end of 7 weeks to buy a
mountain bike. Determine which option(s) will enable him to reach his goal. Justify your answer.

Caleb claims that the ordered pairs shown in the table below are from a nonlinear function.

X f(X)
0 2
1 4
2 8
3 16
State if Caleb is correct. Explain your reasoning.
Which situation is not a linear function?
1) A gym charges a membership fee of 3) A restaurant employee earns $12.50 per
$10.00 down and $10.00 per month. hour.

2) A cab company charges $2.50 initially and 4) A $12,000 car depreciates 15% per year.
$3.00 per mile.

SOLUTIONS

ANS: 3
Strategy: Eliminate wrong answers.

a) Eliminate answer choice a because it describes exponential growth of money in a bank account.

b) Eliminate answer choice b because is describes exponential growth of bacteria.

c) Choose answer choice ¢ because it can be modeled using the slope intercept formula as follows:
y=mr+h

cost of cell phone serwice =$0.20 » number of runutes plus the base cost
d) Eliminate answer choice d because it describes exponential decay of medicine in the body.

PTS: 2 NAT: F.LEA.1 TOP: Families of Functions
ANS: 2
1. Understand the question as asking what type of equation is needed to solve a product of consecutive
integers problem.
2. Step 2. Strategy. Write the equation, then decide it it is linear, quadratic, exponential, or absolute
value.
3. Step 3. Execution of Strategy.
Let x represent the first consecutive integer.
Let (x+1) represent the second consecutive integer.
Write the equation z[x+ 1) = 156
This is a quadratic equation because it will have an exponent of 2.
xx+ 11 =154

X yx= 156

4
+x-1586=0
Step 4. Does it make sense? Yes. All of the other answer choices can be eliminated as wrong.
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PTS: 2 NAT: A.CED.A.1 TOP: Families of Functions
437) ANS: 3
Strategy: Build a second model of the problem using a table of values.

If a population starts with 20 birds and doubles every ten years, the following table of values can be

created:
Number of | Population
Years of Birds

0 20

10 40

20 80

30 160
40 320

Choice a can be eliminated because it shows 20 birds after 20 years.
Choice b can be eliminated because it shows 0 birds after 20 years.
Choice c looks good because it shows 80 birds after 20 years.
Choice d can be eliminated because it shows 40 birds after 20 years.

PTS: 2 NAT: F.LE.A.2 TOP: Families of Functions
KEY: bimodalgraph
438) ANS: 3

Strategy: Use — A7 (the slope formula) to determine which table represents a constant rate of change. A

linear function WI|| have a constant rate of change.

Answer Choice First set of coordinates | Second set of coordinates
a (1,1) and (2,6) (2,6) and (3, 13)
eliminate because slope is not constant f—1 13-4
sfc:-pe—ﬁ=5 sfc:-pe=ﬁ=7
b (1,2) and (2,4) (2,4) and (3, 8)
eliminate because slope is not constant 4-1 B—
sfc:'pé'=—_1=2 sfape=—3_2=4
c (1,1) and (2,3) (2,3)and (3, 5)
choose because slope is constant i-1 5-3
sfape=m=2 sfape=Tz=2
d (1,1) and (2,8) (2,8) and (3, 27)
eliminate because slope is not constant -1 27-38
slope = —— =7 slope = —— =19
d-1 -2
PTS: 2 NAT: F.LEA.1 TOP: Families of Functions

439) ANS: 4
Strategy: Input the table into the stats editor of a graphing calculator, then plot the points and examine the
shape of the scatterplot.

E-a EEE ya | 7 |L.-':'|_1 L;_r' o
& B:i62 21 Flot2. OF f o
i1 1AZ4.4 - L4 Lz o .
3 EF0n.5 ZsP1ot 3. 0fFF o
"""""" L= L Lz o o

L = 44P1ots0fF .

The data in this table creates a scatterplot that appears to model an exponential growth function.
DIMS? Does It Make Sense? Yes. Savings accounts are excellent exemplars of exponential growth.
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PTS: 2 NAT: F.LEA.l TOP: Modeling Exponential Equations

440) ANS:
Exponential, because the function does not grow at a constant rate.

Strategy 1.
Compare the rates of change for different pairs of data using the slope formula.

Ya~X¥1  550-220 330

Rate of change between (1, 220) and (5, 550): # = T, -7, 1 -4 - 825
) ¥a~¥1  1480-690 990
Rate of change between (6, 690) and (10, 1680): m = = =— =475
X, — X 10-4 4

Strategy 2: Use stat plots in a graphing calculator to create a scatterplot view of the multivariate data.

Lz L i i
: e | IL-'I:IU LEr'-I o o
3, .3,.5,3 ZiPlot2 0ff o
C CCi |- L1 Lz o a a
B EL] ZaPlot 3 0fF g ©
; Han L1 L& o g o "o
LH=1l,2:3:4:-5:6. . 4IPlots0+F R

The graph view of the data clearly shows that the data is not linear.

PTS: 2 NAT: S.ID.B.6a TOP: Comparing Linear and Exponential Functions

441) ANS:
Strategy #1. Calculate the change in x and the change in y for each ordered pair in the table. If the ratio

Fi)
of i is constant, the function is linear.

ik
Jiv X | t(x) | fslx)

wpc ot 10 1o
-1 7.5

+2< 1 G >-25

+2< >-25

+9< 3 25 >05
5 0

Fi\ -
This table shows a linear function, because the ratio of Ey can always be expressed as %

Strategy #2. Input values from the table into the stats editor of a graphing calculator, turn stats plot on,
then use zoom stat to inspect the scatterplot.

L1 Lz Lz 1 Flokz  Flot: a

-3 10 | oo Off

-1 7K JFel B L dn o

A e I | -

i list:l1 ;
| list:ilz - a
ark: B + - R S
LitRlI=
The scatterplot shows a linear relationship.
PTS. 2 NAT: FLEA.L TOP: Families of Functions
442) ANS: 1
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443)

444)

Step 1. Notice that in each of the tables, the values of the indepedendent variable (x) are 1, 2, 3, and 4,
while the dependent variables are different. The question asks which table represents a linear function
and, bu definition, a linear function must have a constant rate of change.

Step 2. Use the slope formula and data from each table to determine which table represents a constant rate
of change.

Step 3. Execute the strategy.

f(x) rate of change = Every time x increases by 1, f(x) increases by 7. This is a

Sz, - fah
_x )

a7
constant rate of change, so f(x) is a linear function.

glx)y - glx)y ) ] . .
g(x) rate of change = ————————  Every time x increases by 1, g(x) increases by a different

Ay T
amount. This is not a constant rate of change, so g(x) is not a linear function.

Bix)y — hix)) . . . .
h(x) rate of change = B Every time x increases by 1, h(x) increases by a different
] 1

amount. This is not a constant rate of change, so h(x) is not a linear function.

Ay — &), o : :
k(x) rate of change = — Every time x increases by 1, k(x) increases by a different
2 1

amount. This is not a constant rate of change, so k(x) is not a linear function.
Step 4. Does it make sense? Yes. Only one table shows a constant rate of change.

PTS: 2 NAT: F.LEA.1 TOP: Families of Functions

ANS: 1

Interpreting the Question: Equal differences over equal intervals suggests a constant rate of change,
which would be a linear relationship.

Strategy: Model each situation with a function rule, then select the linear functions.

I.  For the first 28 days, a sunflower grows at a rate of 3.5 cm per day.

This can be modeled with the_linear function /i = 3.54, where h represents the height of the sunflower and
d represents the number of days. Since this function is linear, it represents a situation with an equal
difference over an equal interval.

Il.  The value of a car depreciates at a rate of 15% per year after it is purchased.

This can be modeled with the exponential decay function ¥ = 21 -. 15)’, where V represents the value of
the car, P represents its price when purchased, -.15 represents the annual depreciation rate, and t represents
the number of years after purchase. This is an exponential decay function, so it does not represent a
situation with an equal difference over an equal interval.

I11.  The amount of bacteria in a culture triples every two days during an experiment.
d
This can be modeled with the exponential growth function 4 = 5312, where A represents the amount of

. . . d
bacteria, B represents starting amount of bacteria, 3 represents the growth rate, and 5l represents the

number of growth cyles. This is an exponential growth function, so it does not represent a situation with
an equal difference over an equal interval.

The only choice that represents a situation with an equal difference over an equal interval is the first
situation.

PTS: 2 NAT: F.LE.A1 TOP: Families of Functions
ANS:
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445)

446)

447)

448)

449)

Exponential. The rate of change is not constant, so a linear model must be eliminated.

Strategy: Build a table of values, as follows:
n |1]2[3]4|5]|6] 7 |n
fin) |2]|4(8|16|32|64|128 | 3*

The pattern can be modeled using the exponential function f#) = 2",

PTS: 2 NAT: F.LEA.l

ANS: 3

Strategy: Eliminate wrong ansers.

a) A water tank is filled at a rate of 2 gallons/minute. A rate of 2 gallons a minute is a constant rate
of change, so this cannot be an exponential function.

b) A vine grows 6 inches every week. A rate of 6 inches every week is a constant rate of change, so
this cannot be an exponential function.

C) A species of fly doubles its population every month during the summer. A rate of change that

doubles every month is not constant. The population of flies could be modeled with the following
exponential equation.

Population = starting amount] ) #

d) A car increases its distance from a garage as it travels at a constant speed of 25 miles per hour.
PTS: 2 NAT: F.LEA.1 TOP: Families of Functions
ANS: 3

All linear functions must have constant rates of change, which means equal differences over equal
intervals.

PTS: 2 NAT: F.LEA1 TOP: Families of Functions

ANS: 1

The rate of change is constant (-10 points per day), so it must be a linear function.
PTS: 2 NAT: F.LEA1 TOP: Families of Functions

ANS: 1

The sentence “Every month he puts $10 into a jar” indicates a constant rate of change. Linear functions
represent constant rates of change.

PTS: 2 NAT: F.LEA.1 TOP: Families of Functions
ANS: 2
Build a table that models the growth, then test the answer choices to see which one produces the table.
t 0 1 2 3
p) |100| 300 | 900 | 2700

NORMAL FLOAT AUTD REAL RADIAN MP n ND RADIAN MP M
Plotl Plotz Plot3 Y3 Y4
% 0 100 3
EINY1B3(100) 1 103 103
X 2 30000 | 900 106 203
ENYz28100(3) 3 3E6 2700 | 109 303
ENY:B3X+100 y 3E8 glee | 112 403
5 3610 | 24300 | 115 503
E\Y4H100X+3 6 3612 | 72900 | 113 603
E\Ys= 7 3E14 | 218700 121 703
\Y§= 8 3E16 | 656100 124 803
- 9 3E18 | 1.97E6 | 127 903
EN\Y?= 10 3620 | 5.9E6 | 130 1003
ENY g=
=0
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450)

451)

452)

453)

p(f1=100{3)" is the correct answer because it reproduces the table view of the function.

