Logical Reasoning

Getting Started: 

Review of Previous Lesson/HW/Do Now
Statement of Objectives: 

G.G.25 Know and apply the conditions under which a compound statement (conjunction, disjunction, conditional, biconditional) is true.
Big Idea: 

Logical Reasoning Tables for Organizing and Processing Information.  
Binary choices such as yes/no, true/false, in/out are easily organized in tables.  The following Regents problem provides an excellent example of a problem where a logical reasoning tables a good solution strategy.

Modeling:

Sample Math A Regents Problem with Matrix Solution

	Frank, George, and Hernando are a plumber, a cabinet maker, and an electrician, though not necessarily in that order. Each can do all work appropriate to his own field, but no work in other fields. Frank was not able to install a new electric line in his home. Hernando was not able to make cabinets. George is also a building contractor who hired one of the other people to do his electrical work. Which statement must be true?

(1) Hernando is an electrician.

(2) George is a cabinet maker.

(3) Frank is a plumber.

(4) Frank is an electrician.


One Solution

	This problem wants us to match up names and jobs.  The difficulty is going to be the number of words and the amount of information that must be processed.  A solution is to build a matrix to organize our thinking and processing of information.  We need three columns for the three men and three rows for the jobs they do.  We start out with the following empty matrix.  It does not matter what order we put the names or the jobs, so long as all the names are together and all the jobs are together.

	
	Frank
	George
	Hernando

	Electrician
	
	
	

	Cabinet Maker
	
	
	

	Plumber
	
	
	


	Now we start processing the information line by line.  We record our information in the appropriate intersections of rows and columns, as shown below.

· “Frank was not able to install a new electric line in his home.”  From this statement we know that Frank is not an electrician, so we record this information in our matrix with the word “No.”

· “Hernando was not able to make cabinets.´ From this statement we know that Hernando is not a cabinet maker, so we record this information in our matrix with the word “No.”

· “George is also a building contractor who hired one of the other people to do his electrical work.”  This statement tells us that George is not an electrician, so we record this information in our matrix with the word “No.”

At this point, the matrix reveals that Hernando is the only person that could be an electrician.  We record this information in the matrix with the word “Yes.”

The answer is choice (1) Hernando is an electrician must be a true statement.

	
	Frank
	George
	Hernando

	Electrician
	No
	No
	Yes

	Cabinet Maker
	
	
	No

	Plumber
	
	
	


Another Math A Regents Problem with Matrix Solution

	At a school costume party, seven girls wore masks and nine boys did not. If there were 15 boys at the party and 20 students did not wear masks, what was the total number of students at the party?

(1) 30 

(3) 35

(2) 33 

(4) 42


One Solution

	This problem can easily be solved with a Venn diagram or logical reasoning matrix.  It describes membership in two groups: 

· boys versus girls

· masks versus no masks

The problem also deals with totals.

The challenge is to organize the information and our thought processes.  A logical reasoning matrix works well with binary information. 

	
	Boys
	Girls
	Totals

	Masks
	
	
	

	No Masks
	
	
	

	Totals
	
	
	


	Now we start processing the information line by line.  We record our information in the appropriate intersections of rows and columns.

· “…seven girls wore masks and nine boys did not…” gets recorded as a 7 in the cell where girls and masks intersect and a 9 in the cell where boys and no masks intersect.  
· “...15 boys at the party…” gets recorded as a 15 in the cell where totals and boys intersect.
· “…20 students did not wear masks…” gets recorded as a 20 in the cell where totals and no masks intersect.

	
	Boys
	Girls
	Totals

	Masks
	
	7
	

	No Masks
	9
	
	20

	Totals
	15
	
	

	Now that all the information from the problem is recorded in the matrix, we do a bit of logical reasoning and elementary math.  Look at the above grid carefully.  At least two pieces of hidden information are revealed by the grid.

· The cell where boys and masks intersect must be 6, because 6+9=15.

· The cell where girls and no masks intersect must be 11, because 9+11=20.

Our matrix now looks like this and we can easily find the totals.