PTS: 2 NAT: F.LE.A.2 TOP: Families of Functions
KEY: Al
ANS: 3
Strategy: Test each function to see if it fits the table:
Choice Equation (3,9 (6,65) (8,257)
a Fix)=3" D=3 =27
(eliminate)
b Fx)y=3x AN=3H=9 M) =3(6) = 18
(correct) (eliminate)
c F=2"+1| ADN=2"+1=9 | Am=2"+1=65 | A8 =2"+1=257
(correct) (correct) (correct)
d Fx)=2x+3 | A3 =2(N+3=9 | AA) =2(6)+3=15
(correct) (eliminate)
PTS: 2 NAT: F.LEA.2 TOP: Modeling Exponential Equations
ANS: 2
Strategy: Input all four functions into a graphing calculator and compare the table of values.
Flotl Flokz Flobs S RN FE 4 [HE "y
B
1] i ck 0 1] cE
A EES:.M 1 ZE Bz 1 2t En
e EED c Bt L i E0 ]
N DBl | R |
“MyBE3 0K+ E 0.77EG | ZM4ER | E 1z | 1Eq
“Me= B c.44EB | B.1E9 b 150 )
~va=N 2 B25" (H+] I HZ25H
Answer choice b produces a table of values that agrees with the table of values in the problem.
PTS: 2 NAT: F.LEA.2 TOP: Modeling Linear and Exponential Equations
ANS: 4
Strategy: Put the functions in a graphing calculator and inspect the table view. The correct answer is
fxy=13"
Flatl Flake Flokz " o
L CPE| 11111
:"_E‘I EE -1 LSEEED
e= i 1
e B
RV % 7
i E= iy BL
~NE=
PTS: 2 NAT: F.LEA.2 TOP: Families of Functions
ANS: 1
Note that the graph represents an exponential function.
Choice Family of Functions | Standard Form
a Pl = 42" Exponential y=ab"
i = &
b P(Fz)=?§z+g Linear y=mx+
C P =3k +0.2k+4.2 Quadratie y=ax +hr+c
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Cubie v=ax +hx'vex+d

d P{k}=%§z3—§zj+3k+4

PTS: 2 NAT: F.LE.A.2 TOP: Families of Functions
454) ANS: 1
Strategy: Input both functions in a graphing calculator and compares the values of y for various values of
X.
Flatl Flake Flokz
A Ez
M EZHAS A
LY e NP /5= PP
~Ny=
~Ne=
~NE= :
b T Wz o W Y2
o S0y | -1 Y Bi iz
ﬁ d1i1i11 (1 L) o K ic
Reicicick 3 i B rcd ir
1] i L r c187 19
: |5 |3 3 | i%eEs |55
C 7 11 h Eqoya | zE
=1 =16
The table of values shows:
When x=-1, fix) <gix)
When x =2, fixl=gix)
When x=-3, fix) = gix)
When x =4, flx)=gix)
PTS: 2 NAT: F.LEA3 TOP: Families of Functions
455) ANS: 3
Strategy: Build a table of values for the integer values of the domain f = x =9 to compare both offers.
X A =5000x+ 10000 B=s00(n" !
6 40,000 16,000
7 45,000 32,000
8 50,000 64,000
9 55,000 128,000
Offer B is greater than offer A when x = &.
PTS: 2 NAT: F.LEA3 TOP: Comparing Linear and Exponential Functions
456) ANS:

g(x) has a greater value: 2* > 20°
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457)

458)

459)

Strategy: Input both functions in a graphing calculator, use the table of values to create the paper graph,
and to compare the values of y for various values of x.

Flokl Flokz Flokz THOC]

c i =
W B Amin=m

n Amax=1A
~MNeE2 Mer1=1
U Ymin=@
iy = YMax=26
S Y=cl=1 :
~Me=l L=ras=] . —

i T e i W Wz & A Wz
| 1 7 yg 1z8 FUE | 400 1.0EEG
1 1 z B B4 ZER i yiyi z.1EB
z iy Y g Bi £z i Y Yy 19EG
% g B 10 1000 10y X czo B.33ER
y i6 16 1i 1zd Zi4@ i EFG i GHE?
£ ZE Iz 14y Y4ioag ZE BZE 3. Z6E7
B B B4 e Bidz ZE 67 G B.71E7
=26

The table of values shows that when x = 20, gix) = flx).
DIMS? Does It Make Sense? Yes. 2*° > 20°

PTS: 4 NAT: F.LEA3 TOP: Comparing Quadratic and Exponential Functions
ANS: 3

Step 1. Understand that the problem asks you to select the largest value of x where the value of f(x) will
be greater than the value of g(x).

Step 2. Strategy. Input both functions in a graphing calculator and explore the table of values.

Step 3. Execution of Strategy.

Flokl Flotz Flok: =, o T
y z
M1 ESE 3K+ E 525; Eégi
xH’zESH g Czuy | 1968
ALY g 10 E3000 | SOy
— 11 7EAUL | 177147
why= ?h 10008 | Exihyi
~He= i47EBY| 1.59EE
~WE= =13

The table shows that f(x) is greater than g(x) when x=7, x= &, and x= 9, but not when x=10. The
largest integer for which f(x) is greater than g(x) is 9.

Step 4. Does it make sense? Yes. fix)= sxt+30x° + 9 isa quadratic function and g(x) = 3" isan
exponential function. Exponential growth evetually outpaces quadratic growth.

PTS: 2 NAT: F.LE.A3 TOP: Families of Functions
ANS: 1
Strategy: Input all functions in a graphing calculator and inspect the table of values.

X f) | 9(x) h() | k(x)
25 |25251] 405 | 937.5 | 24,375

PTS: 2 NAT: F.LE.A.3
ANS:
Option 1 can be modeled by the function Option 2 can be modeled by the function
Aizy= 10+ 100x Blx)=1002y"
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460)

461)

MOF 1 1 AD NOE 1 1 1
5 1 ™y o 1 ™y
X Y1 A Y1
; 10 : 10
1 110 1 20
2 2la 2 4o
3 31a 3 86
Y 410 4 160
) Elg ) 320
6 619 b 640
Fy r10 7 1280
8 810 8 25680
9 918 9 5128
| 10 19189 | 10 16246
X=0 X=0

Either option will allow Michael to have at least $700 in his account at the end of 7 weeks.
AT =10+ 100(7)  and B(Ty = 10(2)"

A(T) = T10 B(T) = 1250

Axi =10+ 100x, g(x) = 10(23%; both, since A7) = 10+ 100{7) = 710 and g(7) = 10¢2)" = 1280

PTS: 4 NAT: F.LE.A3 TOP: Families of Functions

ANS:

Yes. Caleb is correct because the function does not have a constant rate of change. A linear function
must have a constant rate of change.

il
Strategy: Compare the rate of change [_y] between each row of the table of values.

fiby
Ax [xTw| AV
o] 2
< {22
\ T d
< ire
byl 2 48
b 17171
PTS: 2 NAT: F.LE.A1 TOP: Families of Functions
ANS: 4

Strategy: A linear function will have a constant rate of change, so find the function that does not have a
constant rate of change.

Choice 1: $10.00 per month is a constant rate, so eliminate this choice.

Choice 2: $3.00 per mile is a constant rate, so eliminate this choice

Choice 3: $12.50 per hour is a constant rate, so eliminate this choice

Choice 4: depreciates 15% per year is an exponential rate of change. The amount of change gets smaller
each year as the car depreciates in value. This is the correct answer because it is not a constant rate of
change and all linear functions must have constant rates of change.

PTS: 2 NAT: F.LE.A.1 TOP: Families of Functions
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M — Functions, Lesson 6, Transformations with Functions (r. 2018)

FUNCTIONS
Transformations with Functions

Common Core Standard Next Generation Standard

F-BF.3 Identify the effect on the graph of replacing | Al-F.BF.3a Using f{x) + &, k f{x), and f{x + k):
f(x) by f(x) + k, k f{x), #es), and fix + k) for specific | i) identify the effect on the graph when replacing f(x) by

values of k (both positive and negative); find the fx) + k&,

value of & given the graphs. Experiment with cases k f(x), and f{x + k) for specific values of k (both positive
and illustrate an explanation of the effects on the and negative);

graph using technology. Include recognizing even- ii) find the value of k given the graphs;

and-odd functions from their graphs and algebraic iii) write a new function using the value of k; and
expressions for them. iv) use technology to experiment with cases and explore

PARCCHdentifying the-effecton-the-graph-ofreplacing f-by- | the effects on the graph.
foo+ehffo)-and fx-+k-for specific-values of - (both-positive (Shared standard with Algebra I1)

PRenting with-cases-and-iHustrating-an explanation-of the effects- | NOte: Tasks are limited to linear, quadratic, square
root, and absolute value functions; and exponential

wise-defined-functions-(including step-functions-and-absolte— functions of the form f(x) =a (b)x wherea >0

; T ol iy 4 fune andb >0 (b#1).
tions—

NOTE: This lesson is related to Polynomials, Lesson 6, Graphing Polynomial Functions

LEARNING OBJECTIVES

Students will be able to:

1)
Overview of Lesson
Teacher Centered Introduction Student Centered Activities
Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and

connects student work
- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
down left transform
function right up
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BIG IDEAS

Transforming Any Function

The graph of any function is changed when either fx}or x is multiplied by a scalar, or when a constant is
added to or subtracted from either f{x) orx. A graphing calculator can be used to explore the
translations of graph views of functions.

Up and Down

The addition or subtraction of a constant outside the parentheses moves the graph up or down by the value of the
constant.

f(x)< f(x)*k moves the graph up or down k units .
+k moves the graph up.
-k moves the graph down.

Examples:

Replace f(x) by f{x) + k
Floakl Flakz Flokz L

W EE
M B2

SR - (T
~NYy=N
wHYe=

Left and Right
The addition or subtraction of a constant_inside the parentheses moves the graph left or right by the value of the
constant.

f(x)< f(x£k) moves the graph left or right k units J.
+k moves the graph leftg k units.

-k moves the graph right k units.

Replace f{x) by f(x + k)
Flokl Flakz Flakz

w0y EE
M B
B = E

~Ny=
~Me=
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Width and Direction of a Parabola

Changing the value of « in a quadratic affects the width and direction of a parabola. The bigger the absolute value
of a, the narrower the parabola.

Examples:

f(x)< f(kx) changes the direction and width of a parabola.

+k opens the parabola upward.

-k opens the parabola downward.

If k is a fraction less than 1, the parabola will get wider.

As k approaches zero, the parabola approaches a straight horizontal line.
If k is a number greater than 1, the parabola will get narrower.

As k approaches infinity, the parabola approaches a straight vertical line.

Replace /(x) by /(kx)
Flotl Flotz Flot . -

MBS
Nz B

LY EE, e
Sy -E, 18
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DEVELOPING ESSENTIAL SKILLS

1. The graph below shows the function fix).

a.

A

#l

Which graph represents the function fix+ 21?
y
E I

Iy

r 3

=

e v A

3

C.

|1 b
T =

i

¥
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2.The graph below represents fix).

Which of the following is the graph of —fix)?

: {x)
a. ¥ C. ¥
ﬂ—o" < i : X
b. y d. v
#_‘3 #x

3. The minimum point on the graph of the equation ¥ = f(x}) is (—1,-3). What is the minimum point on the graph of
the equation y = fix)+ 5?
a. (-1,2) c. (4,-3)
b. (-1,-8) d. (-6,-3)
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4. The graph below represents fix).

.

Which graph best represents f{-x)?
a. y C.

3
) . . /
y
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5. The graph of fx) is shown in the accompanying diagram

Which graph represents f{x), ?

T¥ p_apris

| —a
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g~

ANS:
ANS:
ANS:
ANS:
ANS:

WOoO>OT

ANSWERS
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REGENTS EXAM QUESTIONS (through June 2018)

F.BF.B.3: Transformations with Functions

462) The graph of ¥ =f1x) is shown below.

What is the graph of ¥ =flx+ 11— 2?

1) 3)

/—P

£1

2) 4)

A7 T

463) Richard is asked to transform the graph of b(x) below.
b(x)

\V/ x

The graph of b(x) is transformed using the equation #i{x) = »{x— 21— 3. Describe how the graph of 5(x)
changed to form the graph of 4(x).

SOLUTIONS

462) ANS: 1

Strategy: ldentify the differences between the two function rules, then verify using the four points shown
in the answer choices.
Function rules:
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Difference #1. The term f{x)becomes fx+ 1). This means the graph will move to the left 1 unit. The

mapping of each x value can be expressed as (%} — (x— 1)
Difference #2: The term -2 is added to the function rule. This means the graph will move 2 units down.

The mapping of each y value can be expressed as [y ] — (y-2).

The 2 differences in the function rules mean that each point on the graph will move left 1 unit and down 2
units. Answer choice (a) shows this:

y =fx) (1) | (1,2) | 23) | (7,7)
y=fx+1)-2 [ (3,-) [ (20 @D ] (62

PTS: 2 NAT: F.BF.B.3 TOP: Graphing Radical Functions

463) ANS:
Every point moves down 3 units.
Every point moves right 2 units.

PTS: 2 NAT: F.BF.B.3
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M - Functions, Lesson 7, Comparing Functions (r. 2018)

FUNCTIONS
Comparing Functions

CC Standard

F-1F.C.9 Compare properties of two functions each
represented in a different way (algebraically, graph-
ically, numerically in tables, or by verbal descrip-
tions). For example, given a graph of one quadratic
function and an algebraic expression for another,

say which has the larger maximum.
PARCC: Tasks are limited to linear functions, quadratic func-

NG Standard

Al-F.IF.9 Compare properties of two functions each rep-
resented in a different way (algebraically, graphically, nu-
merically in tables, or by verbal descriptions).

(Shared standard with Algebra I1)

Note: Algebra | tasks are limited to the following func-
tions: linear, quadratic, square root, piecewise defined
(including step and absolute value), and exponential

tions, square root, cube root, piecewise defined (including step
functions and absolute value functions), and exponential func-

- X
functions of the form f(x) =a (b) wherea >0
tions with domains in the integers.

andb>0(b#1).

LEARNING OBJECTIVES

Students will be able to:

1) Compare properties of two functions each represented in a different way.

Overview of Lesson

Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
context graph vertex
equation maximum x-intercept
four views of a function minimum y-intercept

function rule table of values
BIG IDEAS

Definition of a Function: a function takes the input value of an independent variable and pairs it
with one and only one output value of a dependent variable.

Function: A function is a relation
that assigns exactly one value of the
dependent variable to each value of the
independent variable. A function is
always a relation.

Example: y=2x

FUNCTION

MACHINE ouTPUT

INPUT
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Regents Exam Questions F.IF.C.9: Comparing Functions 2 Page 2
WWW.jmap.org
Name:

A function can be represented mathematically through four inter-related views. These are:
#1 a function rule (equation)
#2 atable of values
#3 agraph.
#4 context (words)

The TI1-83+ graphing calculator allows you to input the function rule and access the graph and
table of values, as shown below:

Function Rule View View View
Flakl Flake Flok: " W1
~MiERE+2E—-4 -y y

S | -3 -1

= i o

-.,3..,: 0 -;

o= -

“E= _ y

~Me= "=z

Function Rules show the relationship between dependent and independent variables in the form
of an equation with two variables.
8 The independent variable is the input of the function and is typically denoted by the x-

variable.
8 The dependent variable is the output of the function and is typically denoted by the y-
variable.

When inputting function rules in a Tl 83+ graphing calculator, the y-value (dependent variable)
must be isolated as the left expression of the equation.

Tables of Values show the relationship between dependent and independent variables in the form
of a table with columns and rows:
8 The independent variable is the input of the function and is typically shown in the left
column of a vertical table or the top row of a horizontal table.
8 The dependent variable is the output of the function and is typically shown in the right
column of a vertical table or the bottom row of a horizontal table.

Graphs show the relationship between dependent and independent variables in the form of line or
curve on a coordinate plane:
8 The value of independent variable is the input of the function and is typically shown on
the x-axis (horizontal axis) of the coordinate plane.
8 The value of the dependent variable is the output of the function and is typically shown
on the y-axis (vertical axis) of the coordinate plane.
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Regents Exam Questions F.IF.C.9: Comparing Functions 2 Page 3

WWW.jmap.org
Name:

DEVELOPING ESSENTIAL SKILLS

1 The x-value of which function’s x-intercept is larger, for 4? Justify your answer.

f(x) =x—-5
X | h(x)
-1| 6
0| 4
1] 2
2|1 0
3| -2

2 Consider the function p(x) = x> —2x—4 and the function ¢ represented in the table

below.
X | a(x)
-2 | -8
-1] O
0| O
1| -2
2| 0

Determine which function has the smaller minimum value for the domain [-2,2]. Justify
your answer.
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Regents Exam Questions F.IF.C.9: Comparing Functions 2 Page 4

WWW.jmap.org
Name:

3 Which function shown below has a greater average rate of change on the interval [-Z,4]?
Justify your answer.

gx)=4x" —5x* + 3

x | f(x)
-4 10.3125
-3 | 0.625
-2| 125
-1 25

0 5

1 10

2 20

3| 40

4 80

5| 160

6 | 320

1 ANS: f(x) The graph of f{x) crosses the x-axis when x =5. The graph of (x) crosses the x-axis when
X=2.

2 ANS: ¢ has the smaller minimum value for the domain [-2,2]. p’s minimum is -5 ¢’s minimum is —&.
3 ANS: gix) has a greater rate of change
JH-A-2)  80-125

= = 1315
gl-g-2) 179--48 .
4--2 6
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Regents Exam Questions F.IF.C.9: Comparing Functions 2
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Name:

Page 5

REGENTS EXAM QUESTIONS (through June 2018)

F.IF.C.9: Comparing Functions

464) Which function has the greatest y-intercept?

1) fix)=13x
2) ix+3y=12

465) Given the following quadratic functions:

3) the line that has a slope of 2 and passes
through (1, -4).

4)

f(x)

/

~
Y
>

X

-3

-2

n(x)

-7

Which statement about these functions is true?
1) Overtheinterval -1 = x = 1, the average
rate of change for #(x) is less than that for

gix).

3)

2) The y-intercept of g(x) is greater than the 4)

y-intercept for #=ix).

The function g(x) has a greater maximum
value than #{x).

The sum of the roots of #(x) = 0 is greater
than the sum of the roots of g(x) = 0.

466) Letf be the function represented by the graph below.
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Regents Exam Questions F.IF.C.9: Comparing Functions 2 Page 6
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Name:

Yy

Let g be a function such that g{x) = —% x* +4x+ 3. Determine which function has the larger maximum value.

Justify your answer.

467) Which quadratic function has the largest maximum?
1) hix)={(G3-z)02+x) 3) kix)=-5x"-12x+4
2) [ x [ tx 4) 9(x)
-1 | -3

Bl ]|=|O
©

X
3 | \

468) Which statement is true about the quadratic functions z(xJ, shown in the table below, and fx) = (x - 14427

x | glx)

0 4

1 -

2 —4

3 -5

4 -4

5 —

6 4
1) They have the same vertex. 3) They have the same axis of symmetry.
2) They have the same zeros. 4) They intersect at two points.

469) The graph representing a function is shown below.
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Name:

e

Which function has a minimum that is /ess than the one shown in the graph?
1) y=xz—ﬁx+7 3) y=xg—2x—llil
2) y=|x+3|-4 4) y=|x-8|+12

470) Nancy works for a company that offers two types of savings plans. Plan 4 is represented on the graph below.

10 Plan A
140
130
120
110
100
§\ 30 |
E 80/

7o
E il
504
404
304
204
10

Plan B is represented by the function flx) = 0.01 + 0.05x*, where x is the number of weeks. Nancy wants to have
the highest savings possible after a year. Nancy picks Plan B. Her decision is
1) correct, because Plan B is an exponential ~ 3) incorrect, because Plan 4 will have a

function and will increase at a faster rate higher value after 1 year
2) correct, because Plan B is a quadratic 4) incorrect, because Plan B is a quadratic
function and will increase at a faster rate function and will increase at a slower rate

471) The function %{x), which is graphed below, and the function gix) = Z|x+4| -3 are given.
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y
&
- X
Which statements about these functions are true?
I.  g(x) has alower minimum value than %z(x).
Il.  For all values of x, &(x) < g(x).
1. For any value of x, g(x) = k(x).
1) landIl, only 3) Iland I, only
2) land Ill, only 4) 1,11, and IlI
472) Which quadratic function has the largest maximum over the set of real numbers?
) fxy=-x*+2x+4 3) glmy=-(x-57%+5
2 [ x |k 4 [ x [hw
-1 | - 2| -9
0 -1 -3
1 0 1
2 1 3
3 2 3
4 -1 3 1
473) Which of the quadratic functions below has the smallest minimum value?
) hixi=x*+2x-6 3) kix)=ix+5)ix+2)
2 9% 4
) T x | o
-1 -2
0 -5
2 -5
3 -2
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SOLUTIONS

ANS: 4

Strategy: Find y-intercept for each answer choice, then eliminate wrong answers.
Eliminate fTx) = 3x because fT0) = 307 = 0.

Eliminate 2x+ 3y = 12 because 2[0) + 3y = 12

Ay =12

¥=4
Eliminate the line that has slope of 2 and passes through (1, -4) because it has a positive slope and it’s y-intercept
must be less than -4.
Choose the graph because the y-intecept is 5, which is greater than the y-intercepts of the other three choices.

PTS: 2 NAT: F.IF.C.9

ANS: 4
Strategy: Each answer choice must be evaluated using a different strategy.
a. Use the slope formula to find the rate of change for

[eW)]-[eCD] 4-4 -3
Mo =T [1]-[-11 2z 2
[2()] - [=C-1] 5-5 4
Pad T T 1]-[-1] 2 2
Statement a is false. The average rate of change for #={x) is more than that for gix).

=-1

=1

b. Compare the y-intercepts for both functions. The y-intercepts occur when x = 0.
The y-intercept for g(x) = 6. gili=-0*-0+6=6
The y-intercept for n(x) = 8 from the table.

Statement b is false. The y-intercept of g(x) is less than the y-intercept for #=(x).

c. Compare the maxima of both functions.

The maxima of g(x)=-x*-x+#6 is6. This can be found manually or with a
graphing calculator.

Haximun
H=i V=8

The maxima of n(x) = 9, which can be seen in the table.
Statement c is false. The function g(x) has a smaller maximum value than #=(x).

d. Compare the sum of the roots for both functions.
The sum of the roots for g(x) = -3+ 2 = —1 from a graphing calculator.
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WWW.jmap.org

Name:
H Y
BN
s |
-1 -]
1] -]
1 y
c 1]
= "B
= -

The sum of the roots for n(x) = -2 +4 = 2 from the table.
Statement d is true. The sum of the roots of #({x) = 0 is greater than the sum of the roots of g{x)=10.