	
	Boys
	Girls
	Totals

	Masks
	6
	7
	

	No Masks
	9
	11
	20

	Totals
	15
	
	

	If we finish the matrix, we see that the total number of students at the party was choice (2) 33.


Making Lists as a Solution Strategy.  Sometimes a great solution strategy is to enumerate (list) all of the options in a list matrix and then select the one option that best answers the question.  Note that the shape or format of the list is not important.  What is important is that the matrix/list works as a tool to help you organize and process information.

Math A Regents Problem with List Matrix Solution

	What is the smallest integer greater than 1 that is both the square of an integer and the cube of an integer?

(1) 8 

(3) 36

(2) 9 

(4) 64


One Solution

	This problem can easily be solved with a list matrix.  One column of the list will be the integers.  The next column will be the squares of integers. The third column will be the cubes of integers.  It might look like the following: 

	Integers
	Squares
	Cubes

	2
	4
	8

	3
	9
	27

	4
	16
	64

	5
	25
	

	6
	36
	

	7
	49
	

	8
	64
	

	Choice (4) 64 is the smallest integer that is both the square of an integer and the cube of an integer.  Note that the matrix used here is simply a way to organize the data we wish to process.  The lists really do not need to be in a matrix and you really do not even need a matrix, but you do need some way to organize the data for mental processing.


Valid Arguments/Logical Reasoning.   Regents problems are sometimes presented in the form of “a and b” statements or “a or b” statements, together with some qualifying condition(s).  Students are then asked to decide whether a condition or statement is true or false.  These questions are all related to the goal of knowing when an argument is valid.    There are several forms of valid arguments that students should understand

	Premise:  a and b

Given:  b

Conclusion:  
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a
	Premise:  a and b

Given:  not b

Conclusion:  
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not a
	Premise:  a or b

Given:  b

Conclusion:  
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not a
	Premise:  a or b

Given:  not b

Conclusion:  
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Sample Math A Problem Involving Valid Arguments

	Given the true statements: “Jason goes shopping or he goes to the movies” and “Jason does not go to the movies.”  Which statement must also be true?

(1) Jason stays home.

(2) Jason goes shopping.

(3) Jason does not go shopping.

(4) Jason does not go shopping and he does not go to the movies.


One Solution

	The statement  “Jason goes shopping or he goes to the movies” is an “a or b” type statement.  

The statement “Jason does not go to the movies.” Is equivalent to “not b.”

The argument is of the form:

Premise:  a or b

Given:  not b

Conclusion:  
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a

The best choice is (c) Jason goes shopping.


Sample Math A Problem Involving Valid Arguments and Lists

	Bob and Ray are describing the same number. Bob says, “The number is a positive even integer less than or equal to 20.” Ray says, “The number is divisible by 4.” If Bob’s statement is true and Ray’s statement is false, what are all the possible numbers?


One Solution

	Strategy:  Make a list of all the integers less than 20 and use truth values to eliminate everything except where Bob’s statement is true and Ray’s statement is false.

	Bob

+ Even 

Integers
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	Ray

Numbers

Divisible

By 4
	Truth Values

Bob/Ray
	
	Bob

+ Even 

Integers
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	Ray

Numbers

Divisible

By 4
	Truth Values

Bob/Ray

	1
	1
	F/F
	
	11
	11
	F/F

	2
	2
	T/F
	
	12
	12
	T/T

	3
	3
	F/F
	
	13
	13
	F/F

	4
	4
	T/T
	
	14
	14
	T/F

	5
	5
	F/F
	
	15
	15
	F/F

	6
	6
	T/F
	
	16
	16
	T/T

	7
	7
	F/F
	
	17
	17
	F/F

	8
	8
	T/T
	
	18
	18
	T/F

	9
	9
	F/F
	
	19
	19
	F/F

	10
	10
	T/F
	
	20
	20
	T/T

	The possible numbers are 2, 6, 10, 14, and 18.


NOTE:  In making this table, it is okay to omit odd numbers because Bob’s list of even numbers was true.  Therefore, the solution set has no odd numbers.

Check for Understanding: 

Guided Practice: 

Selected worksheet.

Independent Practice: 

Students should complete the worksheet on their own.
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