PTS: 2 NAT: F.IF.C.9 TOP: Graphing Quadratic Functions

ANS:
Function g has the larger maximum value. The maximum of function g is 11. The maximum of function f is
6.

Strategy: Determine the maximum for f'from the graph. Determine the maximum for g by inputting the function
rule in a graphing calculator and inspecting the graph.

Flotl Flotz Flots 5 e "
Py R W S N - 1 e
N 5 105
W= .'I 'E_ii-
~Wy= ; E 1.5
0SS 5 \ : B
~NE= : :

] =4

The table of values shows the maximum for g is 11.

Another way of finding the maximum for g is to use the axis of symmetry formula and the function rule, as
-5 -4 —4

follows: 7= — = —+——+ =— =4
2a 2[ 1 ] -1

JJ-=_%.34;.2+4(-4)+3=—8+1ﬁ+3=11

PTS: 2 NAT: F.IF.C.9 TOP: Graphing Quadratic Functions

ANS: 3
Strategy: Each answer choice needs to be evaluated for the largest maximum using a different strategy..

a) Input A(x) = (3-x)(2+ x) in a graphing calculator and find the maximum.
Flokl Flakz Flok: ;
R R B = LOEE e o

wMe= ffﬁx
whas U N T

“hy=
“MNe=
“MWE=
~Mes :
The maximum for answer choice « is a little more than 6.

=

HiE{

(=28 - g - o ]

Il |EwPiET

e
1
k2
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b) The table shows that the maximum is a little more than 9.

¢) Input k{x) = —5x* - 12x+4 in a graphing calculator and find the maximum.

Flakl FlakE Flakz 'll; 7 X

“MMiE -SSR -12H+d E EEE| -z8
whe= ! - -C
wNe= T A P B B
Y= i y
wNe= i -1z
W= c -4
~v =0 ] =g

The table of values shows that the maximum is 11 or more.

d) The graph shows that the maximum is a little more than 4.

Answer choice c is the best choice.

PTS: 2 NAT: F.IF.C.9 TOP: Graphing Quadratic Functions

ANS: 3
The first function #x) = (x— 3% + 2 is in vertex form y = a(x - %)* + k and has its vertex at (3,2).

The second function is in table form and has its vertex at (3, -5).
Therefore, the axis of symmetry for both functions is x=3..

PTS: 2 NAT: F.IF.C.9 TOP: Comparing Functions

KEY: Al

ANS: 3

Strategy: The graph shows a parabola with a vertex at (3, -7), so the minima is at -7. ldentify the lowest y-value
of each function rule. Then, select the function rule that has a lowest y value that is less than -7.

Flotl Flekz Flots A | E Wy
N BT 0 IR
\"."EE|§¢:+3|—E- = -10 ]
N EHE-2H—- 18 : A I
~WyBIlR-21+2 g 3 L
“Ye=R B iy y
“YES Y :EHE-2H-10
The graph view of the four functions shows that the function y = x*—2x—10 hasa y-value less than -7.
PTS: 2 NAT: F.IF.C.9 TOP: Comparing Functions
ANS: 2

Observe: The function ftx) = 0.01+ 0.05x% is a second degree equation, so it must be a quadratic function. One

year equals 52 weeks.
Strategy:
Step 1.: Solve the Plan B function for x = 52

Ax)=0.01+0.05%"

A52) = 0.01 + 0.05(52)°
F52) = 135.21
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Name:

Step 2. Compare the Plan A (52, 105) and Plan B (52, 135.21) coordinates for 52 weeks and observe that B has
higher savings.

Step 3. Eliminate wrong answers.

a) correct, because Plan B is an-expenential-function and will increase at a faster rate b) correct,
because Plan B is a quadratic function and will increase at a faster rate

) ineorreet, because Plan 4 will have a higher value after 1 year

& ineorreet, because Plan B is a quadratic function and will increase at a slower rate
PTS: 2 NAT: F.IF.C.9 TOP: Comparing Functions
471) ANS: 2
Strategy: Graph gix) = 2|x+ 4| — 3, then examine the truth value of the answer choices.
N/ N

I. g(x) has a lower minimum value than %{x). True: -3 <2
II.  For all values of x, 2{x) < g{x). False. k{x) isalways > than g{x).
I1l.  Forany value of x, giz) = B(x). True. k(x) isalways 5 more than gix).

PTS: 2 NAT: F.IF.C.9 TOP: Comparing Functions

472) ANS: 2
Strategy: Find the maximum y-value for each function rule using a graphing calculator. Estimate the maximum
y-value for each table.

NORMAL FLOAT AUTOD REAL RADIAN HMP n NORMAL FLOAT AUTOD REAL RADIAN HMF n

Plotl Plot2 Plot3
2
ENY1B-X"+2X+4

E\Y2B-(X-5)%+5
ENY 3=H
ENY 4=
E\Ys=
\NYe=
ENY 7=
E\Ys=

Both function rules have maximum values of 5.
The maximum value of k£(x) is estimated as greater that 5.
The maximum value of &(x) is estimated as less than 5.

PTS: 2 NAT: F.IF.C.9 TOP: Comparing Functions
473) ANS: 2
Strategy: Determine the minimum y-value for each function, then choose the smallest y-value.
STEP 1. Evaluate each answer choice.
Answer Choice 1. The minimum can be found by transforming the function from standard form to vertex form.
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Ry =2 +2x-6
x+2x—6=0
P a2r=6
ax+ (= 6+ (1)
{x+ 1}2 =7

(x+1)*-7=10
The vertex occurs at (-1, -7), so the minimum y-value is -7.
Answer Choice 2. The minimum can be found by inspection of the graph. The minimum y-value is -10.
Answer Choice 3. The minimum can be found using the graph or table views of the function in a graphing
calculator. The minimum y-value is between -2 and -3.

NORMAL FLOAT AUTO REAL RADIAN HP n NORMAL FLOAT AUTO REAL RADIAN MP n

Flotl Plot2 Plot3

ENY1B(X+5) (X+2)

ENY 2=

ENY 3=

ENY4= ] e R A

B\Ys= N

\Ys=
ENY?=
E\NYsg=
E\NY9=
Answer Choice 4. The miinimum can be found by inspection of the table of values. The minim y-value is -6.
STEP 2. Pick the lowest y-value of all the answer choices.

PTS: 2 NAT: F.IF.C.9 TOP: Comparing Functions
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M — Functions, Lesson 8, Relating Graphs to Events (r. 2018)

FUNCTIONS
Relating Graphs to Events

CC Standard

F-1F.4 For a function that models a relationship be-
tween two quantities, interpret key features of
graphs and tables in terms of the quantities, and
sketch graphs showing key features given a verbal
description of the relationship. Key features include:
intercepts, intervals where the function is increas-
ing, decreasing, positive, or negative; relative maxi-
mums and minimums,; symmetries,; exd-behavior,

PARCC: Tasks have a real-world context. Tasks are limited to
linear functions, quadratic functions, square root functions, cube
root functions, piece-wise defined functions (including step func-
tions and absolute value functions) and exponential functions
with domains in the integers.

NG Standard

Al-F.IF.4 For a function that models a relationship be-
tween two quantities:

i) interpret key features of graphs and tables in terms of
the quantities; and

ii) sketch graphs showing key features given a verbal de-
scription of the relationship.

(Shared standard with Algebra I1)

Notes:

* Algebra | key features include the following: intercepts,
zeros; intervals where the function is increasing, decreas-
ing, positive, or negative; maxima, minima; and symme-
tries.

* Tasks have a real-world context and are limited to the
following functions: linear, quadratic, square root, piece-
wise defined (including step and absolute value), and ex-
ponential functions of the form f(x) = a(b)*where a>0

and b > 0 (b#£1).

LEARNING OBJECTIVES

Students will be able to:

1) relate graphs to real-world contexts, and
2) relate real-world contexts to graphs.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary

- learning objective(s)

Student Centered Activities

guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
speed increasing interval
rate of change decreasing
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BIG IDEAS

Increasing or Decreasing Intervals and Slope

/ N

A Function is Decreasing
Over an Interval that has
Negative Slope.

A Function is _
Over an Interval that has

Example: 17
The function at right is 144

over the interval

e decreasing over the interval "
25<x<55 .

NOTE: Graphs involving time and distance variables are about speed.
distance
tirne

Spead =

DEVELOPING ESSENTIAL SKILLS

1. The accompanying graph shows Marie’s distance from home (4) to work (F) at various times during her drive.

.-E Marie's Trip to Work

= 20

2 F
o 15

.

E

g 10 0D E

8 5|35

g PING

o 0

0 5 10 45 20 25 30 35 40
Time (min)

Marie left her briefcase at home and had to return to get it. State which point represents when she turned back
around to go home and explain how you arrived at that conclusion. Marie also had to wait at the railroad tracks
for a train to pass. How long did she wait?

2. John left his home and walked 3 blocks to his school, as shown in the accompanying graph.
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Dizstance from
John's Home
M3
l
T

L

Time

What is one possible interpretation of the section of the graph from point B to point C?
a. John arrived at school and stayed c. John returned home to get his mathematics

throughout the day. homework.
b. John waited before crossing a busy street. d. John reached the top of a hill and began
walking on level ground.

3. The accompanying graph show the amount of water left in Rover’s water dish over a period of time.

Amount of Water in Rover's Water Dish

4

400

Armount of Water (mL)

0 15 3 45 &0 75 68D 105
Time (seconds)

How long did Rover wait from the end of his first drink to the start of his second drink of water?

a. 10sec c. 60sec
b. 30sec d. 75sec

4. A bug travels up a tree, from the ground, over a 30-second interval. It travels fast at first and then slows down. It
stops for 10 seconds, then proceeds slowly, speeding up as it goes. Which sketch best illustrates the bug’s
distance () from the ground over the 30-second interval (¢)?

a. d c. d
t /—/t
b. d d d
1 Ny 1
ANSWERS
1. ANS:

B, 5 minutes. At point B, Mary’s distance from home begins to decrease, representing the point
where she turned back around to go home. The interval between points D and E is the only
portion of the graph where Mary’s distance from home remains constant. It lasts for 5 mins.
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2. ANS: B
Between points B and C, John’s distance from home remains constant. (2) represents an
interpretation in which John’s distance remains constant, waiting before crossing a busy street.
(1) also represents an interpretation in which John’s distance remains constant, but at points B and
C, John had not yet arrived at school. In both (3) and (4), John’s distance from school is
changing.

3. ANS: B
When Rover is drinking, the amount of water in his dish decreases over time. The first decrease
ends at 30 seconds and the second decrease begins at 60 seconds. The difference between these
points is 30 seconds.

4. ANS: C
In this sketch, the bug’s speed is decreasing during the first third of time, equals 0 during the
second third of time and is increasing the last third of time. In (4), the bug is traveling down the
tree. In (1) and (2), the bug’s speed remains constant.
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REGENTS EXAM QUESTIONS (through June 2018)

F.IF.B.4: Relating Graphs to Events

474) To keep track of his profits, the owner of a carnival booth decided to model his ticket sales on a graph. He
found that his profits only declined when he sold between 10 and 40 tickets. Which graph could represent

his profits?
1) w0} 3) 14
— gl
G o & 91
& 81 R
8 7] / 271
B a7 5 61
-4 DEEE) 2 °]
& 4+ & 41
= 3 = 3
B 27 2+
£ 1] 13
10 20 30 40 50 60 70 B0 60100 10 20 30 40 50 60 70 80 80100
Number of Tickats Sold Number of Tickets Sold

Profits in this graph decline between 10
and 40 tickets, so

& &
2) 107 4) 10%
—| — g4
e g
= &7 = 87
5 71 g 7
B 61 5 61
L] 1 o ]
o 3 =
@t & 1
£ =
g 27 R
o 44 g4

10 20 30 40 50 60 7O 80 90100 10 20 30 40 50 60 7O 80 90100

Number of Tickets Sold Number of Tickets Sold

The slope in this graph is always positive,
so the profit never declines.
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475)During a snowstorm, a meteorologist tracks the amount of accumulating snow. For the first three hours of
the storm, the snow fell at a constant rate of one inch per hour. The storm then stopped for two hours and
then started again at a constant rate of one-half inch per hour for the next four hours.

a) On the grid below, draw and label a graph that models the accumulation of snow over time using the
data the meteorologist collected.

b) If the snowstorm started at 6 p.m., how much snow had accumulated by midnight?

476) The graph below models Craig's trip to visit his friend in another state. In the course of his travels, he
encountered both highway and city driving.

260+

240+

220+
200+ B
180+

160+

Miles Traveled
- -
I A
L] L]
| 1

804

804

40~

204

Hours

Based on the graph, during which interval did Craig most likely drive in the city? Explain your reasoning.
Explain what might have happened in the interval between B and C. Determine Craig's average speed, to
the nearest tenth of a mile per hour, for his entire trip.
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477)

478)

The graph below represents a jogger's speed during her 20-minute jog around her neighborhood.

8_.

6_

4_

2_

Speed (miles per hour)

0~

1T 1 1T 1T 1T 1T 1T 1T 1711771711
6 8 10 12 14 16 18 20
Time (in minutes)

Which statement best describes what the jogger was doing during the 9— 12 minute interval of her jog?
1) She was standing still. 3) She was decreasing her speed
2) She was increasing her speed. 4) She was jogging at a constant rate.

A driver leaves home for a business trip and drives at a constant speed of 60 miles per hour for 2 hours.
Her car gets a flat tire, and she spends 30 minutes changing the tire. She resumes driving and drives at 30
miles per hour for the remaining one hour until she reaches her destination. On the set of axes below,
draw a graph that models the driver’s distance from home.

300

240

180

120

Distance (miles)

60

1 2 3 A 5
Time (hours)
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SOLUTIONS

474) ANS: 3
Declining profits over the interval 10 to 40 tickets sold will be shown as a negative slope.
10'!' 1l:l£I
— o] = 0]
E &1 E 81
s 7] / 7
T 6 B a7
o 5] =
a A — ; Fp!
= 37 = 31 \_/
T 2t 21
£ / B2l
10 20 30 40 5050703'3‘301'35 10 20 30 40 50 G0 70 EIZI'EIIZIHJFIJ
a) Number of Tickets Sold C) Number of Tickets Sold

Over the interval between 10 and 40 tickets | Over the interval between 10 and 40 tickets
sold, there is no negative slope, so this is a sold, the slope is negative, so this is the

wrong choice. correct choice.
A A
101 101
= of z o1
= gt = gt
5 71 S 7
s 61 s 61
= 51 254
& 4 & 4
= 31 = 31
% 3 e
ooq4 o g4
10 20 30 40 50 &0 70 80 90100 10 20 30 40 50 60 70 80 90100
b) Number of Tickets Sold d) MNumber of Tickets Sold

Over the interval between 10 and 40 tickets | Over the interval between 10 and 40 tickets
sold, the slope is always positive, so thisisa | sold, there is first a positive slope and then a

wrong choice. negative, so this is a wrong choice.
PTS: 2 NAT: F.IF.B4 TOP: Relating Graphs to Events
475) ANS:
10
-8
= 8
=7
E 6
® 5
k 4
-]
2
1
123 4587881 L. 1 .
Tims (houre) At midnight, 6 hours after the storm began, 3 3 inches of snow have fallen.

Strategy - Part a). Label the x and y axes and the corresponding intervals, then use the rates of change
from the problem to complete the graph.

STEP 1. Plot the rate of change for the first three hours of the storm. The rate of change during this time
is 1 inch per 1 hour.

STEP 2. Plot no change in accumulation for the two hours when the storm is stopped.
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476)

STEP 3. Plot the rate of change for the next four hours. During this interval, the rate of change is %

inch per 1 hour.

Strategy: Part b). Determine which point on the graph corresponds to midnight.

Midnight it six hours after 6 p.m., so the coordinate [ﬁ, 3 %] can be used to determine the amount of

accumulation at midnight. The amount of snow accumulation at midnight is 3 z inches.

PTS: 4 NAT: F.IF.B.4 TOP: Relating Graphs to Events
ANS: L L
Craig most likely was driving in the city during the interval 2E. The slope of D& is less steep than the

slopes of A& and 1 indicating a lower speed. Speed limits are usually lower in the city than on the
highway.

During the interval BC, Craig stopped.

Craig’s average speed for the entire trip was 32.9 miles per hour.
_ distance 230 mules

speed= titne 7 hours
230 = 328578 329
=
PTS: 4 NAT: F.IF.B.4 TOP: Relating Graphs to Events
477) ANS: 4
Strategy: Pay close attention to the labels on the x-axis and the y-axis, then eliminate wrong answers.
NOTE: A horizontal line (no slope) means that speed is not changing.
Answer a can be eliminated because she would have a speed of 0 if she were standing still. She was only
standing still at the start and end of her jog.
Answer b can be eliminated because the speed does not change during the 2 - 12 minute interval of her
jog.
Answer c can be eliminated because the speed does not change during the %— 12 minute interval of her
jog.
Answer d is the correct choice because a horizontal line (no slope) means that speed is not changing.
PTS: 2 NAT: F.IF.B4 TOP: Relating Graphs to Events
478) ANS:
T T T |
13 | |
| FrrT 1= |
g 120 . —
1 :ﬁmm:; 4 5

Strategy - Use the speed of the car as the rate of change to complete the graph.
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STEP 1. Plot 2 hours at 60 miles per hour slope, based on the language “... a constant speed of 60 miles
per hour for 2 hours.”

STEP 2. Plot % hour at O slope based on the language “...she spends 30 minutes changing the tire.”

STEP 3. Plot 1 hour at 30 miles per hour slope based on the language “...drives at 30 miles per hour for
the remaining one hour...”

PTS: 2 NAT: F.IF.B4 TOP: Relating Graphs to Events
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M — Functions, Lesson 9, Graphing Piecewise-Defined Functions (r. 2018)

FUNCTIONS
Graphing Piecewise-Defined Functions

Common Core Standard Next Generation Standard

F-1F.C.7 Graph functions expressed symbolically Al-F.IF.7 Graph functions and show key features of the
and show key features of the graph, by hand in sim- | graph by hand and by using technology where appropri-

ple cases and using technology for more compli- ate.
cated cases. (Shared standard with Algebra I1)
LEARNING OBJECTIVES

Students will be able to:

1) Graph and interpret piecewise functions.
2) Input piecewise functions in a graphing calculator.

Overview of Lesson

Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

VOCABULARY

closed dot
continuous
function

interval

open dot

piece

piecewise function
sub function
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BIG IDEAS

PIECEWISE FUNCTIONS

A piecewise function is a function that is defined by two or more sub functions, with each sub
function applying to a certain interval on the x-axis. Each sub function may also be referred to as
a piece of the overall piecewise function, hence the name piecewise.

Example. The following is a piecewise function:

f(x)={2x+l, x<1

4, x>1
This example of a piecewise function has two “pieces,” or sub functions.

a. Over the interval x <1, the sub functionis f(x)=2x+1.

b. Over the interval x>1, the sub functionis f(x)=4..

A table of values for this function. A graph for this function.

X Ax)=2x+1 Axi=4
-3 -5 na
-2 -3 na
-1 -1 na :
0 1 na ’ )
1 na 4 /
2 na 4 e R
3 na 4 * X-;m
4 na 4 :
5 na 4 *
6 na 4 )
7 na 4

Continuity

Piecewise functions are often discontinuous, which means that the graph will not appear as a
single line. In the above table, the piecewise function is discontinuous when x=3. This is
because x =3 is not included in the sub function. Because piecewise functions are often
discontinuous, care must be taken to use proper inequalities notation when graphing.
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Using Line Segments to Define Pieces

If the circle at the beginning or end of a solution set (graph) is empty, that value is not included in the
solution set. If the circle is filled in, that value is included in the solution set.

-3 -2 -1 0 1 2 3

< O

The number 1 is not included in the this solution set; ‘tesser Greater

.. . . . . I I
The number 1 is included in this following solution set;  tesser Greater

NOTE: The TI183/84 family of graphing calculators can graph piecewise functions using the n-d function
in the catalog and the test (second-math) function, as shown in the following screenshots.

NORMAL FLOAT AUTO REAL RADIAN MP Fln NORMAL FLOAT AUTO REAL RADIAN MP I:I

CATALOG jp==3l LOGIC
n 1: B

nCr 2
»n/d 3
nDeriv( 4:
»n/dOrUnsd S
PNom( 6
Normal
normalcdf (

normaledf (

LN AW LTIV | R

NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN HMP 1 NORMAL FLOAT AUTO REAL RADIAN HMP n
PRESS + FOR aTh1

Plotli Plot2 Plot3 X Y1 Y2

ERFOR
281
NY1B555 ERROR

y ERROR
INY2B 35

ERROR r
ERROR L

INY 3=1

ENY4= ERROR

B\Ys5= ERROR / :

[
[ R
T

Hl-‘wu'lﬂl

ERROR
ERROR

m LWk o

\Yg= ERROR

NV ERROR
ENYs= X=6

L L .L.L.LC.L
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DEVELOPING ESSENTIAL SKILLS

Use technology to graph the following piecewise functions.

NORMAL FLOART AUTO REAL RADIAN MP

Plotl Plot2
CNAY-E
Y28
\Y:=N
EINY4=
ENYs5=

\NYeg=
ENY?=
ENYs=

Plot2

x-3,x<1
f(x): -x,x2>1
x-5 x<1
g<x):{—x+2,x21
h(x):{ x+3, x<1
2x-1, x>1

ANSWERS

f(x)

NORMAL FLOART AUTO REAL RADIAN MP

1 NORMAL FLOART AUTO REAL RADIAN MP
PRESS + FOR aTb1

n

NORMAL FLOAT AUTO REAL RADIAN MP

Plotl Plot2
UNE-E
“R+2
EINY2B =7
ENY 3=
ENYa=
ENYs5=
\Ye=
ENY?=
EN\Ys=

Plot3

NORMAL FLOAT AUTOD REAL RADIAN HMP
PRESS + FOR asTh1

] MORMAL FLOAT AUTO REAL RADIAN MP

n

NORMAL FLOAT AUTOD REAL RADIAN MP

Flotl Plotz Plot3
K3
INY1B3g
2%-1
INY2B 557
E\Y3z=
EN\Y4=
EN\Yz5=
\Ye=
ENY?=
E\Ysg=

NORMAL FLOAT AUTO REAL RADIAN MP
PRESS + FOR aTb1

NORMAL FLOAT AUTO REAL RADIAN MP n

Y1 Y2
1 ERROR
) ERROR
1 ERROR
2 ERROR
3 ERROR
F0 0 Y Y B S i S

11

mmm
™o
ool
=1=1-1
™=

w =g

HH

Page 585



REGENTS EXAM QUESTIONS (through June 2018)

F.IF.C.7: Graphing Piecewise-Defined Functions

479) At an office supply store, if a customer purchases fewer than 10 pencils, the cost of each pencil is $1.75.
If a customer purchases 10 or more pencils, the cost of each pencil is $1.25. Let ¢ be a function for which
£ (x) is the cost of purchasing x pencils, where x is a whole number.

1 75x if0=xz=9
cix) =

125z 1fx = 10
Create a graph of ¢ on the axes below.

y
204
19
18-
17
16
15
14
13-
12
111
10

Cost in Dollars

Rl el i i AL e 4

— T T T T T 1% X
0 12345678 910111213141516
Pencils

A customer brings 8 pencils to the cashier. The cashier suggests that the total cost to purchase 10 pencils
would be less expensive. State whether the cashier is correct or incorrect. Justify your answer.

x| x=1
480) Which graph represents fx) = ?

Jroxzi

1) y 3) Y

A
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2)

481) A function is graphed on the set of axes below.

Which function is related to the graph?

1)

2)

482) Graph the following function on the set of axes below.

¥

2

a

ﬂﬂ={%’x{l

x-4x=1

¥orel

Jix) =

Z

—x+—=-,x>x1

2

X

4) A

3) ) = xg,xc:l
2x—Tx=1

4) x{xil
Ex——,x}l

x -3i=2x<l

4, l=x =8

483) Which graph does not represent a function that is always increasing over the entire interval -2 < x < 2?
y

1)

eest

seczatt

=

3)

y

/

\

7
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2) A 4) 1

484) On the set of axes below, graph the piecewise function:
|

1) —Ex, Xl
X=
X ox=2
f(x)
SOLUTIONS

479) ANS:
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Cost in Dollars
b=
-

Bl ol s 2 bl
-

1234567 8910111213141516

o

Pencils
The cashier is correct. 8 pencils cost $14 and 10 pencils cost $12.50.

Strategy: Use a graphing calculator and graph the function in two sections. Note that the domain of the
function is whole numbers. You cannot buy a part of a pencil. This means that the graph of the function
will consist of points and not lines. After completing the graph, answer the questions presented in the
problem.

STEP 1: Graph the section of the function represented by «{x) = 1.75x. Plot closed dots for each whole
number in the domain 0 = x = 9.

Flokl Flotz Flobs - Ty H WM
S ELL TER | 7 1z.z5
A= 1 i.7E | 14
= z 3K g ic.7c
A E: E.ZE 10 i7.E
e ¢ | | 1
Sy E= .

M= B 10K Eh zz.7t
A= b= =13

STEP 2: Graph the section of the function represented by «(x} = 1.25x. Plot closed dots for each whole
number in the domain x = 10.

Flotl Flotz Flotz o Y
FAM9BL . 25E F| 1z
A== 11 1z.7c
i 1z it
U 1z 1G.2C
My= iy i7.c
Me= it 18.7E
o= 1@ z0
Vo= =101

STEP 3: Answer the questions presented in the problem.
The data tables and the graph show that it would be cheaper to purchase 10 pencils that to purchase 8
pencils.

PTS: 4 NAT: F.IF.C.7 TOP: Graphing Piecewise-Defined Functions

480) ANS: 2
Strategy: Eliminate wrong answers.
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481)

482)

The left half of each graph corresonds to #{x) = |x| over the domain x < 1. The graph of fx) = ||
should not curve because x is of the first degree. Answer choices ¢ and d should be eliminated because
they have curves over the domain x = 1. A quick look at the graph of

Alx1 = |x| inagraphing calculator shows why answer choices ¢ and d should be eliminated.

Flatl Flake Flokz ;

SR

o

The graph of f{x) = «f; over the domain x = 1 should be not be a straight line because the degree of x is

not 1. A quick look at the graph of fix) = «4-'{; in a graphing calculator shows that answer choice 4 is
correct.

Flakl Flakz Flakz

WMy e SR
~Nz=l
wNa=
“My=
=Me=
“ME=

PTS: 2 NAT: F.IF.C.7 TOP: Graphing Piecewise-Defined Functions

KEY: bimodalgraph

ANS: 2

Strategy: Since fix) = x*,x <1 isincluded in every answer choice, concentrate on the linear functions
for x = 1.

1

. . j . . 1.
The linear equation has a slope of % =3 The only linear function that has a slope of 3 I8

L X+ 1 which is answer choice b.

Ax)= 3 3
PTS: 2 NAT: F.IF.C.7 TOP: Graphing Piecewise-Defined Functions
ANS:

Strategy: Use a graphing calculator and graph the function in sections, paying careful attention to open
and closed circles at the end of each function segment.

STEP 1. Graph flx) = |x| over theinterval -3 =x < 1. Use a closed dot for (—3, 3] and an open dot
for (1,13. Use data from the table of values to plot the interval -3 = x = 1.
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Flotl Flokz Floks - Y1
-5 Bl | | -
M= “E z
W= a 1
“Hy= i 1
“NMe= z z
g : :
WA a= o= -3

STEP 2: Graph f{x) = 4 over theinterval 1 =x<8. Use a closed dot for {1,4) and a closed dot for

(8,4). Use data from the table of values to plot the interval 1 = x = &.

Flokl Flotz Flot:
-5 B4
~Nz=1
M=
=Hy=
wHe=
“Ne=
“Ne=

Y1

i) L WINT
=

[ g g o

Do not connect the two graph segments.

PTS: 2
483) ANS: 3

NAT: F.IF.C.7

TOP: Graphing Piecewise-Defined Functions

Strategy: Looks at the slope of the graph over the interval -2 « x < 2. Select the answer choice where

the slope of the graph is negative anywhere in this interval.

y

/

I
IEENER

i

X

L A W
R e
X
}A"T

> <

L1
—

£

.
IHEEEENI
——

A

(2)

(4)

Answer choice (3) is the only graph that has a negative slope over the interval -2 «< x < 2.

PTS: 2
484) ANS:

NAT: F.IF.C.7

TOP: Graphing Piecewise-Defined Functions
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Strategy: Use a graphing calculator to help find and plot two points that define the lines for each part of
this piecewise function.

STEP 1. Input the piecewise function as two separate equations in a graphing calculator and inspect the
table of values for both functions.

Flatl Flakz Flatz Ty 114 e
~YIE-CLAZ20E M| 0
e = b i -E i
Wby = z -1 z

E: -1.E K
~Hy= iy -2 Y
M= E :2.5 L
WM = B x B
wNe=

STEP 2. Plot the points for both functions when x = Z, which is the x-value where the function changes
from the first piece to the second piece.

(2, -1) is plotted for the first part of the function 3, = —{1/2)x with an open circle,
because the domain for this piece of the function is x < 2.
(2, 2) is plotted for the second part of the function y, = x with a closed circle,
because the domain for this piece of the function is x = 2.

STEP 3. Pick a second point in the domain x < 2 to plot for the first piece (y,) of the function.
(0, 0) is an easy ordered pair to plot.

STEP 4. Draw a directed line that starts at (2,-1) and passes through (0,0).

STEP 5. Pick a second point in the domain x = 2 to plot for the second piece () of the function.
(6, 6) is an easy ordered pair to plot.

STEP 6. Draw a directed line that starts at (2,2) and passes through (6,6).

PTS: 2 NAT: F.IF.C.7 TOP: Graphing Piecewise-Defined Functions
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M — Functions, Lesson 10, Graphing Step Functions (r. 2018)

FUNCTIONS
Graphing Step Functions

Common Core Standard Next Generation Standard

F-1F.C.7 Graph functions expressed symbolically Al-F.IF.7 Graph functions and show key features of the
and show key features of the graph, by hand in sim- | graph by hand and by using technology where appropri-
ple cases and using technology for more compli- ate.

cated cases. (Shared standard with Algebra I1)

NOTE: This lesson is related to Functions, Lesson 9, Graphing Piecewise Functions

LEARNING OBJECTIVES

Students will be able to:

1) Graph and interpret step functions.

Overview of Lesson

Teacher Centered Introduction Student Centered Activities

Overview of Lesson guided practice €Teacher: anticipates, monitors, selects, sequences, and
connects student work

- activate students’ prior knowledge
- developing essential skills
- vocabulary
- Regents exam questions
- learning objective(s)
- formative assessment assignment (exit slip, explain the math, or journal
- big ideas: direct instruction entry)

- modeling

VOCABULARY

closed dot
continuous
function

interval

open dot

piece

piecewise function
sub function
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BIG IDEAS

STEP FUNCTIONS

A step function is typically a piecewise function with many sub functions that resemble stair steps.

5 Oo—e
54 —
23 [SE——y
52 Ot

14 o0—e

Each step corresponds to a specific domain. The function rule for the graph above is:

1, S<x=7

Tax =8

2 ox=ll

11 <x=13

13 <x =15
DEVELOPING ESSENTIAL SKILLS

Model each context with a step function.

fx) =

h “-h L a2

1. You want to bring cupcakes to math club to celebrate your birthday. Each box of cupcakes
contains 6 cupcakes and costs $4.00. You expect as many as 30 students to be at math club.
Create a function rule that models the cost in terms of the number of students in math club.

4, 0<s<6

8, 7<s<12

12, 13<s<18

16, 19<s<24

C(s):

2. You’re ordering pizza for your math teacher’s birthday party. You estimate that each pizza will
serve 4 people and that up to 26 people may attend. Create a function rule that models the number
of pizzas you need to order in terms of the number of people attending.

1, O<s<4
2, 5<s<8
3, 9<s<12
P(s): 4 13<s<16
5 17<s<20
6, 2l<s<24
7, 25<s5<28
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REGENTS EXAM QUESTIONS (through June 2018)

F.IF.C.7: Graphing Step Functions

485) Morgan can start wrestling at age 5 in Division 1. He remains in that division until his next odd birthday

when he is required to move up to the next division level. Which graph correctly represents this

information?

1) 54 — 3)
E 4 —
G 3 —0
E 2 —
14 - e——o

Age
2) 5+ O——e 4)
c
S 4 11
‘;_" 34 o——eo
& 21 Oo—e

14 o0—e

L T T T T 1
7 9 11 13 15
Age

Division

Division

5
4.
34
2
14

5
4]

2]
14

486) The table below lists the total cost for parking for a period of time on a street in Albany, N.Y. The total
cost is for any length of time up to and including the hours parked. For example, parking for up to and

including 1 hour would cost $1.25; parking for 3.5 hours would cost $5.75.

Hours
Parked

Total
Cost

1

1.25

2.50

4.00

5.75

7.75

L= T B & S I I - I /S O A

10.00

Graph the step function that represents the cost for the number of hours parked.
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101

Total Cost

Hours Parked

Explain how the cost per hour to park changes over the six-hour period.

SOLUTIONS

485) ANS: 1
Strategy: Focus on whether the line segments should begin and end with closed or open circles. A
closed circle is included. An open circle is not included.

PTS: 2 NAT: F.IF.C.7 TOP: Graphing Step Functions
KEY: bimodalgraph

486) ANS:

104 —a

Total Cost

—t—rr--—r—e——rrer—rr—rretr—r—te

0 1 2 3 4 5 6

Hours Parked
The cost per houir to park gets bigger over the six hour period.
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Strategy: Graph this step function by hand using information from the table. This function has too many
sections to easily input into a graphing calculator.

STEP 1. Graph the section for the domain 0 < x = 1. The table shows that this interval corresponds to a
cost of $1.25 on the y-axis. Use an open dot at (0, 1.25) and a closed dot at (1, 1.25). Connect the two
dots with a solid line.

STEP 2. Graph the section for the domain 1 < x = 2. The table shows that this interval corresponds to a
cost of $2.50 on the y-axis. Use an open dot at (1, 2.50) and a closed dot at (2, 2.50). Connect the two
dots with a solid line.

STEP 3. Graph the section for the domain 2 < x = 3. The table shows that this interval corresponds to a
cost of $4.00 on the y-axis. Use an open dot at (2, 4.00) and a closed dot at (3, 4.00). Connect the two
dots with a solid line.

STEP 4. Graph the section for the domain 3 < x <4. The table shows that this interval corresponds to a
cost of $5.75 on the y-axis. Use an open dot at (3, 4.75) and a closed dot at (4, 4.75). Connect the two
dots with a solid line.

STEP 5. Graph the section for the domain 4 « x < 4. The table shows that this interval corresponds to a
cost of $7.75 on the y-axis. Use an open dot at (4, 7.75) and a closed dot at (5, 7.75). Connect the two
dots with a solid line.

STEP 6. Graph the section for the domain 5 « x <. The table shows that this interval corresponds to a
cost of $10.00 on the y-axis. Use an open dot at (5, 10.00) and a closed dot at (6, 10.00). Connect the
two dots with a solid line.

STEP 7: Answer the question based on the graph and the table.

PTS: 4 NAT: F.IF.C.7 TOP: Graphing Step Functions
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N — Sequences and Series, Lesson 1, Sequences (r. 2018)

SEQUENCES AND SERIES

Sequences

CC Standard

F-1F.A.3 Recognize that sequences are functions,

sometimes-defined-recursively, whose domain is a
subset of the integers. Fe%eaeamﬁe—éhe—ﬁ&b@n&eﬁ—

F-LE.2 Construct linear and exponential functions,
including-arithmetic-and-geometric-sequences, given
a graph, a description of a relationship, or two input-
output pairs (include reading these from a table).

PARCC: Tasks are limited to constructing linear and exponential
functions in simple context (not multi-step).

NG Standard

Al-F.IF.3 Recognize that a sequence is a function whose
domain is a subset of the integers.

(Shared standard with Algebra I1)

Notes:

* Sequences (arithmetic and geometric) will be written
explicitly and only in subscript notation.

» Work with geometric sequences may involve an expo-
nential equation/formula of the form a» = ar»-1, where a is
the first term and » is the common ratio.

AIl-F.LE.2 Construct a linear or exponential function
symbolically given:

i) a graph;

ii) a description of the relationship;

iii) two input-output pairs (include reading these from a
table).

(Shared standard with Algebra I1)

Note: Tasks are limited to constructing linear and expo-
nential functions in simple context (not multi-step).

LEARNING OBJECTIVES

Students will be able to:

1) Define sequences as recursive functions.

2) Evaluate recursive functions for the nth term.

Overview of Lesson

Teacher Centered Introduction
Overview of Lesson
- activate students’ prior knowledge
- vocabulary

- learning objective(s)

guided practice €Teacher:
connects student work

Student Centered Activities

anticipates, monitors, selects, sequences, and

- developing essential skills
- Regents exam questions

- formative assessment assignment (exit slip, explain the math, or journal

- big ideas: direct instruction entry)
- modeling
VOCABULARY
arithmetic progression sequence
explicit formula series
geometric progression set
pattern term

recursive formula
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BIG IDEAS

An explicit formula is one where you do not need to know the value of the term in front of the term that

you are seeking. For example, if you want to know the 55th term in a series, an explicit formula could be

used without knowing the value of the 54th term.

Example: The sequence 3, 11, 19, 27, ... begins with 3, and 8 is added each time to form the pattern.

The sequence can be shown in a table as follows:

Term # (n) 1 2 3 4
E) 3 11 | 19 | 27

Explicit formulas for the sequence 3, 11, 19, 27, ... can be written as:

Arl=8n-5 or Aml=3+8#r-1)
Using these explicit formulas, we can find the following values for any term, and we do not need to know
the value of any other term, as shown below:

fml=8n-5 fl=3+8kr-1)

A =8(11-5=3 A =3+8(1-1=3+0=13
A =820-5=16-5=11 AN =53+82-1=3+8=11
AN =8N -5=24-5=19 AN =3+803-D=3+16=19
A4) = B(41-5=32-5=27 A4 =34 84— 11=3+24= 27
AS =85 -5=40-5=135 A5 =53+85-1)=3+32=735
S =810 -5=80-5="75 AU =3+8(10-1)=3+72=175

AL00) = E(1000 - 5 = 00— 5 = 795 AL00) = 34+ (100 1) = 3+ 792 = 795

Recursive formulas requires you to know the value of another term, usually the preceding term, to find
the value of a specific term.
Example:  Using the same sequence 3, 11, 19, 27, ... as above, a recursive formula for the sequence 3,
11, 19, 27, ... can be written as:

A+ =7n+8

This recursive formula tells us that the value of any term in the sequence is equal to the value of the term
before it plus 8. A recursive formula must usually be anchored to a specific term in the sequence (usually
the first term), so the recursive formula for the sequence 3, 11, 19, 27, ... could be anchored with the
statement

Aly=73
Using this recursive formula, we can reconstruct the sequence as follows:
Al=73 Observe that the recursive formula
fir+ 11 =71+ 8 includes two different
H=Al1+8=3+8=11 . S

S =A1)+ * values of the dependent variable, which in
A3 =2 +8=11+8=19 this example are /70 and flz+ 13, and we
A=A +8=19+8=27 can only reconstruct our original sequence

using this recursive formula if we know the
ASy =54 +3=27+8=35 term immediately preceding the term we are
A0 =f9) +8=7+8=7 seeking,

Two Kinds of Sequences
arithmetic sequence (427) A set of numbers in which the common difference between each term and
the preceding term is constant.
Example: In the arithmetic sequence 2, 5, 8, 11, 14, ... the common difference between each
term and the preceding term is 3. A table of values for this sequence is:
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Term # (n) 1 2 3 4 5
HED) 2 5 8 11 14

An explicit formula for this sequence is f{#) = 3z — 1
A recursive formula for this sequence is: flz+ 1) =) +3, fil)=12

geometric sequence (427) A set of terms in which each term is formed by multiplying the preceding
term by a common nonzero constant.
Example: In the geometric sequence Z, 4, &, 16, 32... the common ratio is 2. Each
term is 2 times the preceding term. A table of values for this sequence is:
Term ( n) 1 2 3 4 5
Jla) 2 4 8 16 32

An explicit formula for this sequence is fl#) = 2"
A recursive formula for this sequence is: flz+ 1) = 2f(n), Al)=2

DEVELOPING ESSENTIAL SKILLS

1) If f(1)=5and f(n)=-3f(n-1),then f(4)=
1) -15 3) 45
2) 20 4) -135

2) If asequence is defined recursively by f(0)=6 and f(n+1)=-3f(n)+4 forall n>0, then
£ (2)is equal to

1) 22 3) 46
2) -27 4) -14
3) Inasequence, the first term is 3 and the common difference is 4. The fifth term of this sequence is
1) -11 3) 16
2) -8 4) 19

4) Given the function f(7) defined by the following:
(=7
f(n)=—3f(n—1)+4

Which set could represent the range of the function?

1) {7,-17,55,-111..} 3) {17,17,55,.}
2) {7,25,79,321,...) 4 {17,25,79,..}
ANSWERS
1) 4
2) 3
3) 4
4 1
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REGENTS EXAM QUESTIONS (through June 2018)
F.IF.A.3, F.LE.A.2: Sequences and Series

487) If A1 =13 and fAr)=—2fr— 11+ 1, then A5) =

1) -= 3) 21
2) 11 4) 43
488) If a sequence is defined recursively by /il =2 and flm+ 1) =-2fTmi+ 3 for » = 0, then A2} is equal to
1) 1 3) 5
2) -11 4) 17
489) In a sequence, the first term is 4 and the common difference is 3. The fifth term of this sequence is
1) -11 3) 16
2) -8 4) 19
490) Given the function #z) defined by the following:
Ali=12

Aml=-5fln-11+2
Which set could represent the range of the function?
1) {24,658 . .} 3) {-8,-42,-208 1042, . .}
2) 12,-844-208,. . .} 4) {-10,50,-250,1250,. ..}

491) A sequence of blocks is shown in the diagram below.

This sequence can be defined by the recursive function @, = 1 and a, = a,_; +#. Assuming the pattern
continues, how many blocks will there be when = = 7?
1) 13 3) 28
2) 21 4) 36

492) Determine and state whether the sequence 1,3, 8,27, ... displays exponential behavior. Explain how you
arrived at your decision.

493) A sunflower is 3 inches tall at week 0 and grows 2 inches each week. Which function(s) shown below
can be used to determine the height, ), of the sunflower in n weeks?
I. fim)=2mr+3
Il flmd=2r+3p-1)
. fr)=fln— 1)+ 2where 01 =3
1) landll 3) I, only
2) l, only 4) landlll

494) The diagrams below represent the first three terms of a sequence.
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Assuming the pattern continues, which formula determines «,,, the number of shaded squares in the nth

term?
1) a,=4n+12 3) a,=4n+4
2) a,=4n+38 4) a,=4n+2

495) A pattern of blocks is shown below.

§ ofo 515 [

L]

Term 1 Term 2 Term 3 Term 4

If the pattern of blocks continues, which formula(s) could be used to determine the number of blocks in the

nth term?
1 [ 111
a =2
a =n+4 a =4d4n — 2
. a,=a, ,+4 n
1) landll 3) Iland I
2) landlll 4) 111, only

496) The third term in an arithmetic sequence is 10 and the fifth term is 26. If the first term is @, which is an
equation for the nth term of this sequence?

1) a,=8r+10 3) a,=1lon+10
2) a,=8tn-14 4) a,=16m-33
497) Which recursively defined function has a first term equal to 10 and a common difference of 4?
1) AD=10 3) Al)=10
Axi=fx-11+4 Axi=4fx-1)
2) fily=4 4) flh=4
Ax=fxz-11+10 Axn=107x- 1
498) Which recursively defined function represents the sequence 3,7, 15,31,.. .2
1) Ay=13, ﬂﬂ+1)=2ﬁxﬁ+3 3) fili=3 fln+1)=2fln)+1
2) Ay=13, ﬂﬂ+1}=2ﬁnﬁ_1 4) fili=3, flun+1)=73n-2
499) Which function defines the sequence -6, -10, -14, -18, ..., where {6} = =267
1) fx)=-4x-2 3) flx)=-x+32
2) fixi=4x-12 4) fixy=-x-26
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500) In 2014, the cost to mail a letter was 49¢ for up to one ounce. Every additional ounce cost 21¢. Which
recursive function could be used to determine the cost of a 3-ounce letter, in cents?
1) a,=4% a,=a,_,+:21 3) a;=21,a,=a,_;+49
2) a;=0;a,=4%,_ ,+21 4) a; =0, a,=2la,_ ;+49

501) If the pattern below continues, which equation(s) is a recursive formula that represents the number of

squares in this sequence?

Design 1 Design 2 Design 3 Design 4

1) y=2x+1 3) a,;=3

Gy, =i, |+ 2
2) y=2x+3 4) a;=1

Ay, =i, | +2

502) On the main floor of the Kodak Hall at the Eastman Theater, the number of seats per row increases at a
constant rate. Steven counts 31 seats in row 3 and 37 seats in row 6. How many seats are there in row

20?
1) 65 3) 69
2) 67 4 71
503) If @, =#(a, ;) and &, = 1, what is the value of a?
1) 5 3) 120
2) 20 4) 720
504) The expression 3(x* + 2x— 31— 4(4x* - Tx+ 5 is equivalent to
1) -13x-22x+ 11 3) 19x* - 22x+ 11
2) —13x%+34x-29 4) 19x* + 34x- 29
SOLUTIONS
487) ANS: 4
Strategy: Use the recursive formula: f{1) = 3 and fl#) =-2flz—- 1)+ 1 to find each term in the
sequence.
A =3

Arl=-2fln-11+1

AL =-2A2- D+l =-2 0 +1=-2(N+1=-6+1=-5
AN =-2A3- D+ 1=-2D+1=-2(-51+1=10+1=11
A4 =24 -1+ L= =20 +1= =201 + 1 = -22+ 1 = =21
AN =—2A5- 4l =24+ 1=-2(-210+ 1 =42+ 1 = 43

PTS: 2 NAT: F.IF.A3 TOP: Sequences

488) ANS: 3
Strategy: Use the recursive formula: f{0) = 2 and flz+ 1) = -2f{=) + 3 to find each term in the
sequence.
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Al =2
AL =f0+1)==-2fm+3=-2(L)+3=-4+3=-1

AN =AMl+1=-2flm+3=-2(-1)+3=2+3=145
Answer choice c corresponds to 21 = 5.

PTS: 2 NAT: F.IF.A3 TOP: Sequences
489) ANS: 3

Step 1. Understand that the problem wants to know the fifth term in a sequence when the first term is 4

and the common difference is 3.

Step 2. Strategy. Build a table.
Step 3. Execute the strategy. | Term # 1 2 3 4 5
Value 4 7 10 13 16
Step 4. Does it make sense? Yes. You can check it by writing the following formula based on the table
and using it to find any term in this arithmetic sequence.

@, =3+l

@;=73(5+1
PTS: 2 NAT: F.IF.A3 TOP: Sequences KEY: term
490) ANS: 2

The first value in the function must be 2. Therefore, {—&,-42,—-208, 1042, ..} and
{—10,50,-250,1250,. ..} must be wrong choices.

Aml=-5fln-11+12
Al=2

A =-51)+2
AL =-5(+12
AL =—10+12

A =-8

Since -8 is the second number, the correct answer choice is {2,—8,42,-208,...}.

PTS: 2 NAT: F.IF.A3 TOP: Sequences KEY: term
491) ANS: 3
@y =d,_+#

d,=1+2=73
a;=3+3=14
gy =f+4=10
ag=10+5=15
dg=16+16=11
ap=21+7=128

PTS: 2 NAT: F.IF.A3 TOP: Sequences KEY: term
492) ANS:
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Yes.

common ratio, which is 3.

PTS: 2

493) ANS: 4
Strategy:

NAT: F.LEA.1

TOP: Families of Functions

which one(s) produce results that agree with the table.

Each number in the sequence is three times bigger than the previous number, so the sequence has a

If sunflower’s height is modelled using a table, then the three formulas can be tested to see

Weeks | Height A =2n+3 fmi=2n+3p-1 | flo)=Anr- 1)+ 2where fill =3

(n) | flw=)

0 3 | AM=2M+3=3| JO= Al =3
2(0)+3(0- 1) =
=3

1 5 | A =2(0+3=5 A=Al +2=3+2=5

2 7| An=22+3=7 A =fl+2=5+2=7

3 9 | AT=23N+3=9 AN =A)+2=7+2=9

Formula I, flz) = 2r+ 3, is an explicit formula that agrees with the table.
Formula Il is an explicit formula that does not agree with the table.
Formula lll, fiz) = flz— 10+ 2where /107 = 3, is a recursive formula that agrees with the table.

PTS: 2
494) ANS: 2

NAT: F.IF.A3

TOP: Sequences

Strategy: Examine the pattern, then test each formula and eliminate wrong choices.
Term 1 has 12 shaded squares.
Term 2 has 16 shaded squares.
Term 3 has 20 shaded squares.

Choice Equation Term1=12 Term 2 =16 Term 3 =20
a a,=4n+12 = 16 (eliminate)
b d,=42+38 = 12 (correct) = 16 (correct) = 20 (correct)
c @, =42+4 = 8 (eliminate)
d ad,=4n+2 = 6 (eliminate)
PTS: 2 NAT: F.LE.A.2 TOP: Sequences
495) ANS: 3

Strategy: Examine the pattern, then test each formula and eliminate wrong choices.
Term 1 has 2 squares.
Term 2 has 6 squares.
Term 3 has 10 squares.
Term 4 has 14 squares

n 2 3 4
a, 6 10 14
Formula Equation Term1=2 Term2=6 | Term3 =10 | Term4 =14
I a,=n+4 a,=n+4
@, =1+4
@, =35
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This is

wrong, so
eliminate
choices a and
b..
I ;=12 =2 By=y_+4 |y =, +4|a,=a,_ ;+4
correct
@, =d, ;+4 =, +4 @y =a,+4 dy =5 +4
dy=2a+4 @y =f0+4 @y =10+4
iy = @y =10 dy =14
correct correct correct

1) ay=4n-2 | g, =4n-2 |a,=4n-2 |a,=4n-2 |a,=4n-12
a =4[ -2 |a, =4(1)-2 | a,=4(1)-2 | @ =4{1) -2

g =2 =2 @y =2 @, =2
correct correct correct correct
Choose answer choice ¢ because Formulas Il and 111 are both correct.

PTS: 2 NAT: F.BF.A.l TOP: Sequences
496) ANS: 2
Strategy: Build the sequence in a table, then test each equation choice and eliminate wrong answers.
& e v 2y iy
10 26
The @, term must be half way between 10 and 26, so it must be 18.
The common difference is 8, so we can fill in the rest of the table as follows:
i &y i &y iy
-6 2 10 18 26
The first term in the sequence is -6.
Choice Equation Term @, =-6 Term @y =10 | Term a; =26
a a, =a8xn+10 = 18 (eliminate)
b a,=3adn-14 = -6 (correct) = 10 (correct) = 26 (correct)
c @, = léz+10 | =26 (eliminate)
d @, =162-38 | =-12 (eliminate)
PTS: 2 NAT: F.LE.A.2 TOP: Sequences
497) ANS: 1

Strategy: Eliminate wrong answers.

Choices b and d have first terms equal to 4, but the problem states that the first term is equal to 10.
Therefore, eliminate choices » and d.

A common difference of 4 requires the addition or subtraction of 4 to find the next term in the sequence.
Eliminate choice ¢ because choice ¢ multiplies the preceding term by 4.

Choice a is correct because the first term is 10 and 4 is added to each preceding term.

PTS: 2 NAT: F.IF.A.3 TOP: Sequences
498) ANS: 3
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499)

500)

501)

502)

Each choice has a first term equal to 3.

Each additional term is twice its preceding term plus 1.
Strategy: Eliminate wrong answers and check.

All choices have show the the first term equals three: 1) = 3.

Eliminate A1) =3 An+1=2""4+3and A1 =3 fr+1)=2""-1 because they are exponential.
Eliminate f{1) =3, flz+ 11=3fT=)—2 because each term is not three times its preceding term minus
two.

Check f11=13, fim+11=2fz=1+1 as follows:

fl=3 fla+i=2f1m+1
AD=2D+1=7
AN=2T+1=15

A4 =2(151+1=731
Ali=73 fim+1)=2fT=)+ 1 produces the sequence 3, 7, 15, 31,.....

PTS: 2 NAT: F.IF.A3 TOP: Sequences
ANS: 1
Strategy #1
Construct the following table from the problem:

x | 1] 2 3|14 1|5]|6
f(x) | -6 | -10 | -14 | -18
Then, input the four answer choices in a graphing calculator and inspect the table view to determine which
answer choice reproduces the table.

Strategy #2

Use a graphing calculator to find a regression equation for the data in the above table.
PTS: 2 NAT: F.IF.A.2

ANS: 1

Strategy: Eliminate wrong answers.
The first ounce costs 49 cents, so eliminate any answer choice where «,; does not equal 49.

PTS: 2 NAT: F.LE A2 TOP: Sequences
ANS: 3
STEP 1: Count the number of squares in Designs, 1, 2, 3, and 4.
Design 1 =3
Design2=5
Design3=7
Design4=9

STEP 2: Eliminate answer choices ¥ = Zx+ 1 and ¥ = 2Zx + 3because they are not written as recursive
formulas.
STEP 3: Eliminate &, = 1 because the first value in the sequence is three, so @, = 1.

gy =, 1+2
STEP 4: Choose @, =3
@, =d, +2
PTS: 2 NAT: F.LE.A.2 TOP: Sequences
ANS: 1

Strategy: Find the constant rate of change, then write an equation to solve for the number of seats in row
20.
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STEP 1. Find the constant rate of change.

Ax x values increase by 1
row # (x) 3 4 5 6
# seats (y) 31 33 35 37
by y values increase by 2
Ly 3
constant rate of change = » = 1" 2

STEP 2. Write the slope-intercept form of the line having a constant rate of change of 2 and any pair of

known x and y values.

Given Solve forb | Write the Entire
x=73 Y=mr+h Equation

y =31 o en | VRS
m=2 =6+ y=2x+23
=100 25=4

STEP 3. Use the linear equation to solve for x = 200.

Notes Left Sign Right
Expression Expression
Given y = 2x+ 25
Let x equal 20 y = | 20200+ 25
Remove Parentheses y = 40+25
Simplify y = 65
PTS: 2 NAT: F.IF.A3 TOP: Sequences
503) ANS: 3
Strategy: Build a table.
n Calculations s

£

1 @, =1, Given

2 d'2=.?'2[:a'2_1)=2-1=2
3 a3=ﬂ(a3_1)=3-2=ﬁ
4

5

| N -

ay=nla,_,)=4-6=24 24
as=n(ay_)=524=120 | 120

The correct answer is a5 = 120,

KEY: term

KEY: term

PTS: 2 NAT: F.IF.A.3 TOP: Sequences
504) ANS: 2
Strategy: Use the distributive property to clear parentheses, then combine like terms.
Notes Expression
Given 3t 4 2r— - 4R - Ta+ 5

Distributive Property | 532 + gx—9— 16x* + 28x— 20
Reorder by Like Terms | 5x% — 16x% + fxr+ 28x— 09— 20

Combine Like Terms —13%% + 345 — 20

PTS: 2 NAT: AAPR.A.1  TOP: Operations with Polynomials

KEY': subtraction
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